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Hall and drift mobilities of electrons in partially ionized atomic hydrogen have been investigated, taking 
into account the scattering by ions, neutral atoms, and other electrons. 


INTRODUCTION 


I* recent years much interest has been shown in the 
study of transport phenomena in a gas at a high 
temperature, in the presence of an electric and magnetic 
field. In a large range of temperatures of interest the 
gases are partially ionized and there is no satisfactory 
theory of the transport phenomena which takes into 
account the scattering of electrons by ions, other 
electrons, and neutral atoms. 

Spitzer and Hirm! investigated the velocity distribu- 
tion of electrons in the presence of an electric field and 
thereby studied the drift mobility of a completely 
ionized gas. Sodha and Eastman’ derived an expression 
for the time of relaxation of an electron due to scattering 
by ions and electrons, from the analysis of Spitzer and 
Hiarm.' This expression was used by Sodha and Varshni* 
to investigate the transport phenomena in a completely 
ionized gas in the presence of a magnetic field. 

In this communication the author has used the ex- 
pression given by Sodha and Eastman’ for the time of 
relaxation of an electron due to ionic and interelectronic 
scattering and a constant time of relaxation, independ- 
ent of electron velocity, for scattering of charged carriers 
by neutral atoms to investigate electron mobility in a 
partially ionized gas. This investigation is confined to 
the case of a weak electric field, when the distribution is 
essentially Maxwellian corresponding to the original gas 
temperature, and a weak magnetic field when terms 
involving (gH /mcy)? are negligible. The constant time of 
relaxation corresponds to scattering of slow electrons 


1L. Spitzer and R. Harm, Phys. Rev. 89, 977 (1953). 


2M. S. Sodha and P. C. Eastman, Z. Physik 150, 242 (1958). 
3M. S. Sodha and Y. P. Varshni, Phys. Rev. 111, 1203 (1958). 


(~10*°K) by hydrogen atoms. An inverse fifth power 
law of force also leads to a constant time of relaxation.‘ 


TIME OF RELAXATION 


Using the same notation as Sodha and Varshni,’ the 
time of relaxation of an electron, 77, due to scattering by 
ions and other electrons is given by 


T1= Boe(x)/x, (1) 


where ¢(x)=ZD(x)/A is tabulated function! of x and 
mean ionic charge Z=)>°,,Z,2/n, where n and n, are 
the number of electrons and ions of charge Z iq per unit 
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Fic. 1, Variation of #/m;,,, and #’/#7,,, with a, 
4J. C. Maxwell, The Scientific Papers of James Clerk Maxwell, 
edited by W. D. Niven (Cambridge University Press, London, 
1890), Vol. 2, p. 36. 
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TaBLe I. Variation p/y7,« and u’/u7,. with a for atomic hydrogen. 
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volume. Neglecting electron-electron scattering corre- 
sponds to Z—> and g(x) — x,‘ whence 


Tr ~= Bx. (1a) 


Erginsoy® has given a treatment for scattering of 
electrons by neutral impurity atoms in semiconductors. 
He analyzed the curves obtained by numerical calcula- 
tions® of the scattering of slow electrons from hydrogen 
atoms (taking into account polarization and exchange 
effects) to obtain an approximate analytical expression 
for the cross section of scattering. The partial-wave 
technique, using only zero-order shift, was then em- 
ployed to calculate the time of relaxation. A similar 
treatment gives the following expression for ty, the 
time of relaxation for scattering of electrons by neutral 
hydrogen atoms. 


ry=m¢?/20N h=C, (2) 


where g=electronic charge, m=electronic mass, NV, 
=number of neutral atoms per unit volume, h=h/2z, 
and 4= Planck’s constant. 

The net time of relaxation is given by 


Bo(x)/x 
ee rts ’ (3) 
1+ay(x)/x 
where a= B/C is to be interpreted later. 
MOBILITY CONSIDERATIONS 
The drift’ and Hall* mobilities are given by 


1 d 
p= —{—- (1), (4) 


3m \x? dx 


qgqjid 1d , 
p’=—{ — (ey) /(— —(#)). (5) 
m \x* dx x dx 
For a nondegenerate electron gas the velocity distri- 


bution is given by 


N(x)dx=A'x? exp(—x*)dx. (6) 


and 


°C. Erginsoy, Phys. Rev. 79, 1013 (1950). 

*H. S. W. Massey and B. L. Moiseiwitsch, Phys. Rev. 78, 180 
(1950). 

7E. Conwell, Phys. Rev. 88, 1379 (1952). 

§ M. S. Sodha and P. C, Eastman, Phys. Rev. 110, 1314 (1958). 
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By using Eq. (6), Eqs. (4) and (5) can be shown to 
reduce to 

a= (g/m)(rx*)/(x), (4a) 
and 


a’ = (q/m)(3?7")/(x*7). (Sa) 


Using Eqs. (1a), (2), (4a), and (6), we obtain 
Mr,» =8qB/mr', (7a) 
By=gC/m, (7b) 


where yuz,.=electronic mobility due to scattering by 
ions only and uy=electronic mobility due to scattering 
by neutral atoms only. Hence 


a= B/C= (41/8) (41, 0/Hn). (7c) 
Using Eqs. (3), (4a), (5a), and (6), the drift and Hall 
mobilities are given by 


B/1,2=1/3, 
and 
B'/t61, = (4/8) (J/1), 
where 





dx, 


~ [|e 
0 1+a¢(x)/x 
¢(x) 
————-} dx 
1+ag(x)/x 


and 


J=f #exp(-25| 


Since the gas is neutral and the ions are singly charged, 
Z=1 and we shall confine our calculations to this case. 

Table I illustrates the variation of u/ur,. and w/z, « 
with a for Z=1. When a—~, we have 


I=3n'/8a, J=3n'/8a". 
Hence 
B/ M1, = Hh’ /br,o = 7'/8a=My/Mr, «. 


The table is illustrated by Fig. 1. The results for a=0, 
ie., V,=0 (a completely ionized gas) are due to Spitzer 
and Harm! and Sodha and Varshni.’ 
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Many-Body Problem in Quantum Statistical Mechanics. I. General Formulation* 


T. D. LEE, Columbia University, New York, New York 


AND 


C. N. YANG, Institute for Advanced Study, Princeton, New Jersey 
(Received October 2, 1958) 


A formulation is given whereby the grand partition function of a many-body system satisfying Bose- 
Einstein or Fermi-Dirac statistics is expressed in terms of certain U functions defined for the same system with 
Boltzmann statistics. It is then shown that these U functions can be evaluated in successive approximations 
in terms of a binary kernel B which can be computed from a solution of the two-body problem. The approach 
to the limit of infinite volume is studied. The example of a hard sphere interaction is discussed in some detail. 





1. INTRODUCTION 


HE present series of papers is devoted to a method 
of treating the many-body problem in quantum- 
statistical mechanics. Much of this work was performed 
in the summer and the fall of 1956 and has been 
reported! in abbreviated versions before. 
From the general formulations of statistical mechanics 
it is known that the thermodynamical properties of a 
system can be obtained from its partition function. 
However, the actual task of evaluating the partition 
function from the atomic or molecular interactions is 
both complicated and difficult. In classical statistical 
mechanics, for a system in the gaseous phase, the 
problem has been reduced to a series of quadratures 
through the work of Mayer and others.? In quantum 
mechanics, the enormous difficulty of solving the 
N-body eigenvalue problem (V> 3), allows so far only 
for a systematic method*® of computing the second 
virial coefficient, and for computations‘ of the quantum 
corrections to the classical results. For a discussion of 
phenomena at very low temperatures (e.g., the problem 
of Bose-Einstein transition and the problem of the 
many-body ground-state energy) where quantum effects 
are dominant, these known methods’ are not applicable. 
The purpose of this and the subsequent papers is to 
develop a systematic method that is suitable to treat 
problems in which quantum effects are important. The 
general procedure followed is to first separate out the 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

1 International Conference on Theoretical Physics at Seattle, 
September, 1956 (unpublished); Conference on the Many-Body 
Problem, Stevens Institute, Hoboken, New Jersey, January, 1957 
(to be published). Some preliminary results have been summarized 
in T. D. Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957). 

2H. D. Ursell, Proc. Cambridge Phil. Soc. 23, 685 (1927). 
J. E. Mayer, J. Chem. Phys. 5, 67 (1937); J. E. Mayer e¢ al., 
J. Chem. Phys. 5, 74 (1937); 6, 87 (1938); 6, 101 (1938). 

3G. E. Uhlenbeck and E. Beth, Physica 3, 729 (1936); 4, 915 
(1937). For other references, see, e.g., D. ter Haar, Elements of 
Statistical Mechanics (Rinehart and Company, New York, 1954). 

4See, e.g., J. de Boer’s review article in Reports on Progress 
in Physics (The Physical Society, London, 1949), Vol. 12, p. 305, 
Sec. 6(III). 

5 See some recent developments: W. B. Riesenfeld and K. M. 
Watson, Phys. Rev. 104, 492 (1956); 108, 518 (1957); A. J. F. 
Siegert and Ei Teramoto, Phys. Rev. 110, 1232 (1958); E. W. 
Montroll and J. C. Ward, Phys. Fluids 1, 55 (1958). 


effect of the statistics (i.e., Bose-Einstein statistics or 
Fermi-Dirac statistics) of the quantum-mechanical 
problem and to express the grand partition function in 
terms of certain U functions defined in terms of the 
quantum-mechanical problem with Boltzmann sta- 
tistics. Such a separation of the effect of statistics is 
formulated in general in this paper and will be further 
developed in later papers. It is particularly useful in 
treating the phenomena of Bose-Einstein condensation. 

The second step is to formulate a method whereby 
these U functions can be computed from a solution of 
the two-body problem. In effect, the computation of U 
is through an expansion, loosely speaking, in powers of 
a function, called the binary kernel, which is obtainable 
from a solution of the two-body problem. The method 
is applicable in cases where the two-body interaction 
may contain a singular repulsive core. 

For the gaseous phase the formulation in this paper 
yields a recipe, much like Mayer’s method in classical 
statistical mechanics, for computing the equation of 
state through a series of quadratures. The method can 
also be used to calculate the ground-state energy, to 
obtain the limiting forms of thermodynamical functions 
at very low temperatures and to study the problem of 
Bose-Einstein transition. These topics will be discussed 
in later papers. 


2. SOME DEFINITIONS 


We consider an V-particle Hamiltonian 


(1.1) 


" 
Hy=—-> V2+>d V(r.—1;), 


i=l >7 


where for simplicity units are chosen so that h=1 and 
mass of the particles=}. Three- and more-particle 
interactions are not considered, although their inclusion 
would not introduce real complications in much of the 
following discussions. 

To be specific, the V particles are considered to move 
in a cubic box of dimensions LXLXL with periodic 
boundary conditions. We use the symbol 2= L’ for the 
volume of the box. 

We now discuss separately the cases when the 
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particles satisfy Boltzmann, Bose-Einstein, and Fermi- 
Dirac statistics. 


A. Boltzmann Statistics 


We follow the standard treatment and introduce the 
operator 


W y=exp(—8Hy), (1.2) 


where 
(1.3) 


B=(xT)—. 
We shall also use the thermal wavelength 


= (4rf)}. 


The matrix elements of Wy in coordinate representation 
is 

2’. --N’| Wy} 1,2---N) 

=D i(1’,2’- --N’)y*(1,2---N) 


Here 


exp(—8E,). (1.4) 


1=1,=(%1,91,2), etc., 1/=1,'= (x1',y1'21’), etc., 
and y,(r.), E; are the normalized eigenfunctions and 
eigenvalues of Hy with periodic boundary conditions in 
a cubic box of volume 2. The summation in (I.4) 
extends over all eigenfunctions y,. It is useful to notice 
that the exchange of any pair r,’, r; with r;’, r; leaves 
Wy unchanged. 
The partition function is 


>< exp( 


‘ 


—BE;) 


= faz. -+N|Ww|1,2---N)d®¥r. (1.5) 
a 


To obtain the logarithm of the grand partition function 
in a simple form we follow a procedure first introduced 
by Ursell? and by Mayer? for classical statistical 
mechanics and by® Kahn and Uhlenbeck for quantum- 
statistical mechanics. One defines U; functions by 


U,|1), 
U,|1){2’| U;| 2) 
+(1’,2’| U2| 1,2), 
|W] 1,2,3)=(1" | Ua} 1X2"| Ui | 2X3" | Us| 3) 
4(1’| U;|1\2',3| Us| 2,3) 
+(2'| U,|2)1’,3’ | U2] 1,3) 
+(3’| Ui|3)1’,2'| U2| 1,2) 
+(1’,2’3’| U3|1,2,3), etc. 


in these equations and inte- 


ULLAL YEs6 Ure 
(1’,2"| We] 1,2)=(1'| 


(1’,2’,3 


(1.6) 


Putting r.=1’, r=T’ 


®B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938). 


LES AND CC. NH. 


YANG 


grating over fr, f2, --:, one can show?’ that 


In= & (N!)Ons® 
N=0 


exp] 211) fed Oty a . (L7) 
Q 


l=1 


For the sake of completeness we give a proof of this 
formula in Appendix A. 

According to the principles of statistical mechanics, 
the equilibrium pressure p and density p of the system 
are given by 


—=limQ In Yo, 
KT 2 


p=lim2™(d In 99/0 Inz). 


Qa 
Using (1.7) one obtains 


p ae 
—=lim > b,(Q)z", 


kIT QQ l=1 


p=lim > 1b,(Q)z', 


2 l=] 


sy 009 fe 


It is important to remember that the W and U 
functions are defined for fixed 2. The question of 
whether 5,(Q) approaches a limit as 2— & will be 
discussed in Sec. 5. 


where 


- + L)d*!r, 


(1.10) 


B. Bose-Einstein (i.e., Symmetrical) Statistics 


For symmetrical statistics, the corresponding func- 
tion Wy°% is 
(1’,2’,-++,N’|Ww5|1,2,---,) 


=N! ¥ y¥,(1',2’,---,W”) 


sym. v 


Xy.i*(1,2,- "as 


= f (1,2,-- 
2 


We also define U,S functions in complete analogy with 
(1.6): 


N) exp(—BE,). (1.11) 


We define 


QoS 1, -,N| Wy! 1,2 »V)d*r, 


(’|Wi5|1)=(1"| U5} 1), 
(1/,2/| W258] 1,2)=(1"| U5] 1)(2/| U5| 2) 


+(1’,2’| U25{1,2), etc. (1.12) 





MANY-BODY 


The grand partition function is 
908=¥ (N!)Oy 82% 
=exp Es fa, -+1/U,5/1,-- 
l=1 2 


- dr}, (1.13) 
which is proved in the same way that (1.7) was proved. 
One obtains then again (1.9) with 6; replaced by ,°, 
where 


b,8(Q) = (112) “faa -+b|UiS|1,--+ Dd". (1.14) 


C. Fermi-Dirac (i.e., Antisymmetrical) Statistics 
For antisymmetrical statistics one has 
(1’,2',° ; + NV’ WyA| 1,2,---,N) 
= p ®t ¥i(1’,2’,- as NV’) 
antisym. ¥ 
Xwi*(1,2,---,N) exp(—BE;). (1.15) 
Equations (1.12), (1.13), and (1.14) remain the same 
in form if one replaces all superscripts S (for sym- 
metrical statistics) by A (for antisymmetrical sta- 
tistics). 
In the following we list some simple examples to 
illustrate these definitions: 
Example 1: 


(1’| W,|1)=(1'| W,5| 1)=(1'| W4| 1)=(1'| U, 1) 
=D & expLik- (r.—1’)—Bke], 


where the summation extends over k= 2zrL~'(Il,m,n) 
with /, m, n=0 and + integers. In the limit Q— ~, 


(1.16) 


(1’| U,| 1) — (82°) a exp[ik- (1:— 1’) —Bk? | 


=,-3 expl — (m—n')? (48) ]. (1.17) 
One easily computes 6: 
b, (Q) —_ b,5(Q) = b,4 (Q) = pa (ie exp ( — Bk?). 


In the limit 2 — «, one obtains 


b,(Q) > rr. 


(1.18) 


(1.19) 
Example 2: 
For free particles it is clear from the definition (1.4) 
that 
(1’,-°°,N’|Ww/1,-++,N) 
=(1'|W,|1)(2’| W4| 2)-- 
Hence one obtains from (1.6) 
U.=0, 


(N’|W,/N). 
U;=0, etc. (1.20) 
Example 3: 


For Bose-Einstein statistics, the wave functions for 
two free particles are 


y=" exp[ik-r,+7k- re], 


PROBLEM 


and 
y=2-10-"[exp(tka-r+iky: re) 

+exp(iky-r+ika: re) |, 
Substituting these into (I.11), one obtains 
(1’,2’| WS} 1,2)=(1"| Wy] 1){2’| Wy! 2) 

+(2’| W,|1)1"| W| 2). 

Comparison with (1.12) shows therefore that for free 
particles 


(1,2’| U2S| 1,2)=(2’| Wy] 1)1"| W4| 2). 


(k,~k,). 


(1.21) 
Similarly one finds 


(1',2’| Ug4|1,2)= —(2’| Wi] 1)1’|W4| 2). (1.22) 


3. UvyS AND Uy4 IN TERMS OF Uy 


In the last section we wrote down the main formulas 
in the Ursell-Mayer-Kahn-Uhlenbeck treatment of the 
equations of state. To calculate the coefficients };, by, 
and b,4 one first calculates the functions U;, U;5, and 
U4. Now the functions U;% and U;4 are considerably 
more complicated than U;. [We saw, e.g., in (1.20) 
and (1.21) that for free particles, U2, U3--+ vanish, 
but not U2% and U4. ] In this section we shall formulate 
explicit rules by which Uy* and Uy4 can be computed 
once the functions Uy are known. 

Such rules exist because the U’’s are defined in terms 
of the W’s, and the W’s as defined in (1.4), (1.11), and 
(1.15) are related through the equations 
(1’,-°+ Nl WySl1,---,N) 

=> p P1',--+,N’|Wwl1,---,.¥), (1.23) 
and 


(1',---N’|Wy4|1,---,V) 
=p Cp-P(1',--+,N’|Wwl1,---,N), (1.24) 


where 


P’=any one of .V! operators that permute 
the variables r,’, ro’, ---, rw’, (1.25) 

and 
Cp: = 1 


Cp aloe 1 


for even permutations P’, . 
: (1.26) 
for odd permutations P’. 


Equations (1.23) and (1.24) are proved in Appendix B. 
Starting from U; one can construct W, from (1.6). 
Equation (1.23) then enables one to compute W,% 
which in turn leads to a computation of U;5 through 
(1.12). The details of these procedures appear in 
Appendix C. Here we only state the results as: 

Rule A.—To calculate U;% we first distribute the / 
integers 1, 2, ---/ into m, groups each containing a 
integers, with }>, maa=/. Such a grouping may be 
represented as follows: 


{(a)(b)---}{ (cd) (ef)---}{(ghi)---}---, (1.27) 


where a, b, c, --- are the various integers, In the first 
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curly bracket there are m, round brackets with one 
integer in each (m,=0, 1, 2---), and in the second 
curly bracket there are m, round brackets with two 
integers in each (m.=0, 1, 2---), etc. Within each 
round bracket the integers are arranged in ascending 
order. Within each curly bracket the round brackets 
are arranged such that their first integers follow an 
ascending sequence. 
We then form the sum 


Dd {(a’| U,)a)b’| U;\b)---} 


x {(c',0’| Ue) c,dye’, P| Uele,f):--}-++, (1.28) 


where a’, b’, ---c’, 0’, e’, f, --- is any permutation of 
the coordinates 1’, 2’---/’. The summation in (1.28) 
extends over all such permutations of 1’, 2’: --/’ which 
satisfy the condition [see examples (1) and (3) below ] 
that upon putting r;=r,’ (all 7), the summand cannot 
be written as a product of two factors, one of which 
depends only on some, but not all, of the coordinates 
tf, To, ---t, while the other depends only on the rest 
of these coordinates. We then sum up all expressions 
(1.28) over the different groupings (1.27). This total 
sum is equal to U;°. 

Rule B.—To calculate U’;4 we proceed in exactly the 
same way as rule A, with only the following change: 
we replace (1.28) by 
dX e{(a’| Ui) a)b’| Uy |b)---} 

x {(c',d’| Velc,d)---}---, (1.29) 


where 


eC=41 iftl ' abcd::-\. 
= if the permutation is even, 
abcd--- 


and 


C=—1 if it is odd. 


The meaning of these rules is actually quite simple 
even though their statements appear to be so long. 
We quote a few examples. 

Example 1: 

U,8=(2'| U;| 11’ U;,| 2) 

+(1’,2’| U2|1,2)+-(2’,1’| U2] 1,2). 
The term (1’| U;|1)(2’|U,|2) is not included because 
when 


‘ 


m=", m=" 


it splits into two factors, one of which depends only 
on r,, the other only on fo. 
Example 2: 
UsA=—(2'|U,|1X1'| Us| 2) 
+(1’,2’| Us| 1,2)—(2’,1’| U2] 1,2). 
Example 3: 
A term like 
(2’| Uy|5)1’,6' | U2} 1,8)(5’,3’ | U2| 2,3)(8’,7’,4’ | Us| 4,6,7) 


is not to be included in Us* because upon putting 


AND Ci ow. 


YANG 


r;=r,’ (all i) the first and third factors together depend 
only on fe, r3, and rs while the other two together only 
On fj, T%4, Fg, f7, and fz. 


Example 4: 


It is easy to see that for the case of Bose-Einstein 
statistics the combination 


i’ «+s F(T 4/1,---J) 
=P p P\1',---J/|U,/1,---D 


always occurs instead of U, alone. By introducing (1.30) 
one could simplify the formulas for U;5. Developments 
along these lines have been pursued and led to calcu- 
lations of the transition point in a Bose-Einstein gas 
with interactions. These developments will be presented 
in a later paper. 


(1.30) 


Example 5: 

Similarly, for the case of Fermi-Dirac statistics, the 
combination 
(1’,--- | T4]1,--- J) 

=D Ce P(1',---F|Ui|1,---,2) (1.31) 

always occurs instead of U; alone. 

Example 6: 

For free particles, using (1.20), one sees that U;‘ is 
equal to a sum of products of / U; functions. It is easy 


to prove that there are (/—1)! terms in the sum. 
Equation (1.14) therefore leads to 


b,5(Q) 


=9 favs) 2y2) U3 01 4)- + (| Us| 1)d*r 


=l-"Q— trace (U;)!. 
Now by (1.16) the momentum representation of U; is 


(k’ | Uy | k)=5xx exp(— Bk’). (1.32) 
Hence 
bS(Q)=l"2" >>. exp(—/Bk’). 


AsQ- ~, 


b,8(Q2) — 82") if exp(—/sk’?)@k=d—I-4,_— (1.33) 


which agrees with well-known results. One obtains 
similarly 

bA(Q) > (—1) ASF. (1.34) 
4. U; IN TERMS OF THE BINARY KERNEL 


The functions U, will be expressed in this section in 
terms of a function B, called the binary kernel, which 
is calculable from a solution of the two-particle problem. 

We treat Wy, Un as operators and write 


W v(8)=exp(—BHy). (1.35) 
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Here we have explicitly indicated the 8 dependence of 
Wy. Writing Hy=Ty+Vwy, where Ty and Vy are, 
respectively, the operators for the kinetic and potential 
energies, one notices that 


W y°(8)=exp(—6T v) =I] w(8; 3), 


i=l 
where 
w(8; 1)=exp(BV,’). (1.36) 
The explicit form of w(8;1)=(1'|W,!/1) is given by 
(1.16). Thus Wy°(8) is a product of N operators each 
of which operates on the coordinates of one particle. 
If V is finite, one can expand Wy into an exponential 
series in powers of V: 


B 
W(s)=Wera)t f W w°(B—B’)(— Vn)W (8) dp" 


8 B’ 
+f as' f dp” Wx°(8—B’)(— Vy) 
0 0 


XW w°(8’—B") (— Vn) Wy(8") +--+. (1.37) 
If V is + for some configurations, this series ceases 
to be meaningful. For the time being we regard V as 
finite everywhere, and shall allow for the possibility of 
V going to + after some rearrangements of terms to 
be discussed later. 

It is of great convenience to represent the sum in 
(1.37) by diagrams. We shall represent Wy(8) as a 
sum of operators, each corresponding to a different 
diagram which consists of V vertical lines ii’ connecting 
the points i with 7’ (i=1, ---, NV). The points 7 are all 
on the same horizontal base level. All the vertical lines 
ii’ are of the same length 6 and are linked by some 
horizontal links, no two of which are at the same height 
(i.e., the vertical distances between the horizontal base 
level and different links are different). 

In Fig. 1 we give some examples of the diagrams for 
W,, We, and W;. To specify a diagram, one does not 
specify the exact heights of the horizontal links (since 
they are to be integrated over), only the vertical 
sequence in which they are drawn. Thus, for example, 
in Fig. 1 the sixth and the seventh diagrams for W3(8) 
are counted as different diagrams. 

To obtain the operator that corresponds to a diagram, 
one proceeds as follows: 

A line segment of length y along the vertical line iz’ 
stands for the operator w(y; 7)=exp(y¥,”). A horizontal 
link between ii’ and jj’ represents the operator 
—V(r,—r;)dp’ where f’ is the height of the link above 
the base line. Multiplying all the operators represented 
by all the vertical line segments and by the horizontal 
links, and integrating over the heights 6’ of the various 
horizontal links, one obtains the operator represented 
by the diagram. Two important further rules must be 
followed : 
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Fic. 1. Diagram representation of Wy as a power series in V. 
W; has altogether 9 diagrams with 2 horizontal links, 27 diagrams 
with 3 horizontal links, etc. The operators that correspond to 
these diagrams are given by Eqs. (1.38), (1.39), and (1.40). 


(a) The order in which the operators stand must be 
such that those representing line elements lower down 
in the diagram stand to the right of those representing 
line elements higher up in the diagram. 

(b) The limits of integration of the heights 6’ of the 
horizontal links are defined by the conditions that 
B=’ =0, and that the relative height of any two links 
remain of the same sign within the limits of integration 
as in the diagram. 

Explicitly, the diagram for W,(8) in Fig. 1 corre- 
sponds to the operator 


W ,(B)=w(@; 1). (1.38) 


The first three diagrams for W2(8) in Fig. 1 correspond 
to, respectively, the first three terms in the sum 


8 
W2(8)=w(B; 1)w(B; a+ f w(8—’; 1)w(B—B’; 2 
0 


B B’ 
X (—Viz)w(B'; 1)w 6"; 2)dB’+ f dp’ dg” 
0 a 


<w(B—B’ ; 1)w(B—B’ ; 2)(— Vi2)w(B’—B”" ; 1) 
Xw(p’—B”"; 2)(— Viz)w(B"; 1)w(B"; 2)+---. (1.39) 


Similarly, the first three diagrams for W3(8) in Fig. 1 
correspond, respectively, to the first three terms in the 
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Fic. 2. Diagram representation of Uy as a power series in V. 
U; has altogether 6 diagrams with 2 horizontal links and 24 
diagrams with 3 horizontal links, etc. [See Eq. (1.42). ] 


following sum: 


8 
W3(B)=w(B; 1)w(B; 2)w(B; v4 f w(8—Bp’; 1) 


0 


Xw(B—B’ ; 2)(— Vie)w(p’; 1)w(p’; 2a hots 3) 


8 
+w(p; o f w(B—’; 2)w(B—B’; 3)(— V2) 


0 


Xw/(p’ ; 2)w(6'; sda }+ -++, (7.40) 


In terms of these diagrams, Eq. (1.37) becomes 


W ~(8)=> (all different diagrams with the 


parameter 8 and with N particles). (1.41) 


As is clear from the examples illustrated above, some 
of these diagrams may have unconnected parts. The 
unconnected parts of a diagram represent commuting 
operators whose product is the operator corresponding 
to the whole diagram. 

Let us define a “connected diagram” to be one in 
which all parts are connected through the vertical lines 
and the horizontal links. By comparing Eq. (1.6) with 
Eqs. (1.39) and (1.40) (or with their corresponding 
diagrams in Fig. 1), one finds that U» is the sum of all 
“connected diagrams” in W».(8) and U3; is the sum of 
all “connected diagrams” in W’;(8). This property is 

’ 


illustrated in Fig. 2. 
Ca 1» 
! 2 


1 2 


’ 2/ i’ 2! 
B(B;1,2)= XI . | | + 
! 2 ! 2 


/ 2/ 


Fic. 3. Diagram representation of B. 
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In fact, one sees in general that 


Uy(B)=> (all different “connected diagrams” with 


the parameter 6 and with N particles). (1.42) 


A comparison of (I.41) and (1.42) shows that the 
diagrams that contribute to Wy(8) but not to Uy(6) 
are the unconnected ones which are grouped in the 
Ursell expansion (1.6) into products of U; with values 
of l<.V. We shall see in the next section and in Appendix 
E that the connectedness of the diagrams in Uy() 
also determines the behavior of U'y(8) as the positions 
of the particles become far distant from each other. 

It is convenient to give an explicit operator form for 
U>». Using (1.6) and (1.35), we find 


U.(8)=exp(—BH2)—exp(+8V 1") exp(+8V.”). 


é | 


(1.43) 


‘ 


‘ i 2’ 


2s vs 
ae 
Le” See 


3 / 3 
i | 
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Fic. 4. Examples of diagrams which contain B as 
part of their structure. 


We shall now define the binary kernel B(8; 1,2): 
B(B; 1,2)=(— Vi2)W2(8)= (— Vie) exp(—BH:.). (1.44) 


From (1.43) one obtains, by differentiating with respect 


to B, 
dU3(8) 
B(6; 1,2)=——— —(¥?+¥27)U2(8). (1.45) 
0p 
It is important to notice that by using the solutions 
of the two-body problem (in a box 2) one can compute 
exp(—f8H2). Equations (1.43) and (1.45) then lead to a 
computation of U.(8) and B(8;1,2). Furthermore, 
these two equations do not contain V explicitly. 
Therefore, the explicit form of B(8; 1,2) can be evalu- 
ated even if V=+ for some spatial configurations 
of r; and r2, The example of hard spheres will be given 
in a later section. 
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i 


‘ 
| 


Substituting the diagrams for W, in Fig. 1 into 
(1.44), one is led to the representation of B in terms of 
the diagrams of Fig. 3. The top horizontal links in the 
last four diagrams represent factors (— Vj2). With this 
definition it is clear that any group of graphs with a 
part that has the same form as these diagrams can be 
summed to yield a factor B. In Fig. 4 we give two such 
examples. 

We have seen before that Uy is equal to a sum of 
connected diagrams. The sum can be rearranged and 
grouped together in the same manner as the two 
examples in Fig. 4. One then obtains Uy as a sum of 
diagrams in which only B appears with no isolated 
horizontal links. In Fig. 5 we express U2(8), U3(B), etc. 
in terms of sums of such diagrams. 

From these diagrams the explicit form of UV’; in terms 
of the binary kernel B can be readily written down: 


6 
vs)= f dp’ w(B—B’ ; 1)w(8—B’ ; 2)B(p’; 1,2), (1.46) 
0 


6 p’ 
vsis)= f asf dp” w(B—B’’ ; 1)w(B—Bp’; 2) 
Xw(B—B' ; 3)B(B’—B" ; 2,3) B(B” ; 1,2). (B" ; 3) 
: p 
+f as dB” w(B—p’ ; 1)w(B—B’ ; 2) 
0 0 


Xw(B—B’; 3)B(p’—B”; 1,2) B(B" ; 2,3)w(B” ; 1) 
+four other terms of order B? 


(1.47) 


+terms of higher orders in B. 


8 B’ p’’ 
vua)= fas’ f as” f dp’”’ w(8—B'; 1) 


Xw(B—p’”"; 2)w(B—B"; 3)w(B—B’; 4) 

< B(p’—p”; 1,4) B(B"—B'"; 3,4) 

x B(p’” ; 2,3)w(8"; 1)w(B’” ; 4) 

+95 other terms of order B* 

(1.48) 
(1.49) 


+terms of higher order in B. 
Us(8)= ++. 


In (1.47) the first and the second operator on the 
right-hand side represent, respectively, the first and the 
second diagram in the corresponding sum for U3 in 
Fig. 5, and the first operator on the right-hand side of 
(1.48) represents the corresponding first diagram for 
U in Fig. 5. 

These equations express U, for />3 as a sum of 
integrals of products of w and B. Now B vanishes for 
free particles. It characterizes the perturbation on W2 
due to the interactions. The expansion in Fig. 5 and in 
(1.47), (1.48), (1.49) for WU, are thus expansions in 


U 


2 
2 
fg = 
d 
c ta 
23 
*] ! 
23 


Y 2’ 3/4/ 


1234 








igo ¢/ \’ 2’ 3 4/ 
yi i - 


1234 1234 


Fic. 5. Diagram representation of Uy in terms of the binary 
kernel B. In these diagrams there is no horizontal link (which 
corresponds to V). The vertical lines are all connected through 
structures representing B. The operators that correspond to these 
diagrams are given by Eqs. (I.46)—(I.48). 


terms of increasingly higher order effects of such a 
perturbation. The convergence of such expansions is 
not clearly understood by the authors. It is, however, 
hoped that for interactions for which three-particle 
bound states do not exist these expansions do converge. 
Equations (I.46)-(1.48) are operator equations. For 
illustration we give the explicit matrix element of, 
say, U3(8) between the states (1’,2’,3’| and |1,2,3) in 
the coordinate representation. From (1.47) we obtain 


(ry’ fo’ t3'| Us | 11,¥2,%3) 


6 6’ 
-{ asf as" f raPeaPratrat, 
0 0 


X(r1'| W1(B—B”) | ta){t2’ | Wi(8—8’) | ra) 
X(rs’|W1(8—B’)|r.)(ra, te| B(B’—B”’) | ro, re) 
X (rato! B(B’’) | r1,82)(r-| W1(8”’) | rs) 


B B’ 
+f dp’ f as" far. . 
t) “6 


XK d*r(ry’ W,(B—B’) Tato’ W,(6—B’) |r.) 
X (r3|Wi(8—B”) |r-){ra, te| B(B’—B"") | ra, te) 
X (1,1. | B(B’”) | ro,8s)(ta| Wi(8"")|m1)+---. (1.50) 


where the first two terms again correspond to the first 
two diagrams for U; in Fig. 5. The five corners in each 
of these two diagrams are denoted by a, 6, c, d, and e. 
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In (1.50) we denote the spatial coordinates of these five 
corners by fa, f, «-:r, and the heights of the horizontal 
lines ab, de by 8” and §’, respectively. 


5. THE LIMIT Q-—«. MOMENTUM 
REPRESENTATION 


The results of the last three sections hold for arbi- 
trary but finite values of 2. If one starts with the 
Hamiltonian (1.1), but without the periodicity bound- 
ary condition, one is dealing’ with the case Q= ©. One 
can then still define the functions Wy, Wy, and Wy4 
by (1.4), (1.11), and (1.15). Also the definitions (1.6), 
(1.12) for the U,, U;5, and U;4 functions are unchanged. 
All the discussions and results of Secs. 3 and 4 apply 
to the case 2= as well as to the case of finite Q. 
However, the discussions in Sec. 2 concerning the 
partition function, the grand partition function, and 
the thermodynamical behavior of the system cannot 
apply to a system with Q= © (for which the partition 
function is clearly ~ ). 

To emphasize the dependence on 2 we shall in the 
rest of this section add the inferior indices 2 and ~ to 
indicate the cases of finite 2 and infinite Q, respectively. 

One can rewrite (1.10) in the form [to be proved in 
Appendix D]: 


b,(Q) = (1!) +f (ost + +11 | Uig|0,t2,¥5,° - +t) 
2 


X @Prod®r3-+-dr;. (1.51) 
Similarly one has identical equations for };5 and 6,4 
with Uj9* and U4 replacing Uig. In (1.51) the region 
of integration of re, rs, -- +1, is the box 


1L>x,>—-43L, }L>y,>—-H1, 


il ; ; ‘ (1.52) 
$L223,2—$L; 122; (Q=L i 


It will be demonstrated in Appendix E that as Q— , 
the matrix elements of all the Wwe, Una, Wwo%, etc., 
operators for fixed rm, fj, ---ty and rm’, fo’, ---ty’ 
approach the matrix elements of the corresponding 
operators at Q2= ©. Furthermore, it will also be demon- 
strated there that from (1.51) one obtains, asQ— ~, 


b,(Q) — b,(«) 


= (1!) fron, ° -T;| Uix|0,r2,° * Rg) 
X Brod*r,- - -dr;, 


b,5(Q) a b,5( w ) 


= (1 f O.tat, ++] U8 | 0,f2,¥3,°* *T1) (1.53) 


X Prod*r3: > - dri, 


7 This approach to the problem at Q= ~ is along the lines of 
Dirac’s representation theory [P. A. M. Dirac, The Principles o 
Quantum Mechanics (Oxford University Press, Oxford, 1947)’. 
An alternative way of defining the Wy functions for Q= x 
appears in Appendix E. 
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b,4(Q) — b,4() 


= (I!) f (0,1 2,83,° + -f1| Uin*|0,t2,° - - 11) 
XP rod*r;-- -d*r1, 


the limits of integration being —* to ~. The U; 
functions for Q= © are therefore useful for calculating 
the limits of 5;, b,S, and b;4 asQ—> @, 

To summarize the results of these sections: One has 
a program of computing the limits b;(), b;5(2), and 
b,4() using exclusively quantities defined for Q= «, 
The method is usable even if the two-body interaction 
V(r) is equal to + © for some values of r. The quantities 
to be computed in successive steps in the program are: 
first, W2. by solving the two-body problem; second, 
B, through (1.43) and (1.45); third, U;,. through 
(1.46)-(1.49) ; fourth, U;.5 and U;,.4 through the rules 
A and B of Sec. 3; and last, b;(@), b;5(), and b,4(0) 
through (1.53). 

In carrying out this program it is sometimes con- 
venient to use the momentum representation. One 
notices first that (1.43), (1.45), and (I.46)-(1.49) as 
operator equations are of course valid in any repre- 
sentation. As to rules A and B in Sec. 3, if one under- 
stands 1, 2, --- to mean kj, ke, --- the rules remain 
valid and in fact give the momentum representation of 
U,8 and U,4 in terms of those of U;. Consequently 
(1.43), (1.45)-(1.49), and rules A and B are applicable 
to both coordinate and momentum representations, 
and to the case of 2= finite and Q= «. 

To compute 5,(«©) etc. from the matrix elements 
of U; in momentum representation, one writes 


(ky’ Ko’ > » - Ky’ | Ui | Ki, ke: - - ky) 
=68(D ka—DL ka’)(ky’- - +k,’ | #;| ki - - -ky), 
(ky ee! Ky’ | U0} Ki, ke: « ky) 
=6°(D0 ka—D Kea’) hy’: +» ka’ | 15 | ky - - - ky), 
(ky’ Ko’ + «+i! | Ue | ki kee: - - ky) 
= &(> k.—> k.’)(ky’- am k/ | uy) | k,, bee k,). 
The presence of the 6 function is a consequence of the 
conservation of momentum for the Hamiltonian (I.1). 
The functions “, etc. are defined through (1.54) only 
for those values of k,’ and k, which satisfy >} k,’ 
=> k,. Now for 2= « 
l 
(ky + + ky} y+ - 12) = (8a5)-"? exp| - thet} 


1 


(1.54) 


Hence 


(ri’+ ty! | Ure | ti n= fe’ > Ky’ | Ure| ki «+ ky) 


X dk dk (8a*)—! exp(i > ka’ +ta’—i DO kaa). 


§ The question of whether 
im 2 tax Z )s! 
lim b,(Q)z bi (© )z 


is not discussed here. However, see C. N. Yang and T. D. Lee, 
Phys. Rev. 87, 404 (1952). 
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Using (1.53) and (1.54), one obtains 


bi(~)= (ge) fd ++ Ky] ay|ki---ky)d*k. (1.55) 
Similarly, 
byS(2) = (18) f (hs + ky] a5| ky. - -ky)d*k, 
and 


bA(2)= (8) fd -+k,|u4|ky---ky)d*. (1.56) 


6. BINARY KERNEL B FOR HARD- 
SPHERE INTERACTION 


To calculate B for Q2= and for a central potential 


V, one first introduces center-of-mass and relative 


coordinates: 


R=}(r,4r), r=tm—m. (1.57) 


The Jacobian of the transformation is equal to unity. 
Spherical coordinates r, #, @ will be introduced to replace 
the vector r. Now 

H,= —_ Vr- Vet V(r) = HrtH&A,, 
where 


Hr=—3Vr and H,=—2V/+4+V(r). (1.58) 


Let the normalized bound state solution in the center- 
of-mass system of the two particles be y,(r) («=1, 2,---) 
so that 

Hyw;(r)= EW, (r) 


and 


fivorer ‘. (1.59) 


Also let the continuum solutions be Yim which satisfy 
Viim= (29) 47 Rir(r) VY in(0,0), 
AYiim= 2k iim; 


and 


Rir— sin(kr—4ler+6..) as r—>o. (1.60) 


The spherical harmonics VY; are here defined so that 


® 2r 
f sinado f | Vim|2dp= 1. 
0 0 


The normalization condition (I.60) insures® that 
[vem ram (Ne= sr Om’, mo(k’—k). (1.61) 


Therefore 


(r’ |exp(—8H) |r) =>. ¥i(t’)Y* (4) exp(—BE,) 


dR Wirm(¥’ )Weim* (1) exp(— 2Bk?). 


0 


+> (1.62) 
Im 


In the sense of the transformation theory of Dirac (see 
reference 7). 


The last term can be written as 


» a(n) f dk(rr’)"Rar(r’) Qir*(r) 


Xexp(—28k)>> Vim(6’,’) V im* (0,0) 


=>> (21+-1) (22°rr’)— P;(cos@) 
I 


x f dk Rxr(r’) Rei*(r) exp(—2Bk*), (1.63) 

where . 

1 d! 

i! eappantmsnen | gaat a 

2'1! dé! 

and 
cosO = (rr’)~'r- 4’. 

To complete the calculation of W» it is also necessary 
to compute the operator exp(—8Hpr)=exp(+48VR’). 
The eigenvalues and eigenfunctions of VR? are —K? 
and (82*)-! exp(iK- R). Hence 


(R’| exp(38V 2") | R) 
= (8m) fax exp[ — 36K?+:K- (R’— R) ] 


= 84\-3 exp[— (R’— R)?/(28) ]. 


Collecting all terms we thus obtain a general formula 
for the coordinate representation of W» for the case 
Q= 0 and V=central potential: 

(n’, t2' |exp(—8H2)|t, t2) 


= 8! se exp[ — (r,/+r./— i: To)? /(8B) ] 
x | > vil’ )y*(r) exp | —BE;) 


+> (21+-1) (22*rr’) P(cos@) 


xf ARR (7’) Rar*(r) exp(—2Bk*) +. (1.64) 


To obtain U2 one subtracts from this the corresponding 
expression for free particles. In other words, if one 


replaces Rxi(r’)Rir*(r) in (1.64) by 
Rer(r’) Rar* (r)—CRar(r’)Rur*(r) tree, (1.65) 


one obtains the coordinate representation of U2. 
For the hard-sphere interaction, 


V(rn—re)=+0 for 


V (r;—1r2) =0 for 


|ti—F2| Sa, 
ih r2| > a; 
there are no bound states. Now in the integral in (1.64) 
the exponential factor limits the important values of k 


to Sd~". If (a/A)K1, for these small wave numbers 
the effect of the hard sphere is masked by the centrifugal 
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force in all states />0. In fact, e.g., the phase shift for 
l=1 is 6,.<¢—4(ka)*’=—}(a/A)*. Neglecting such small 
contributions of the order of (a/\)* one obtains only 
the contribution from the S state (i.e., /=0 state), for 
which (1.65) becomes 
sin(kr’— ka) sin(kr—ka)—sinkr’ sinkr 
=4 cos(kr’+kr)—4 cos(kr'+kr—2ka) 
for r’>a 


and r>da, 


and 
—sinkr’ sinkr=4 cos(kr’+kr)—} cos(kr’— kr) 


for r<a or r<a. 


The integration over & is straightforward. One obtains 


(1y’,t2" | U2| 11,82) 
= (2r\4rr’)— exp — (11! + 12’ — 1 — r2)?/ (88) | 
fexp[ — (r+r’)*/ (8B) ] 
—exp[ — (r+r’—2a)?/ (88) } 
x4 for r>da, 
|exp[ — (r+r’)?/ (88) ] 
| —exp[—(r—r’)*/(88)] otherwise. 


r’'>a, (1.66) 


We recall that r=|r,—1r|, r°=|r'—12’|. To go into 
the momentum representation, we use 


(ky’ ke Us| ki, ks) = fo | ry’ )(ke’ | re’ )(ry | ki)(re | ke) 


X (ry’ re’ | U2} 11,0 2)d°r\d°red*r;'d5r,’ , 
and 
(r| k)= (8x*)— exp(ik-r). 
The computation is tedious but straightforward. One 
first integrates over the center-of-mass coordinates R 
and R’. Then one integrates over the angles of r and 
r’. After the transformation 
rtr'=é, 
one integrates over £ or over 7 and obtains finally 
(ky’ ke" | Us| ky, ke) 
= [4akk' (k?— k’?) 1-68 (ky + ke’ — ki, — ke) 
X {[sin(k+k’)a |[k exp(—BE)—k’ exp(—BE’) ] 
—[sin(k—k’)a |[k exp(—BE)+k’ exp(—BE’) } 
+2-!2[ cos(k+k’)a—cos(k—k’)a | 
x [kM (v2B1k) exp(—BE) 
— k’M (v2B3k') exp(—BE’) }}, 


, 
[—f =9, 


(1.67) 
where 
_ I — k,| 


2) #1) 


k’=}|k,’—k,’|, 


E=k/~+k2’, 
E’=k,?+k2”, 


(1.68) 


y 
mo)=f exp(2?)dx. 
0 


For large y, 
M (y)=[exp(y*) JL(2y)1+ (49°)"+-- ++] (1.69) 


asymptotically. One notices that the factor [kk’(k? 
—k’?) }' does not introduce any singularities in (I.67) 


AND? ©: -N. 
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because the other factors vanish at k=k’, and at k=0 
and k’=0. We can now use (1.45) to compute the 
binary function B. In momentum representation (1.45) 
assumes the form 


0 
(ky ke’ | B | ae | U2| k,,ke) 
+ E'(ky' ke! | U2| ki,ks). 


Using (1.67), one obtains (contributions due to § 
states only) 
(ky’ ke’ | B\ ky, ke) = — (9?kk’) 168 (Ky +k.’ — k — kp) 

xX [sin (k’a) ]Lexp(—BE) ]{k coska—x~ sinka 

X [2kM (v2p1k) — (28)? exp(2Bk?) }} 

— (40°*kk’)~'5(8)5° (ki +k,— k,’—k,’) 

X[(k—k’) sin(k—k’)a 

—(k+k’)— sin(k+k’)a]. (1.70) 
The first term in (1.70) is obtained by a straightforward 
differentiation of (1.67) with respect to 8. The presence 
of the second term is due to the condition that at B=0, 
by definition (1.43), U.2=0. The explicit expressions 
(1.66) and (1.67) do not approach zero as B— 0+. 
Hence they are valid only for 6>0, and at B=0+ a 
step function in 6 must be added. Taking the derivative 
of such a step function with respect to 6 gives rise to a 
5(B) function which constitutes the second term in 
(1.70). At low temperatures, k< (A)~', the contribution 
of the second term is ~ (a/))?. 

We notice that as k— , exp(—fE) varies as 
exp(— 28k’). Using (1.69) one sees that, for B>0, 
B~k~™ sinka which damps down very rapidly for large 
k. 

For a=0, B=0 as it should. Expanding B according 
to powers of a, one obtains B= B,+B,+ ---, where 


By = —an~8 (ki +-k.—k,’— ky’) exp(—BE), 

B,= 2 'a?6' (k+k.— ky’ — k.’) [exp(— BE) ] 
X[2kM (v2B1k) — (28)-4 exp(2Bk*) ]. 

The first order term, B,, may be put in the form 
By=— Vi." exp(+8V7+8V;."), 


(T71) 


where 
V0" = 876° (r,— Io). 
In this form, it is closely related to the pseudopotential!® 
discussed in the literature. 
The binary kernel in coordinate representation can be 
obtained from (1.45) and (1.66). It is 
(ry’ To’ | B} r),T2) 
= — 2\-*{exp[ — (r:/ +12’ — r1— r2)?/ (88) J} 
X {a6 (r’—a)} (1—ar-) exp[ — (r—a)?/ (88) ] 
for r>a, 
= 6(8)[ —4arr’ }6(r—r’) 
xe[3 (r,’+12’—11—Tf2) | for rs a, 
where r= |r,—re|, 7’ = | ry/—12" |. 


1K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957); 
Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). 


(1.72) 
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APPENDIX A 


To prove (I.7) we first observe that a general term 
in Eq. (1.6) for Wy is a product of m, U, functions, 
ms Uy» functions, etc., where >> /m,=.V. Such a term 
gives a contribution 


TLiL7!25,(a) ]™ 


to Ov. Now in Wy there are, for fixed m,, m2, ---, 
NIT (2!)™mz.!}"' such terms. Their total contribution 
to Ov(V!)~' is thus 


T1i(m:!)“[28,(2)™. 
One thus obtains 


1 
II —[20,(2)}™ 


Tm! 
1 / 
—[0z'b,(Q)]™, 


m,! 


, 
435 
where the summation, }°m,’, over m, is subject to the 
condition that >> /m,=.\. The subsequent sum }-y, 
over .V, is equivalent to a removal of this condition on 
the summation over m;. Thus 


1 
Qo= YL TI —[M2:'(2)]}™, 


mi=0,1,--- lL my) 


which leads directly to (1.7). 

One may question the mathematical rigor of the 
above derivation. To make it rigorous we observe that 
for a fixed Q, 

(a) all Qy are positive, and 

(b) Qy vanishes for sufficiently large values of .V, if 
the interaction V has a hard repulsive core. 99 is thus 
a polynomial in z with no zeros on the positive real 
axis. Its logarithm is therefore an analytic function 
near the origin and all along the positive real axis. 
Near the origin this logarithm can be expanded as a 
Taylor’s series. It is then easy to see that this Taylor’s 
series is exactly the curly bracket in (1.7). Furthermore, 
since log 9g is analytic along the positive real axis in 
the complex z plane, (1.7) is valid for all positive values 
of z, if one understands the curly bracket to mean the 
analytic continuation of the power series within. 


APPENDIX B 


To prove (1.23) and (1.24): The eigenfunctions of 
Hy can be classified according to the irreducible 
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representations of the permutation group of NV objects. 
If y,(1’,2’,---’) belongs to an irreducible represen- 
tation D, then P’y;(1’---N’) also belongs to the same 
representation D. Hence > p- P’y,(1’---N’) belongs to 
D. But Sp P’y;(1'- + +N’) is symmetrical. Hence if D is 
not the symmetrical representation, }> p» P’y;(1'---N’) 
=0. On the other hand, if D is the symmetrical repre- 
sentation, then 


Up Py,(1'---N)=NW,(1'- +N’). 


Using the definitions (I.4) and (1.11), one obtains 
immediately (1.23). The proof of (1.24) is similar. 

Formula (1.23) was first used by Feynman" in his 
treatment of the Bose condensation problem by path 
integrals. 


APPENDIX C 


To prove rule A: Each term of the right-hand side 
of (I.6) is characterized by a grouping of the form 
(1.27) of the coordinates 1, 2, ---/. Application of the 
operation >>p P’ to both sides of (I.6) therefore 
naturally leads on the right-hand side to a summation 
S of the form (1.28), but without the condition stated 
in the paper for (1.28). The left-hand side is, by (1.23), 
equal to (1’,---/’|W75/1,---2). One thus proves that 
(1’,---1’| W75/1,---2) is equal to the sum of all S over 
the different groupings (1.27). 

One then substitutes the above result for the left- 
hand side of (1.12). Solving the resultant equations for 
U,5, U2, U38, «++ in succession, one obtains rule A by 
induction. 


APPENDIX D 


Equation (1.51) is intuitively quite obvious. It is a 
consequence of the fact that for fixed r,, integration of 
U; over the other r’s gives a result independent of mr. 
To fill in the logical steps, we consider the equation 
HyW= Ey as an eigenvalue problem in 3-dimensional 
space, within the basic cube 


tL= y= —3L, 


with periodic boundary conditions in each of the 3. 
dimensions. An eigenfunction y can be continued out- 
side of the cube to all space as a periodic function. 
Extending the definition of the operator Hy in a periodic 
way to all space, one has Hyg¥= Fy everywhere. The 
explicit form of Hyg is 


N 
Hyva=—-DL V+ dX DY Vita—ragt+mL), (1.74) 
1 


a>gs m 


where m= (m,,m,,m,) has + integers as components. 
[For simplicity we assume here that V(r)=0 for 
|r| ro where ro=range and is <}L. ] Within the basic 


1 R, P. Feynman, Phys. Rev. 91, 1291 (1953). 
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cube (1.73), (1.74) is the same as (I.1) except for 
regions near such edges as, e.g., 


L L 


YBye—, Be——, Fi*Fa Fis 


Definition (I.1) should be amended to become every- 
where identical to (I.74) inside the basic cube. Other- 
wise the discussion would become more clumsy. 

Equation (1.4) can then be regarded as defining Wyo 
for arbitrary values of rm’, ---rw’, Mm, °*:tw. Jt is a 
function periodic in each of the 6N linear dimensions 
with a period L. Furthermore, since the potential energy 
in (1.74) depends only on the relative coordinates, and 
not on the coordinates of the center of mass of the V 
particles, all eigenfunctions can be chosen to be eigen- 
states of the total momentum so that 


Wa(MitE; tetE; + -twt+8)=Ya(t,¥2,°- tw) exp(iK,:&). 


[It is important to realize that the periodicity 
condition does not invalidate this statement.] One 
then concludes from (1.4) that 


(ri +8, re’ +E, --- |Wwolmt+é, mt+é,---) (1.75) 


is independent of &. 

It is clear from the structure of (I.6) that, like Wyo, 
Ung also has a 6N-dimensional periodicity in coordinate 
space, and also is invariant under a simultaneous 
displacement of all 2 vector coordinates r,’ and rz by 
the same displacement & From these two properties 
of Ujg it is easy to see that 


J (outs: ° ‘Ty | Uig|t1,82,° . ‘11d red°rz, - ° -dr; 


over the box (1.52) is independent of r,. Equation (1.51) 
then follows from (I 10). 


APPENDIX E 


To establish (1.53) we notice that W,., when regarded 
as a function of B and ry’, ro’, ---ry/, with rm, fo, -- +t, 
as parameters, satisfies 


0 
W w= C-> Vat+ > V (ta’—r1p’) |Wiw, (1.76) 
0g a>s 
and 
W too | po = 6° (1y’—11)6*(r2’— 2) + + -68(r;’—4,). (1.77) 


These two equations can also be used to define W;.. 
Now we adopt the definition of Wig over all space 
introduced in Appendix D. W jg satisfies 


0 
_Wanl-E vet EE Ved 


a>p m 
+mL) |W io, (1.78) 
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YANG 


and 
Wia| geo= [> 8(ry’—1r:+mL)]--- 
XCF 8(r/-r:+mZ)]. (1.79) 


These two equations can also be used to define Wj. 
Equations (1.76) and (I.78) may be regarded as 
“diffusion equations” (with B=time) while (1.77) and 
(1.79) serve as the initial conditions. One then sees 
that W;, and Wig differ for two reasons: 
(i) The potential energy in (I.78) is different from 
that in (I.76). The former includes a sum 


LX V(ta'—rs'+mL), 


while the latter contains only the term m=0. However, 
the terms with m0 may be regarded as the “images” 
of this term, and are ineffective except for separations 
[ta’—te'| ZL. 

(ii) The initial condition (1.79) gives Wig at B=0 as 
a sum of many 6* functions in the 3/-dimensional space 
r,’, fe, ---r,, forming a periodic lattice with period L 
in each linear dimension. On the other hand, (I.77) 
gives W, at B=0 as a single 6* function. 

While diffusion is a process that goes with arbitrary 
speed, the larger speeds have progressively smaller 
probability. For finite and fixed values of m, ro, ++ +t 
(which determine the positions of the 6* functions in 
the initial conditions), and at a fixed B and fixed 
r,', fo’, ---r,, the two differences between W i9 and Wj 
described above become unimportant as L— o, 
Therefore Wig— Wi. By (1.23) and (1.24), the same 
holds for Wie and Wj94. From (I.6) and (I.12) one 
easily proves that also Uinp— Uiz, UiaS > UinS, and 
U in4 sod Uin4. 

In fact, for a given potential V it is possible to 
evaluate the difference between Wig and W;. in terms 
of B,. We shall illustrate such a computation for the 
case of hard sphere interactions. 

For simplicity let us first consider the case /=2. In 
this case, B, and U2», (consequently, also W.2.) are 
given explicitly by (1.72) and (1.66). To express W29 
and Ueg in terms of these functions, we introduce a 
W,’ function which satisfies the differential equation 


0 
w-|- - Ve"+>). V(r! —n-+m1) |v, (1.80) 
a=l m 


but with the initial condition 

Wo! | po= 63 (ry — 116 (ro’— 2). 
It is easy to see that Wg is related to W 2’ by 
(ry’ Jo | Woo | T1,T2) 


= b +m, ro’+m.L|W2' |, r2). 


mi, Mz 


(1.82) 
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Although W,’ satisfies a different “differential equation” 
from W»,, they both satisfy the same initial condition. 
By going through a series of arguments similar to those 
used in Sec. 4, we can express W,’ in terms of Woe 
and B,: 


(i’,t2! | We" | 11,82) = (11' te! | Wo | 11,82) 
a pe (r;’—mL, T2’ | Uw | m—mL, To) 


m #0 


+. 2 


mm’ m’ 
X(n'—mL, rz’ | V2.(8—B’) |" —mL, 12") 
X(r"— m’L, r2'’ | hm (B’) | | 3 m’L, To) 


8 
apt f ars"aes” 
0 


hh i me 


mm’ m’#m" m”’ 
X Bro!’(r,’—mL, r' | U2. (8—B’) | r//— mL, r2’’) 
X(r"— m’L, ro!" | Be (s’—B”) | r!"'— mL, si”) 


x(n!” — m’L, re’”"| Be (6’") | n—m’L, T2)+ saint 
(1.83) 


B , 
as f ast" [ dr"ars'ars” 
0 0 


Equations (1.82) and (1.83) express precisely the 
physical effects discussed in (i) and (ii) above. Together 
these two equations give the explicit form of Wo in 
terms of the binary function B,. 

By using (1.72) and (1.66) it can be shown that for 
fixed positions of m, rz and mr’, re’ as L— , (1.82) 
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becomes 

We9= W.'+OLexp(— L?/48) ], 
and (1.83) becomes 

W2' =Weo+O[exp(— L?/28) ]. 


Thus we have 


(1.84) 


(1.85) 


Wa—7W2, as 2 &, (1.86) 


By using (1.82) and (I.83) we can also express }2(Q) 
explicitly in terms of B,. It is easy to see that 
limg.2b2(2) is given by (1.53). 

We remark that 


W2o= W2.+O[exp(— L?/48) ] 


is due to the familiar property of diffusion equations: 
ie., the probability for a particle to travel a distance L 
in a time “8” is proportional to exp{—L?/(48) ]. 
Consequently, (I.87) is not limited to the case of hard 
spheres. It is valid for any potential with a finite range. 

In an entirely similar manner one can express the 
difference between Wig and W,, in terms of B, and 
show explicitly that (I.53) is correct for any /22. The 
main points in the proof are the following two facts. 
First, the integrand in (I.51) approaches that in (1.53) 
as L— . Second, in the region of integration defined 
by (1.52), the integrand in (1.51) is peaked at the 
center. It becomes exponentially small far away from 
the center, as can be seen by arguments similar to the 
above arguments for the case /= 2. The limit as Q— © 
of the integral (1.51) is thus equal to the integral of 
the limit of the integrand over all space. 


(1.87) 
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In the usual statistical mechanical theory of strings the mean square potential energy of a string element 
is infinite. This is in contradiction with the assumption that the potential energy of a string element is small ; 
this assumption is used to linearize the equations of motion. In this note, we show that the difficulty can be 
remedied if we take into account the finite thickness of the string, introducing thereby additional terms to 


the energy connected with bending. 


I 


UPPOSE that we fix the end points of a thin elastic 
string and immerse it in a thermostat. The string 
will perform a Brownian motion and in principle we 
should be able to calculate the mean values of any quan- 
tity associated with the motion. To do this we evaluate 
path integrals where the paths correspond to the 
possible configurations of the string in configuration 
space and to the possible momentum distributions in 
momentum space. This is a fairly easy task as long as 
one confines one’s interest to small motions, since then 
the motion can be decomposed in noninteracting normal 
modes; in its full generality, however, the problem con- 
fronts one with formidable difficulties and only a few 
results are available.' 

Though seemingly simple, even the string with small 
motions offers interesting problems, and in this paper 
we undertake to resolve a paradox which is hidden in 
the paper by van Laer and Uhlenbeck? which dealt, for 
the first time, with this problem in detail. 


II 


Let us assume that the one-dimensional displacement 
of the string relative to its equilibrium position at point 
x at time /, is given by the function y(x,/); if dy/dx is 
small, y obeys the wave equation and the motion can 
be decomposed into independent normal modes. Let us 
suppose that the end points, corresponding to x=0, and 
x=/, are fixed. Each normal mode corresponds to a 
harmonic oscillator and the probability of occurrence of 
such a normal mode will be just proportional to the 
Boltzmann factor of the corresponding oscillator. All 
the averages, then, can simply be evaluated, for ex- 
ample (y*)w. If, however, we compute ((dy/0x)*)w, we 
find the result that it diverges. This result is em- 
barrassing, since we have assumed that throughout the 
motion dy/dx is small, and hence its mean square is 
a fortiori small. Let us consider what could have 
happened. 

First one would be tempted to put the blame on the 
infinite number of degrees of freedom each weighted 


*This research supported by the U. S. Atomic Energy 
Commission. 

1M. Kac (private communication). 

2G. A. van Laer and G. E. Uhlenbeck, Phys. Rev. 38, 1583 


(1934). 


with a Boltzmann factor, since this brings about the 
well-known Rayleigh-Jeans type of infinity for the 
energy, and after all (dy/dx)* is proportional to the 
potential energy of the string at the point x. If we cor- 
rect for this defect by cutting off the frequency spec- 
trum at a high frequency corresponding to a wavelength 
of interparticle separation as in Debye’s theory of 
crystals, we remedy the divergence but not the incon- 
sistency, since ((dy/Ax)*)s is still very large. Hence the 
large, or infinite value of ((dy/dx)?)s, must be due to 
something else. 

It is not difficult to see that the cause is the assump- 
tion that the string is infinitely thin. For, if it is in- 
finitely thin, it cannot resist bending and consequently 
the overwhelming majority of the configurations appear- 
ing in the averaging process will have no second deriva- 
tives if we admit all frequencies, or they will have very 
large second derivatives if we cut off the spectrum at 
some high frequency. 

We can then remedy this inconsistency in two ways. 
We may say: the string being thin means that all the 
frequencies appearing in the calculations have wave- 
lengths associated with them which are much larger 
than the diameter of the string. Hence in all summations 
over frequencies, we have to cut off the sum at a char- 
acteristic frequency corresponding to a wavelength of 
the same order of magnitude as the diameter of the 
string. This is admittedly a crude trick, but a sensible 
one. We shall see that it gives, with some corrections, 
approximately the same results as the following more 
sophisticated method. In this method we take into 
account the resistance against bending by introducing 
the potential energy of bending. This will bring in 
essentially a convergence factor, which damps out in 
the averages all those terms which contain high fre- 
quencies and which are just cut out if we use the first 
approach. 


III 


Let us deal with the more complete model. The dis- 
placement of the string in one dimension, from its 
static equilibrium position at point x at time ¢, is 
y(x,t); the end points of the string at «=0, x=/ are 
fixed, but we make no assumption about the slope of 
the string at the end points, to simplify the calculations. 
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If dy/dx is everywhere small, the total energy of the 
string is given by® 


1/My pifay\? 1/My_ p's ay y? 
FY} 6 CY 
Zu o \dt VE o \dOxdt 
1/M l ary 2 
+-( yew f ( ) dx 
2 l 0 Ox? 
1/M ' ay\? 
LC eo fan o 
2 l 0 Ox 


The first term is the kinetic energy associated with the 
vertical motion of the string elements, M being the 
total mass of the string. The second term represents 
the kinetic energy of the rotatory motion of the string 
elements, «x is the radius of gyration of a transverse 
section of the string: for a circular section x is half the 
radius; (this term is usually neglected; however its 
contribution is important for those frequencies for 
which the bending is important). The third term is the 
potential energy of bending; b=[(g+T)/p]! is the 
velocity of propagation associated with the bending 
modes, g being Young’s modulus, T the tension, and p 
the density [in general g>>7, and hence b~ (q/p)*]. The 
last term is the potential energy of stretching ; a= (T’/p)! 
is the velocity of propagation associated with the 
stretching modes. (Observe that no assumption has 
been made concerning the magnitude of 0?y/dx°, 
0’y/dxdl, Ay/dt.) 

The set of functions sin[ (nm//)x_] satisfy the special 
boundary conditions we imposed, and form a complete 
set. We may therefore express y in terms of them. We 


write 
w 23 wren nT 
y=> (—) {2 / (14+ ) sin( r), (2) 
n=1 M P l 


where the coefficient g, is a function of time only. The 
factor of g, was chosen for the simple reason that this 
way the energy becomes a very simple function of qn 
and dq,,/dt= pn. Indeed, we get 


H=} Do (Partongn?) ; 


("") a+b? (n/l)? 
WO, = — ae” 
l 1+x?(nr/1)? 


w» is the frequency of the nth mode. Thus each normal 
mode performs simple oscillations but with a frequency 
which is a more complicated function of the wave 
number mz/l than for a thin string. For small wave 
numbers w,~anm/l, just as for a thin string; for higher 
frequencies, however, dispersion sets in, and for very 
high frequencies w, will be entirely determined by the 

8J. W. S. Rayleigh, Theory of Sound (Dover Publications, Inc., 
New York, 1945), Vol. I, p. 297. 
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bending modes since then w,~ bnw/l. The bending modes 
will become of importance when a~dxn7/I, or for the 
critical wave number mo~ (a/d) (//x)/w. The expressions 
obtained in the usual theory for thin strings must be 
then truncated around this wave number. (If we 
neglected the kinetic energy due to rotation the de- 
nominator would be missing, changing thereby the dis- 
persion for high frequencies completely.) 

The calculation of the statistical averages is now 
perfectly simple. If we use Boltzmann statistics the 
probability of occurrence of the mth mode with ampli- 
tude between g, and g,+dq,, with momentum between 
pn and p,t+dpp,, will just be A, exp{—(p,?+w,7q,")} 
Xdpndgn, An=(wn)'/2ekT; since the different modes 
are independent, the probability of a situation where 
the first mode has an amplitude g,, momentum fy, the 
second mode has amplitude g2, momentum pz, etc., 
will be 


An exp{ — (pr2+en?gn?)/2RT}dpndgn; 
An=(wn)!/2xkT, (4) 


and any averaging can be simply performed, since all 
is reduced to a weighted sum of the averages of the 
gn’s and p,’s. 

For example 


(qQn')w 
———— sin?(nmx/l), (a) 


2 
(?)0=— D - 
M vn 14+92°x?n?/T 


, P 2 (qn?) mv 
{(0y/OX)* w= —— 
1+ 9xPn?/P 
X (nw /l)? cos?(nrx/l), 
2 (Qn) av 
((d%y /x2)2) 4, = ~~ 
1+9k?n? /P 
X (nw /l)4 sin? (nax/l), 
2 (Pn?) av 


((dy/dt)?) w= — D 
M » 1+2°x?n?/P 


sin?(rx/l), 


M » 1+7°x*n?/P 


2 (Pn®) av 
((8y/Axdt)*) = Fa 


X (nw/l)? cos?(nrx/l), (e) 
where, according to elementary statistical mechanics, 


(Pn?) w= Wn(Gn? w= RT, 
(Qn ay = (Pn)w= (Qnq«) w= (QnP«) w= (PnPx)w=0; 


(the latter conditions are responsible for the disappear- 
ance of the cross products in the summations). 

From these averages the ones with second deriva- 
tives, (c) and (e), diverge, their duty being to produce 
the Rayleigh-Jeans type infinity in the total energy; 
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this we must get as mentioned before. On the other 
hand, the derivation never required them to be small. 


IV 


Our investigation started by observing the singular 
behavior of ((dy/dx)*)w. Let us see then what the 
modified version gives for this quantity. 

Inserting (gn?)w=kT/w,? into Eq. (Sb), we obtain 


((0y/dx)*) w= (2kT/M) 
XY {a+ (bxnw/1)*} cos*l(nr/I)x). (6) 


If x +0 the sum diverges. This is just the result for 
thin strings. The maximum of this expression is at the 
points where the cosine terms are all one, i.e., at the 
two end points. There we obtain 


((Oy/8x) 26°) w= 2(RT/Ma*)ne > (ne+n*) 


n=! 
=(kT/Ma*){ xno cothrny—1}, (7) 
where o= (a/b) (1/x) (1/7). 


As we mentioned already, mo has a very simple 
physical significance. If we equate the potential energy 
of stretching with the potential energy of bending, we 
find that if the number of loops on the vibrating string 
is equal to mo, the two quantities have the same order 
of magnitude. Hence, as long as the number of loops is 
less than mp the vibration excites essentially the stretch- 
ing modes, while above this the modes are essentially 
bending ones. This corresponds then to the character- 
istic cutoff frequency in the crude theory. There we 
conjectured that this number is essentially (//x). We 
see that here this number is modified, since in the 
primitive argument we failed to take into account the 
fact that the two modes, the stretching and bending 
ones, are regulated by different elastic properties, to 
wit, the stretching modes by 7, and the bending modes 
by g. Indeed, if we put the two different elastic wave 
velocities equal to each other, we recover the crude 
estimate. 

Thus the primitive theory using a cutoff at my would 


give 
n—ngo 


((Oy/Ax) m0?) w~2(RT/Ma*)( > 1)=2(kT/Ma?)no. (8) 
n=1 


NANDOR L. 


BALAZS 


This we obtain by putting first x equal to zero, and then 
cutting off the divergent sum at po. 

What does the complete sum give? Since mo is always 
larger than one, coth(mmo) is for all practical purposes 
always just one, giving ((0y/0x) ~07)w~ (RT/Ma*)no. 
This means that if we take as our cutoff number 310, 
hence using the radius r instead of the radius of gyra- 
tion x= 4r to define a cutoff number, the crude theory 
gives the same result as the correct sum. This shows 
that the potential energy of bending introduces a most 
potent convergence factor in the averaging process.‘ 

Let us now investigate the orders of magnitude. Fora 
steel wire Young’s modulus, g, is about 2X 10" dynes/ 
cm’; take for the radius of the wire 2X10-* cm, for 
its length 2X 10? cm, and for its mass 1 g. Then a 1-kg 
load will produce about a tension T= 10° dynes/cm?, and 
a velocity of propagation 10‘ cm/sec. The parameter mo 
has the value 100. In this case ((0y/0x),~0?) is about 
10-", a very small quantity. Indeed, we see that as 
long as mo is less than }Ma?/kT this average is always 
less than one. Now, Ma?/2kT is very large, since }Ma? 
is the kinetic energy of a macroscopic object, moving at 
the same speed as the elastic waves do, while kT is the 
mean energy of a microscopic object at temperature 7, 
which is many many orders of magnitude smaller. 

Finally we must discuss the following question. If 
one neglects the bending and computes (y”)w, we get 
an expression which is in good agreement with experi- 
mental observations.’ Can we show that the expression 
we obtained gives for practical purposes the same 
result? From Eq. (5a) we see immediately that this 
is so. For the terms with m less than mo are the same 
irrespectively of the value of x; if m exceeds mo, all 
terms are practically zero whether we put « equal to 
zero or not; hence the latter terms do not matter. 
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A general expression is derived for the average infinitesimal-impulse-response matrix of a conservative 
classical system in a canonical ensemble. The equations of motion are taken as 4,=X,, where the X’s, as 
well as the energy E, are functions of the x’s but not of their time derivatives. The Liouville equation 
2Zdz,,/dx,=0 is assumed, but it is not required that the equations of motion be derivable from a Hamiltonian. 
If they are, the x’s are the canonical coordinates and momenta. The result found is gmn(r)=®mn(r)/RT, 
(r>0), where egmn(r) is the average increment in x» at time ¢ resulting from an infinitesimal increment 
externally induced in x, at time !—r, ®mn(7) is the covariance (xm (t)(@E/dx,)’), where the prime denotes 
argument ¢—r, k and T are Boltzmann’s constant and absolute temperature. This relation is derived as a 
direct consequence of the fact that two initially isolated systems in equilibrium at identical temperatures 
remain in equilibrium when weakly coupled to each other. 


N a series of papers,!~* Callen and his co-workers 
have investigated the relation between the spon- 
taneous fluctuations of the dynamic variables of a 
system in equilibrium and the relaxation of externally 
imposed perturbations of the system. We shall present 
here an approach to this question which appears to 
give results in agreement with Callen’s only for particu- 
lar cases. Our method is essentially a direct investiga- 
tion of the implications of the fact that two initially 
isolated systems in equilibrium at the same temperature 
remain in equilibrium when weakly coupled to each 
other. A special application of this method has already 
been described.® 

Consider two unrelated systems with variables xp, 
n=1,2,---,N, and ya, a=1,2,---,M, respectively, 

which obey the equations of motion 
In=Xn, Ya=Va, (1) 


where X,, Y. are functions of the x’s or y’s respectively, 
but not of their time derivatives. Assume that when (1) 
is satisfied we have 

> n0%,/0x,=0, 
(Liouville’s equation) and 


E\= 0, 


daa OVa= 0 


E.=0 
(energy conservation), where the energies /,, E» also 
are functions of the x’s or y’s, respectively, but not of 
their time derivatives. We do not require that (1) be 
Hamiltonian-derivable, but, if so, the x’s are the 
cannonical coordinates and momenta for system 1 
with a corresponding identification for the y’s. 
Suppose that the equations of motion were perturbed 


to the form 
Zn=Xatunl(t), Ya=Vatra(t), (4) 
* Supported by the Air Force Office of Scientific Research under 
Contract AF49(638)341. 
1H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951). 
2H. B. Callen and R. F. Greene, Phys. Rev. 86, 702 (1952). 
§ Callen, Barasch, and Jackson, Phys. Rev. 88, 1382 (1952). 
‘Other papers in this series are cited in references 1, 2, and 3. 
5 R. H. Kraichnan, Phys. Rev. 109, 1407 (1958), appendix. 


where u,(¢), ta(¢) are arbitrary infinitesimal forcing 
terms which vanish for ‘<0. We shall assume that the 
induced perturbation in the «’s and y’s could be written 
t 
ira(D=E f Sma(t,t’)Un(U)dt’, 
n 0 
(5) 


t 
byp()) =X f naa(tylvalt)dl, 
a 0 


where (mn(t,l’) and nga(t,t’) then are elements of the 
infinitesimal-impulse-response matrices of the systems. 
In general, except for linear systems, these matrices 
are functionals of the values of all the x’s, or y’s, at all 
times between ¢ and ?’. It follows directly from (4) 
and (5) that they obey the conditions 


Emna(t,t)=Smn, Nga(t,t) = 5a (6) 


and vanish if t<?’. 
Let us take the canonical ensembles 


p(x)= A, exp(—E,/kT), p(y)=Azexp(—E2/kT), (7) 


where p(x), p(y) are probability densities in the phase 
spaces with the x’s or y’s as Cartesian coordinates, A, 
and A» are normalization factors, and k and JT are 
Boltzmann’s constant and absolute temperature. The 
corresponding probability density in the product phase 
space of the two systems is 


p(x,y)=AA2 expl — (21+ E2)/kT ]. (8) 


This density is time-invariant under the equations of 
motion and describes the equilibrium of the two systems 
in isolation. 
Now let us switch on an infinitesimal coupling 
between the systems such that (1) is altered to read 
In= XatDabna(t)OE2/dya, (9) 
Ya=Va- DY nbna(t)OEs/dxn, 


where the 6,.(¢) form an arbitrary infinitesimal matrix 
which vanishes for ‘<0. Equation (2) obviously is 
invariant under this coupling, and for the change 
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induced in E,+ EF, we have 


me: dE, 
6(E,+E:) =D —8t, +L —tije 


n OX, a IVa 

OF, OF, 
ars 
na OX 


na(t)———Bna (2) —|=0 
Ova OVa OXn 
Thus the motion of the coupled systems conserves 
measure in the product space and is confined to surfaces 
of constant F,+ £2. It follows that if the density (8) 
has been established at /=0 it is preserved for />0. 
Therefore all ensemble averages of simultaneous values 
of the x’s and y’s are constant in time under the 


OF, 


(10) 


coupling. 
From the preceding paragraph we have, letting ( ) 
denote ensemble average, 
5(xm(t)ya(t)) = (6%m(t)¥8(t))+ (Xm(L)by8(t))=9, 
where we have retained only first-order terms in the 
infinitesimal perturbation induced by the coupling. 
Using (5) and (9), we may rewrite (11) in the form 


dEs\' 
(= i batt) fans)» (—) 
na 0 OVa 
dE, \' | 
—nelis)2n(0( *) jar) -0, (12) 
OX n 


where the primes denote argument ¢’. Since the per- 
turbation is infinitesimal, the quantities in the square 
brackets all may be evaluated in the unperturbed 
state. For this state, the x and y systems are statistically 
independent and stationary. Therefore (12) may be 


(11) 


written 


t 
> Dna(l’)[gmn(t—t'V pa(t—t’) 


n,a@ 0 
—hga(t—t')Pmn(t—t’) jdt’ =0, (13) 


where 


Sma(t—t’') = Smalt,t’)), 
dFi\’ 
tan(t—1)={ xml) ‘e ) ) 
OXn 
0E2\' 
Yoet=1)=( ya (— )). 
OVa 


Now we recall that the infinitesimal matrix elements 
bna(t) are wholly arbitrary for />0. Then (13) implies 
2mn(T)/Pmn(7)=Ngalt)/Vpa(t)=C, (720) (16) 


for all m, n, B, a, where r=i{—7' and C is a constant 
independent of the indices. From (6) we then have 


Pinn(0)=SmnC, Vpa(O)=SseC. (17) 


For m=n, B=a this expresses equipartition of energy 


hpa(t—t') =(ngalt,t’')), (14) 


and 
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in the generalized form discussed by Tolman,® and it 
follows that 
C=kT. (18) 

Using (17) and (18), we obtain from (16) the final 
result 

Zmn(T)=Pmn(r)/kT. (7>0). (19) 
This is a general expression for the ensemble-averaged 
infinitesimal-impulse-response matrix in terms of time- 
displaced correlations of the unperturbed system. The 
significance of gmn(r) is that it gives the average 
perturbation observed in x, at time ¢ as a consequence 
of an (infinitesimal) increment in x, having been 
externally induced at time t—r. 

For a Hamiltonian system, the x’s represent any 
complete set of canonical coordinates and momenta. 
Thus they comprise the full set of microscopic variables. 
Our result (19) also applies when x,, and x, are macro- 
scopic coordinates which are sums over certain of the 
microscopic variables or, more generally, which may be 
obtained as functions of microscopic variables by a 
canonical transformation. In this case, of course, the 
energy E must be taken as the Hamiltonian expressed 
in terms of the new set of canonical variables of which 
the given macroscopic coordinates are members. 

For the case where £, is a sum of squares, it follows 
from (17), (18), and (19) that, for 7>0 (to be under- 
stood hereafter), 

8&mn(7)=Pmn(7), (20) 
where 
Tmn(7)=(Xm(t)4n(t—7))((tm?)(en?))*. (21) 
The result previously obtained by Callen and Greene? 
may be written in the form 
Xm&mm(T) = (7|%m), (22) 
where we specialize to the case in which x,, has a zero 
mean. Here (r/%m) is the regression of x», defined as 
the averaged value of this variable at time ¢ conditional 
upon its having the sharp value x, at time t—r. It 
follows from this definition that 
(Xm (t)%m(t—7))= (Xm(7|Xm)), (23) 
from which we see, noting (21), that (22) is equivalent to 
fmm (7)= Fm (7). (24) 
Thus our results appear to be consistent with those of 
Callen and Greene provided £; is a sum of squares. 
However, (19) and (20) certainly are not equivalent in 
general, and it would appear, at least on the face of the 
matter, that there actually is a discrepancy between 
the present approach and that of Callen and his co- 
workers which deserves clarification. It is of interest to 
note that even when £; is a sum of squares, methods 
related to the present approach indicate that (20) is 
not true if the system is dissipative (nonconservative) 
and stationarity is maintained by external driving 
forces.’ 


a: Tolman, The Principles of Statistical Mechanics (Oxford 
University Press, Oxford, 1938), first edition, pp. 95, 96. 
7 See reference 5, Sec. 8. 
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Gorter recently proposed a dynamical model to describe the state of a current-carrying wire, in the tran- 
sition region to superconductivity. This model predicts in the transition region to superconductivity an 
alternating component of the potential difference across a wire carrying a strong direct current. The magni- 
tude of this fluctuation should be of the order of a few percent of the average potential. Using a shielded 
transformer in the liquid helium and a battery-operated preamplifier, detection of this alternating component 
has been attempted. The noise output was somewhat larger when the sample was in the intermediate state 
than when it was in the superconducting state. However, instead of being a few percent of the average 
potential (as in the Gorter model), this additional alternating potential was only about one hundredth of 
one percent. It may be due partially to a slightly drifting bath temperature, since vibrations made it neces- 
sary to switch the pump off about 10 sec before the readings were taken. 


I. INTRODUCTION 


HE standard treatment of the transition to 
superconductivity of a current-carrying wire 
assumes a static distribution of superconducting 
domains embedded in a matrix of normal conducting 
material.! This theory is easily extended to include the 
effect of a superimposed longitudinal magnetic field, 
which case is commonly called the “paramagnetic 
effect.” In both cases there are small but significant 
differences between the experiments and the theoretical 
predictions.?*~’ Various proposals have been made to 
explain the difference between the experimental and 
theoretical values of the resistance. So far none of 
these proposals has been completely satisfactory. 

Gorter has recently proposed a completely different 
model." Although the electric forces on a super- 
conducting domain are very much smaller than the 
magnetic forces, he assumes that they are strong 
enough to align the domains in the direction of the 
electric field rather than the magnetic field. This 
assumption seems, as Gorter himself remarks, to be in 
direct contradiction to powder patterns obtained by 
Shalnikov." In the case of a current-carrying wire the 
domain structure is assumed to consist of alternately 

* Supported by a Grant of the National Science Foundation. 

1F, London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950), Vol. 1, p. 120. 

2 Hans Meissner, Phys. Rev. 97, 1627 (1955); Phys? Rev. 101, 
31 (1956); Phys. Rev. 103, 39 (1956). 

3 James C. Thompson, Phys. Rev. 102, 1004 (1956); J. Phys. 
Chem. Solids 1, 61 (1956). 

*R. B. Scott, J. Research Natl. Bur. Standards 41, 581 (1948). 

5 L. Rinderer, Helv. Phys. Acta 19, 339 (1956). 

6 Hans Meissner, Phys. Rev. 109, 668 (1958). 

7H. Meissner and R. Zdanis, Phys. Rev. 109, 681 (1958). 

8C. G. Kuper, Phil. Mag. 43, 1264 (1952). 

®R. Hilsch, Z. Physik 149, 1 (1957). 

10 Hans Meissner, Phys. Rev. 109, 1479 (1958). 

11C, J. Gorter, Physica 23, 45 (1957). 

2G. J. Gorter and M. L. Potters, Physica 24, 169 (1958). 

18 In private correspondence Professor Gorter pointed out that 
he assumes that also the magnetic field tends to align the domains 
in the direction of the electric field. This may be true for the 
current-carrying wire in a transverse magnetic field, but not for 
a wire which is subject to a current only. 

14 A. I. Shalnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1071 
(1957) [translation : Soviet Phys. JETP 6, 827 (1958)]. 


normal-conducting and superconducting concentric 
tubes. It is assumed that the Lorentz force of the 
magnetic field on the current through these tubes 
causes an inward motion of the boundaries, that is, 
causes the tubes to collapse. No reason is offered why 
the boundary should move under the influence of this 
Lorentz force, and there is some doubt that this will 
happen.!® It is assumed that the potential difference 
along the sample is caused by an induced emf. As the 
superconducting tubes collapse toward the center of 
the wire, they leave a region of reduced magnetic field 
behind. Such a reduction is possible whenever super- 
cooling occurs. If the field behind a superconducting 
collapsing tube becomes too low, a new supercon- 
ducting tube is formed. It appears that in Gorter’s 
model the new tube is not formed at the place of the 
minimum of the magnetic field, but at a larger radius, 
where the field is again critical. This is a feature which 
is very hard to understand. The model seems to become 
static if one supposes that the new tubes are formed at 
the place of the minimum of the magnetic field. 
Pippard'® has calculated the rate of destruction of 
superconductivity by a current through a wire and also 
comes to the conclusion that the final state will be static. 

The time which it takes for a tube section to travel 
from the outer surface of the wire to the center is 
determined (aside from the diameter of the wire) by 
the conductivity of the normal material. Each collapsing 
tube gives rise to a small fluctuation of the potential 
along the wire. Gorter develops this fluctuating po- 
tential into a Fourier series of the type 


e= eo 1+ >. ax cos(2rkr/r7+¢x) ], (1) 


where éo is the average potential, r=¢/yooa’, (= time, 
o=conductivity of normal material in mks _ units, 
a=radius of the wire, a,=Fourier coefficients and 
¢x= arbitrary phases. Estimates of the other constants 
have been made mainly for the case that the current / 
through the wire is 1.1 times the critical current: 


15 In the case of a current-carrying wire the assumption of the 
Lorentz force may not be necessary; see reference 16. 
16 A. B. Pippard, Phil. Mag. 41, 243 (1950). 
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1/1.=1.1. The value of the constants depends on the 
degree of super cooling, that is, on the ratio q, of the re- 
duced magnetic field to the critical field. ry is the 
(reduced) time between successive formations of the 
superconducting tubes. For J/7,=1.1 and g,=0.9488, 
Gorter obtains ry=0.2481 and a,=0.018, a2.=0.005 
and a;=0.002, while for 7/J.=1.1 and g,=0.7683 he 


obtains 7re=0.3917 and a,=0.048, a.=0.016 and 


a;=0.008. These amplitudes are an upper limit, since 
the periodic motions might be out of phase in different 
parts of a long wire. 

The frequency of the lowest mode is given by 


f=1/pooa"r;. (2) 
Although this model certainly presents some new and 
brilliant ideas, the discussion above casts some doubt 
on its validity. Nevertheless, any calculation of the 
frequency of a possible fluctuation of the potential 
difference along the wire will always lead to an equation 
similar to Eq. (2) (see reference 16). Since so far 
nobody seems to have searched for such a fluctuation, 
it was found worth while to investigate the constancy 
of the potential in the frequency range given by Eq. 
(2). If it is found that the potential along the wire 
fluctuates in this frequency range much less than 1% 
of its mean value, it will be fairly safe to assume that 
such fluctuations do not play an important role in the 
intermediate state. 


Il. EXPERIMENTAL ARRANGEMENT 


Most of the experimental arrangement is identical 
with the one described in references 6 and 7. In addition 
to the usual potentiometer and galvanometer connected 
to the potential leads of the sample, the primary of a 
special transformer was connected to the same potential 
leads. The transformer’? was encased in a lead (Pb) 
shield and placed in the liquid helium bath. A battery- 
operated cathode follower (6C4) was placed directly 
on top of the cryostat, but was not always used. Its 
output was fed into a battery-operated preamplifier. 
The output of the preamplifier was displayed on an 
oscilloscope, and measured with a vacuum _tube- 
voltmeter. Theoretically the sensitivity can be calcu- 
lated from the turn’s ratio of the transformer, the gain 
of the amplifier, and the sensitivity of the oscilloscope. 
However, in order to omit any uncertainties, the system 
was calibrated by superimposing a small alternating 
current on the direct curret. 

The alternating component of the current gives rise 
to the following signals in the pickup transformer: 

(a) A potential difference due to the resistance of 
the sample. This potential difference was usually 
negligibly small, even when the sample was fully 
normal conducting. 

(b) Pickup in the loop formed by the sample and 


17 The author is indebted to the Arnold Engineering Company 
for supplying the core free of charge. 
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the potential leads. The pickup in the loop of length / 
and width D corresponds to a mutual inductance 


M = (uol/2m) In(D/a), (3) 


where a is the radius of the sample. The over-all voltage 
gain of amplifier and transformer as function of the 
frequency shows a rather sharp resonance peak at the 
high-frequency end. While such a peak usually is 
undesirable, it increases the gain at the high-frequency 
end so that even the second harmonic [see Eq. (1) ] 
should be easily observable in spite of its lower expected 
amplitude. 

The alternating calibration current was usually 1 ma, 
while the sample current was of the order of 20 amp. 
Comparision of these two numbers shows immediately 
that it is of utmost importance to keep the sample 
current extremely constant. A bothersome source of 
noise was vibration of the loop formed by the sample 
and the potential leads, causing an emf across the 
transformer. Since it was not feasible to mount the 
whole cryostat vibration-free, it was necessary to shut 
off the pump about 10 seconds before the readings were 
taken. During this time the bath temperature drifted 
slowly. 


TABLE I. Data on the samples. 


Residual 
resistance 
ohm 


Residual Frequency 
resistivity* from Eq. (2) 
ohm cm cps 
240-380 
1270-2000 


Diam- 
Sample eter Length 
No. mm mm 


Sn XVIII> 0.357 41.5 
Sn XXIVe 0325 594 


2.2X10-* 3.88X10-% 
12X10-5 1.68X 10° 


* The contribution of boundary scattering has been subtracted. 
> Single crystal; angle between crystal axis and wire axis is 79°. 
> Polycrystalline extruded wire. 


The measurements were thus made at an almost 
constant temperature. The temperature was chosen 
somewhat below the lambda-point of the helium, so 
that bubbling would not cause any noise. The sample 
current was adjusted to values of 0.9, 1.0, and 1.1 of 
the critical current /,. At each value of the current the 
output voltage of the preamplifier was measured and 
the trace on the oscilloscope inspected as well as 
photographed. 

The samples investigated were both made from tin. 
They are the same samples used for the resistance 
measurements reported in reference 6. Their data are 
given in Table I. 


III. RESULTS 


The results are summarized in Table II and shown 
in Figs. 1-3. Figure 1 shows the resistance and the out- 
put of the preamplifier as a function of the sample 
current at a temperature of 1.95°K for sample 
Sn XVIII. The galvanometer deflection was measured 
while the pump was running, whereas the pump was 
shut off 10 seconds before the output of the preamplifier 
was measured. 





POTENTIAL FLUCTUATIONS 


Figure 1 shows that the critical current at this 
temperature is about 18.5 amp. The output of the 
preamplifier begins to increase at a current somewhat 
smaller than 18.5 amp. This might be due to the slight 
increase in temperature, when the pump was shut off 
during these measurements. The data are summarized 
in Table IT. Between 16 and 20 amp the output of the 
preamplifier increases by about 20 mv, which, with a 
gain of 4.35X10°, corresponds to an increase of 
4.6X10~ v of the alternating potential at the sample. 
This is a fraction of 0.015% of the average potential 
across the sample (Va-=3.1X10~° v). 

Figure 2 shows the same graphs as Fig. 1, but for the 
polycrystalline sample Sn XXIV. The increase in the 
output of the preamplifier for this sample is very much 
larger than for sample Sn XVIII. Table II, however, 





fe) 


Sampie Sn XVIII 


Resistance arbitrary -units 





Preamp output mv 











15 


Current amp 


Fic. 1. Resistance of sample Sn XVIII (single crystal) and alter- 
nating component of the potential in the transition region. 


shows that the ratio of the increase in the fluctuating 
voltage is still about the same percentage of the increase 
in the average voltage. 

Figure 3 shows negatives of the oscilloscope traces. 

The frequency of the additional noise was, for sample 
Sn XVIII, of the order of 600 cps as compared to the 
expected frequency of 200-300 cps. For sample 
Sn XXIV, a dominant portion of the noise had a 
frequency of about 7.5 kcps, which is almost precisely 
at the peak of the resonance of the transformer. The 
frequency has to be compared with an expected value 
of 1.25 to 2.0 kcps. In the computations for Table IT, 
the midfrequency value of the gain of 3.5 10° has been 
used rather than the peak value of 2510°. The true 
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Sample Sn XXIV { 
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be 


ohms 


T#1,93 °K 


Resistance 


x 














Current amp 


Fic. 2. Resistance of polycrystalline sample Sn XXIV and alter- 
nating component of the potential in the transition region. 


alternating potentials will be therefore smaller rather 
than bigger. 

Observations have also been made of potential 
fluctuations in the normal-conducting state on sample 
Sn XXIV. It seems quite safe to assume that the very 
much smaller fluctuations in the normal-conducting 
state arise from bubbling of the liquid. 


IV. DISCUSSION 


There is a clear observation of an alternating com- 
ponent of the potential across a current-carrying wire 
in the transition region to superconductivity. The 


Current Cal. sign Vide 
10 0 








2.5 x107-8 





3.1 107° 





3.1 X10-5 


3.1 X107¢ 


“Sn XVII; T =2°K 
Fic. 3. Oscilloscope traces for sample Sn XVIII (single crystal). 
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Sample 
current 


Temperature 
a amp 


10°Vde 
v 


Sample 


Sn XVIII 1.95 10 
Sn XVIII 1.95 17 
Sn XVIII 1.95 18 
Sn XVIII 1.95 20 
Sn XXIV 
Sn XXIV 
Sn XXIV 
Sn XXIV 
Sn XXIV 
Sn XXIV 


1.93 10 
1.93 12.! 
1.93 15 
1.93 16 
1.93 17 
1.93 20 


magnitude of this component is certainly smaller than 
0.018% of the average potential. The observed fre- 
quencies are somewhat higher than those calculated 


by Gorter. They are caused by fluctuations of the 


resistance rather than the current, since they are not 
present in the superconducting state. 

Although the observed potentials are very much 
smaller than those predicted by the dynamic model, 
the observations here do not absolutely exclude the 
dynamic model, since, as Gorter remarked, the col- 
lapsing tubes might be out of phase in different parts 
of a long wire. If one assumes that they are in phase 
for a length of 3 wire diameters, one would obtain a 
reduction by a factor of 50 in the calculated values. 

On the other hand, it is very easy to give other 
reasons for the observation of such fluctuations. They 
are probably not solely caused by the slow drift in 
temperature (which, even in the static model, requires 
rearrangement of the superconducting domains), since 
they were clearly present in sample Sn XXIV even 
when the pump was running, and the temperature 
rather constant. But of course thermal fluctuation will 





Preamp. 
output ae 
Vv Gain 


4.35X 10° 
4.35 X 10° 
4.35X 10° 
4.35 X 10° 


3.6 10° 
3.6 10° 
3.6 10° 
3.6 X10 
3.6 10° 
3.6 10° 


0.006 
0.014 
0.025 


0.026 1.510 


0.015 
0.02 
0.02 
0.05 
0.20 


0.22 1.8X10°4 


always be present and will always cause some dis- 
turbance of the superconducting domains. There exists 
also the possibility that the heat transfer from the wire 
to the bath, even in helium II, is not quite steady but 
fluctuates somewhat, giving rise to thermal fluctuations 
above the statistical value. 

The observations described here do not throw very 
much light on the validity of the dynamic model 
proposed by Gorter. The potential fluctuations are of 
such a magnitude, that they could be explained by the 
static model as well as by the dynamic model. 
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The enhancement of electroluminescence, by the superposition of ac and dec voltages, has been observed 
in certain electroluminescent zinc sulfide powder phosphors. The addition of a de voltage to an ac voltage 
exciting visible electroluminescence increases the emission as much as 250 times, under conditions where 
the dc electroluminescence alone is about equal to the initial ac electroluminescence. Wave form, transient, 
and spectral measurements show that the increased emission is recombination, at de-ionized luminescence 


centers, forced by the ac field. 


I. INTRODUCTION 
LECTROLUMINESCENCE is observed in certain 


materials upon application of either ac fields or 
de fields. Ac electroluminescence of both powders and 
larger crystals has been the subject of much work 
during recent years! but the published information on 
de electroluminescence, concerning single crystals?~ 
and powders, is fragmentary. 
This paper is concerned with the observation’ that 
a dc field has, under certain conditions, a direct effect 
on the output of ordinary ac electroluminescence. The 
addition of an ac voltage and a de voltage, each of 
which by itself excites visible luminescence, results in 
a light level considerably greater than the sum of the 
separate emissions. To date, the magnitude of this 
ac-de effect in the best phosphor is such that, given a 
cell excited to visible electroluminescence (EL) with 
an ac voltage, addition of a de voltage can increase the 
light output 250 times; at this point the light output 
due to the dc alone is approximately equal to that due 
to the ac alone. 


II. EQUIPMENT 


The cells used in these experiments consisted of 
dispersions of phosphor powder in plastic, polyvinyl 
chloride-acetate, but with the proportion of plastic 
binder much less than in conventional phosphor- 
dielectric dispersions. A typical ratio is forty parts by 
weight of phosphor to one of plastic. This was sprayed 
on 2 in.X2 in. conducting glass plates of resistance 
about 100 ohms per square, and a back electrode of 
vaporized aluminum applied. Typical cell thickness is 
about one mil. The phosphors studied are listed in 
Table I and consist mainly of strongly electrolumines- 
cent materials. Four nonelectroluminescent phosphors 
are included; these were produced for other purposes 
and show only very weak EL. 

1 See, for example, the review paper by G. Destriau and H. F. 
Ivey, Proc. Inst. Radio Engrs. 43, 1911 (1955). 

2W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952). 

3R. W. Smith, Phys. Rev. 100, 760 (1955). 

4G. F. Alfrey and J. B. Taylor, Proc. Phys. Soc. (London) B68, 
775 (1955). 

5G. F. Neumark, Phys. Rev. 103, 41 (1956). 

®6W. A. Thornton, Bull. Am. Phys. Soc. Ser. IT, 3, 233 (1958). 

7W. A. Thornton, Bull. Am. Phys. Soc. Ser. II, 3, 219 (1958). 


The sinusoidal ac voltages used were generated by 
an oscillator-amplifier combination at frequencies of 10 
cps to 100 000 cps, and measured by a Hewlett-Packard 
400D VTVM, and oscilloscope. The de voltages were 
obtained from wet-cells, when particular stability was 
desired, or from a motor-generator. All ac measure- 
ments are rms. Light detection was by means of an 
RCA-6217 multiplier phototube. For studying the 
time-varying light output wave form, the 6217 worked 
into a cathode-follower stage direct-coupled to the de 
input of a Tektronix 514AD oscilloscope. Recording 
of transient behavior was done with a Varian G-10 
graphic recorder. Full-scale balancing time on the 
model used was one second. Sensitivity was 50 mv full 
scale; the 6217 photomultiplier was coupled directly 
to the input through a 100K shunt resistor. Spectral 
measurements were made with an f/2 grating spec- 
trometer with the 6217 detector at the exit slit. Resolu- 
tion was about 100A and calibration was done with 
the visible mercury lines. The circuit used for the 
general experiments appears in Fig. 1. An audio trans- 
former was used to introduce the ac voltage into the 
circuit. 


III. RESULTS 


The ac response of the cells does not differ essentially 
from that of conventional cells with greater proportion 
of dielectric, nor from that of binderless phosphor 
layers; because of less voltage loss to the dielectric, 
these cells are considerably brighter than conventional 
cells at low voltages. The cells are responsive to dc 
excitation, showing a uniform glow which increases 


TABLE I. Luminescent materials studied. 


Blue 

Blue 

Green 

Green 

Yellow 

Yellow EL 
Red SL 
Blue Non-EL 
Green Non-EL 
Green Non-EL 
Yellow Non-EL 


. ZnS:Cu (no chlorine) 
. Zn$:Cu,Cl 

. Zn$:Cu,Cl 
ZnS:Cu,Cl 
ZnSSe:Cu,Cl 
ZnS:Cu,Mn,Cl 
. ZnSe:Cu,Cl 

. ZnS: Ag,Cl 

. ZnS:Cu,Cl 

. ZneSiOy: Mn 

. ZnS:Mn 
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AC VOLTAGE 
(a) 


Fic. 1. Dependence of Lac, Lac, and Lp (see text) 
upon the voltages applied. 


rapidly in intensity with increase in dc voltage. Bright 
points of light are sometimes visible against the uniform 
field, and can be stable or intermittent. Results on dc 
electroluminescence of these powder phosphors will be 
published shortly. 

For each combination of ac and dec voltages, the 
quantities Le, Lae and Lg were measured; Ly, is the 
light output excited by the ac alone, La, is the light 
output excited by the dec alone, and Lz is the light out- 
put resulting from both exciting voltages acting 
simultaneously. All measurements were made at room 
temperature. Response of phosphor No. 3 to ac, to dc, 
and to combinations of both is also shown in Fig. 1. 
When the dc voltage is held constant, Lg increases 
rapidly with increase in ac voltage from zero. L,,. does 
not become detectable until ZL, is already many times 
Lac. In the voltage region where Lc is about equal to 
Lac, the ratio 


R= Lp/ (Laet Lac) 


reaches a maximum. Thereafter, because /,. increases 
with voltage more rapidly than Lz, the ratio R decreases 
toward unity. When the ac voltage is held constant, the 
application of the dc voltage results first in a quenching 
region in which output is reduced (Lg<L,,). Further 
increase of the de voltage is accompanied by a rapid 
increase of Lg, and the appearance of Lae. At high 
voltages, Lae increases more rapidly than Lg causing 
R to pass through a peak and then fall off toward unity 
as before. 

The dependence of ratio R upon ac voltage is given 
in Fig. 2 for phosphor No. 4. The following observations 


Fic. 2. Dependence 
of the ratio 


R=Lp/(Leet+Lac) 


(see text) upon the 
applied voltages. The 
arrows indicate the 
points where 


Lao= Lac. 


38 VOLTS OC 


are made: (1) The ratio R takes on the value unity at 
voltage extremes and reaches a strong maximum at an 
intermediate voltage. (2) The peak value of R shifts 
toward higher ac voltages with increase in the (constant) 
value of dc voltage. (3) The peak value of R varies 
with the dc level in the same general way as R itself 
varies with ac voltage, increasing from unity to a strong 
maximum and then falling off with further increase in 
de voltage level. (4) Although R generally exceeds 
unity (enhancement), at low dc levels the slight 
maximum in R is followed by a broad region of quench- 
ing in which the dc field reduces the ac electrolumines- 
cence by as much as fifty percent. (5) The peak value 
of R is reached under conditions where, approximately, 
Lc= de: 

Light output at peak amplification increases with 
de voltage according to Fig. 3. The dependence of the 
ratio R upon dc voltage is similar in all respects to the 
dependence upon ac voltage of Fig. 2 except that the 
small quenching region at low dc is present at all but 


Fic. 3. Dependence 
of the maximum 
value of the com- 
bined emission Lg 
upon dc voltage. 








20 40 
OC VOLTAGE 


perhaps the lowest ac levels. Because of cell asymmetry, 
the polarity of the dc voltage applied to the cell affects 
the magnitude of ratio R. Rmax for the metal electrode 
negative is two or three times that for the opposite 
polarity, but the maximum occurs at the same ac 
voltage. The peak value of ratio R is roughly constant 
for the green-emitting phosphors, over a frequency 
range of 10° to 10* cps, and decreases rapidly at higher 
and lower values. 

Light output wave-form measurements were found 
to be the key to the explanation of ac-de electro- 
luminescence. The traces of Fig. 4 were taken at 6 v ac, 
1000 cps, at various dc voltage levels. These are 
typical conditions as can be seen from Figs. 1 and 2. 
The traces are to be interpreted on the following basis: 
The applied voltage was impressed on the x plates of 
the oscilloscope. The instantaneous voltage zero is 
therefore in the center of the top trace and the voltage 
maxima to left and right. Light output increases 
upward from the zero baseline. Trace A shows a primary 





ac-dc ELEC 
peak-secondary peak pair during the “negative” 
half-cycle (metal electrode negative). Due to cell 
asymmetry the pair at the “positive” half-cycle is 
suppressed. The primary peak P precedes the voltage 
maximum and constitutes the major component of the 
light emission, and the secondary peak S follows the 
voltage maximum. Trace B (15 volts dc) shows the 
primary peak strongly quenched and the secondary 
somewhat enlarged; this corresponds to the quenching 
regions. Trace C (24 volts dc) shows the primary 
suppressed and the appearance of a strong new peak 
preceding the “positive” voltage maximum. Trace D 
(28 volts dc) shows the new peak completely dominating 
the wave form. In all of these traces, La. is negligible 
compared to Lg; as seen by Fig. 2 at 40 volts dc, Lac 
still amounts to only a few percent of Zz. In the next 
traces appear the corresponding wave forms as light 
output vs time. Trace E is the exciting ac voltage. 
Trace F is the light output with ac only, corresponding 
to trace A. Trace G (28 volts dc) corrresponds to trace 


+ | - (METAL ELECTRODE) 
P 
: + 


6 VAC 1000 CPS 
si wee 


=i mG 
27V0C 


— 
Pe 


Fic. 4. Effect of the 
combined voltages upon 
the electroluminescence 
wave form. 
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D and shows the new peak appearing in alternate 
(positive) half-cycles. 

The ac-de output can be modulated by an ac signal 
far lower than that necessary to excite detectable ac 
electroluminescence. In the green-emitting phosphors 
threshold EL could be detected at 3 volts ac, 1000 cps. 
In the presence of 24 volts dc, a modulated light output 
was detectable at 0.2 volt ac, and strong emission was 
observed at 3 volts ac. In the blue-emitting phosphor 
No. 1, strong dc light emission can be modulated by 
as little as ten millivolts ac, corresponding to average 
fields of about 10 volts/cm; this observation is reminis- 
cent of recent work by Halsted*® on modulation of 
photoluminescence by ac fields. This behavior takes 
place in the low-voltage region of Fig. 1(a). 

Transient measurements were obtained with the 
photomultiplier-recorder combination for various se- 
quences of Lac, Lac, and Ly. The main objective here 


8R. D. Halsted, Phys. Rev. 99, 1897 (1955); Bull. Am. Phys. 
Soc, Ser. IT, 2, 155 (1957). 
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was to study the transient light pulse observed upon 
removing the dc voltage. Two points were noted: (1) 
Removal of the dc voltage is always accompanied by a 
burst of light with a relatively slow decay.’ (2) The 
light burst (stored energy) is small when ac has been 
applied simultaneously with the dc, and larger when 
the dc has been applied for a period without the ac. 
There is no light burst, superposed on La, upon 
application of the de if the phosphor has remained 
unexcited for a time. The large light burst upon 
removal of the dc is a measure of the energy stored 
duriug dc excitation; the ratio Lstorea/Lace decreases 
rapidly with increase in dc voltage. 

The spectra of the dc electroluminescence, of the ac 
electroluminescence, and of the much stronger lumines- 
cence, under both dc and ac, were obtained for phos- 
phor No. 4 with the f/2 spectrometer under excitation 
conditions leading to strong amplification (70 v de, 10 v 
ac at 1000 cps, of Fig. 2). The dc emission is bluer than 
the ac emission, and the ac-dc emission is identical 
within experimental error to the ac emission. 

Electroluminescent phosphors 1-7 (Table I) showed 
ac-de electroluminescence to varying degrees and with 
general characteristics similar to those of the standard 
green phosphors described above. In Table II are 
tabulated for each phosphor the maximum enhancement 
ratio observed and the slope b of the empirical relation 


Lye= A exp(—b/V}); (1) 


this parameter 6 will be of use in Sec. IV. ‘Non- 
electroluminescent” phosphors show very weak ac 
and dc electroluminescence, but show no ac-dc inter- 
action whatsoever (R= even at points where 


Lac= jm 


IV. DISCUSSION 


The light output wave form is the key to the explana- 
tion of the ac-de process. The various observations on 
the wave form show that the major process during 
ac-de electroluminescence is recombination of trapped 
electrons with dc-ionized luminescence centers; this 
recombination is forced by the superposed ac voltage 


TABLE IT. ac-dc enhancement vs phosphor. 


Slope b 


Rmax 
120 23 
11 19 
16 
21 
13.5 
16 
15 
15 
20 I 
17 Non-EL 
12 Non-EL 


Phosphor 
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* See also, for example, J. F. 
Rev. 95, 941 (1954). 


Waymouth and F. Bitter, Phys. 





A. THORNTON 


CONSTANT OC VOLTAGE 
(C * 7 VOLTS EQUIVALENT ) 





Fic. 5. (a) Theoretical 
curves of R(V) for 
various values of slope 
b (see text). (b) Experi- 
mental curves of R(V) 
for phosphors of differ- 
ent slope. The arrows 
indicate the points 
where Lac= Lae. 
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during the half-cycle when the ac voltage and the dc 
voltage are opposed. This effect is discussed in more 
detail below. 

The dc voltage sets up a steady ionizing field. Re- 
combination is not efficient since freed electrons cannot 
return to the ionized centers, and electrons passing 
through the high-field region have low probability of 
recombination. Therefore, a considerable reservoir of 
ionized centers is built up and maintained in the cathode 
region by a steady dc field; many of the electrons freed 
from these centers are trapped down-field from the 
region of dense ionization. (Recombination of these 
trapped electrons with the reservoir of ionized centers 
accounts for the burst of light observed upon removal 
of the dc field.) The most important effect of the 
impressed ac voltage in the presence of the dec field 
occurs during the half-cycle when the ac voltage is 
opposing the de voltage. During this half-cycle, the 
equilibrium of the reservoir of ionized centers and 
trapped electrons maintained by the dc voltage is upset 
and a portion is caused to recombine by the bucking 
action of the ac field. This field serves to tap the 
reservoir of energy represented by the ionized centers 
and trapped electrons maintained by the dc field. The 
ac field may be thought of as forcing the recombination 
of centers ionized by electrons accelerated by the dc 
field, or the dc field may be thought of as enhancing 
the ionization density which is involved in the ac 
process (ordinary ac electroluminescence). 

In the latter sense, the effects of the ac and dc 
voltages are additive ; therefore, for the case of constant 
dc voltage one can define as C an equivalent ac voitage 


(one which leads to light emission equal to the constant 
Lac). Then 


Le exp — b/( VactC) ‘] 
Lut a? expl— b/ Vact ]+ iy 





assuming both Lg and Ly follow the function (1) 
characteristic of ac electroluminescence; this is the case 
for phosphors showing strong ac-dc enhancement. 
Equation (2) is plotted in Fig. 5(a) for various values 
of slope 6; here, C=7 volts and La=exp(—b/C'). 
Experimental curves for several of the phosphors, 
plotted in Fig. 5(b), are seen to be similar. The ac-dc 
enhancement increases with increasing slope b. Since 
this slope increases with increasing frequency or 
decreasing temperature," the enhancement should 
increase also, until transit time or trap release rate 
effects appear. Since slope b varies with cell thickness, 
which is difficult to control accurately, the slope values 
of Table II and Fig. 5(b) are subject to error. 

The transient measurements support the assumption 
that it is the dc-maintained reservoir of ionized centers 
which is drawn on by the ac in the emission of the 
ac-de light; the light burst due to release of the stored 
energy is smaller immediately following ac-dc excitation 
than when the de alone has established an equilibrium 
state. The transient measurements also show that the 
ratio of the dc-stored energy, as measured by the light 
burst upon removal, and the dc electroluminescence 
decreases at higher dc voltages. This explains the 
reduction in observed maximum values of enhancement 
R at high dc voltages. The reduction at very low dc 
voltages is likely due to competition by the strong 
quenching effect apparent in Figs. 1 and 2. The dc- 
maintained reservoir of ionized centers and trapped 
electrons persists, in part, for some time after the dc is 
shorted out. This is shown by the observation that, 
immediately after removal of the dc, excitation by ac 
yields the left-hand peak (Fig. 4) characteristic of 
ac-de light, which then rapidly diminishes. After no dc 
pre-excitation, or after long ac excitation, only the 
peaks at the right characteristic of ac electrolumines- 
cence are observed. This observation is also independent 
of frequency. 

It is characteristic of the ac-dc light that the light 
peak generally precedes the voltage maximum slightly. 
This is consistent with the fact that the process leading 
to the ac-dc light is essentially the same as that leading 
to the primary peak of ac electroluminescence, which 
is understood in detail." In agreement with the behavior 
of the ordinary primary peak, the ac-dc light peak 
occurs earlier at low frequencies and later (approxi- 
mately in phase with the voltage) at high frequencies 
and also earlier at high ac voltages and later at low 


© G. F. Alfrey and J. B. Taylor, Brit. J. Appl. Phys. Suppl. 4, 
44 (1954); Proc. Phys. Soc. (London) B68, 775 (1955). 
W. A. Thornton, Phys. Rev. 102, 38 (1956). 
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voltages ; these effects are related to the release rate of the 
trapped electrons and to depletion of traps or centers or 
both." The mechanism of ac-de amplification depends 
very little, however, upon ac frequency as is to be 
expected from its nature. The evidence that the 
spectrum of the ac-dc emission is identical to that of 
the ac emission and somewhat different from the 
spectrum of the dc emission, also supports the assump- 
tion that the former are closely related and differ 
essentially from the dc emission. The difference, on the 
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basis of the theory presented here, is simply that the 
recombination-emission process in ac and ac-dc electro- 
luminescence occurs in a low-field region of the phosphor 
crystal while dc emission occurs in crystal regions 
experiencing a high electric field. 
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This paper reports the observation of electroluminescence in cuprous oxide. The variations in electro- 
luminescent light output have been studied as a function of excitation frequency, wave shape, voltage, 
current, and power as well as for changes in ambient temperature. These basic properties are presented in 
graphic form and show that Cu2O does not fit readily into either of the two general classes of electrolumines- 
cent materials, but possesses new and unusual properties of its own. 

The electroluminescence can be observed in cuprous oxide plate rectifiers and in point contact structures. 
In the plate rectifiers, changes in electrical properties known as current creep occur during excitation which 
are reflected in the light emission from the plates. This effect was studied in detail and a new theoretical 
model proposed that satisfactorily accounts for the observed changes in the electrical properties, as well as 
for the published observations on commercial Cu:0 rectifiers. 

Unusual memory properties have been observed that permit the initial electroluminescent light output 
to be enhanced by prebiasing with direct currents. This phenomenon is traced to the movement of matter 


within the material during the biasing interval. 


INTRODUCTION 


UPROUS oxide is a semiconductor and a phosphor. 
When illuminated with visible light it emits a 
predominant infrared band extending from 0.8 to 1.4 
microns with the maximum emission peak occurring at 
about 0.95 micron.' The cathodoluminescence of Cu.O 
was found by Frerichs and Weichman.’ Their investi- 
gation showed that plates of cuprous oxide emit strongly 
in the infrared region when bombarded by electrons. It 
was a logical next step to place a transparent electrode 
on a plate, apply a field, and search for infrared electro- 
luminescence with an image converter. 


EXPERIMENTAL PROCEDURES 


Polycrystalline plates of CusO-covered copper and of 
pure Cu,0O prepared by Weichman were used.** Two 


* This paper represents a part of the thesis for the Master of 


Science degree in the field of Electrical Engineering by 
R. M. Handy. A short report on this work was given by 
R. Frerichs and R. M. Handy at the Washington Meeting of the 
American Physical Society, May, 1958 [Bull. Am. Phys. Soc. 
Ser. II, 3, 219 (1958) ]. 

1M. Seibt, Verhandl. deut. physik Ges. 20, No. 2, 99 (1939). 

2'V. E. Lashkarew and A. M. Kossonogowa, Compt. rend. acad. 
sci. U.R.S.S. 54, 124 (1946). 

3R. Frerichs and F. Weichman, J. Appl. Phys. 29, 710 (1958). 

4F. Weichman, Ph.D. thesis, Physics Department, North- 
western University, 1958 (unpublished), containing the detailed 
description of the method used. 


emitting structures were found. First a sandwich 
arrangement with a Cu,O-covered copper plate clamped 
against a transparent NESA electrode, and second a 
pure piece of Cu,O (transparent) with an evaporated 
gold electrode and one or more point contacts (now 
under study). The reported observations were made 
with a sandwich cell, Fig. 1, sealed in a vacuum flask, 
Fig. 2, which contained provisions for cooling or heating 
the sample. The vacuum chamber prevented frost for- 
mation during low-temperature experiments and elimi- 
nated uncontrolled surface contamination. The emission 


Fic. 1. Electro 
luminescent cuprous 
oxide cell: (1) glass 
cover plate, (2) 
NESA glass, (3) 
copper block, (4) 
Cu,0 covered plate, 
(5) electrical con- 
tacts, (6) Kovar 
cylinder. 
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Fic. 2. Vacuum 
chamber: (1) heater 
leads, (2) Dewar 
flask, (3) electrical 
contacts for cell, (4) 
ground joint, (5) 
electroluminescent 
cell, (6) shutter, 
(7) filter, (8) photo- 
multiplier tube, (9) 
charcoal trap, (10) 
stopcock. 




















was detected by use of an image converter and a 
Dumont K 1292 infrared sensitive photomultiplier tube. 
Both were equipped with infrared filters opaque up to 
0.76 micron. The emission from the electroluminescent 
sandwich is small compared with the background radia- 
tion of a lighted room; therefore the vacuum apparatus 
and photomultiplier tube were enclosed in a light-tight 
box. 

Provisions were made for filling or emptying the tem- 
perature bath, replenishing the liquid air supply to the 
vacuum charcoal trap, operating the opaque shutter, 
and making connections to the power supplies and 
measuring systems without removing the cover. 

The electroluminescence in CusO can be observed 
continuously with de or ac excitation. The de supply 
was obtained from batteries and the ac of various fre- 
quencies was obtained from an oscillator-amplifier com- 
bination with an external feedback loop to provide 
voltage stabilization. Most ac measurements were made 
using 200 cps as a convenient value. Rapid changes in 
photomultiplier output were observed on a Tektronix 
Model 545 Dual Channel cathode-ray oscilloscope. Slow 
changes in average output were observed by use of a 
dual-channel Sanborn pen recorder. The pen recorder 
does not respond above 70 cps so input-output compari- 
sons for ac excitation were made using rectifiers and 
filters at the recorder input to obtain a trace propor- 
tional to the average signal. 

The durability of the cell is excellent. A single cell has 
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Fic. 3. Light and 
current wave forms 
for 200-cps sinusoidal 
input voltage. 
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been in operation for over six months without loss of 
electroluminescent properties. Voltages of 0-400 volts 
were used without apparent damage to the cell. For a 
deliberate failure test over 900 volts rms 60 cps ac were 
required to destroy a plate. The voltage tolerance of the 
cell is much higher than that usually found with com- 
mercial Cu,O rectifiers because of the heavy (0.5 mm) 
oxide layers used. 

This heavy layer of oxide presents a large bulk re- 
sistance in series with the thin barrier region and reduces 
the over-all rectification ratio of the cell to about 2:1. 


WAVE FORM OF EMITTED LIGHT 


Figure 3 illustrates the light wave form produced by 
200-cps sinusoidal excitation. The current curve shows 
the rectifying properties of the cell. Light is emitted 
only during the reverse conduction phase, (i.e., Cu 
positive, Cu,O negative) and pulses at the same rate 
as the applied frequency. The emission of light is co- 
incident with the occurrence of high fields in the barrier 
region of the rectifier, since under reverse conduction a 
substantial portion of the applied voltage will be con- 
centrated across the thin barrier region at the Cu-CusO 
interface. The light response to square pulses is shown 





a ee LIGHT 
= ae eee ee 


Fic. 4. Light and 
current wave form 
CURRENT for 4-msec voltage 
pulse (reverse con- 
duction direction). 
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in Fig. 4. 100-volt pulses of 4-msec duration were applied 
in the reverse direction. The rise and decay half-times 
of emission are observed to be about 1 msec. This pre- 
dicts a drop in average light emission as excitation fre- 
quency increases, as was subsequently observed. 


VARIATIONS IN OUTPUT 


Studies of brightness versus excitation are complicated 
by slow but reversible changes in cell properties due to 
(a) loss of emission efficiency with time, and (b) current 
creep.’ Figures 5 and 6 illustrate the results of con- 
tinuous ac and dc excitation, respectively. They were 
made by recording average light emission and average 
reverse current with the Sanborn pen recorder for 
constant applied voltage. The input filter on the recorder 
prevents the individual light or ac current pulses from 
being resolved and the small fluctuations in the light 
trace represent low-frequency noise. The light emission 
in Fig. 5 drops to a quiescent value within a few seconds 
after application of the ac excitation. Since the applied 
voltage was constant during this interval, the change in 
output may be interpreted as a decrease in emitting 


5 See H. K. Henisch, Metal Rectifiers (Clarendon Press, Oxford, 
1957), p. 113 ff. 
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efficiency. A similar effect is observed for the light trace 
of Fig. 6 except that a stable value is not reached until 
several minutes have elapsed. In both cases interruption 
of the excitation results in a partial recovery of emission 
efficiency, and on reapplication the output again drops 
toward a quiescent value. The way in which recovery 
depends upon the duration of the interruption will be 
treated in a later paragraph under memory effects. 

The average ac current curve in Fig. 5 showed little 
change during the exitation interval. The dc current 
curve of Fig. 6, however, increased steadily under con- 
stant voltage. This is positive current creep. Current 
creep is a well-known but little understood phenomenon 
of plate rectifiers and manifests itself as an increase 
(positive creep) or decrease (negative creep) in current 
through the rectifier with time under constant voltage. 
From Fig. 6 it is apparent that current creep will have 
a pronounced effect on any brightness versus excitation 
measurements; therefore a detailed study of creep 
phenomena is required. 
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Fic. 5. Changes in 
emission with ac 
excitation. 
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Fic. 6. Changes in 
emission with dc 
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CURRENT CREEP 


The rate and magnitude of creep depends upon the 
applied voltage as shown in Figs. 7 and 8. Positive creep 
is produced by reverse voltage and negative creep by 
forward voltage. It should be noted that for equal 
magnitude of voltage and equal time, the amount of 
creep produced is nearly equal but of opposite sign. It 
is noted in Fig. 6 that interruption of the applied dc 
voltage for a short period alters the rate of change of 
current and a new creep curve results. If the voltage is 
removed and the cell is allowed to rest, the effects of 
creep will slowly decay (‘‘uncreeping’’) and the original 
properties of the cell will be recovered. This process 
may take several hours or days, however, depending 
upon the initial amount of creep. 

There are several other important properties asso- 
ciated with current creep. First, while creep changes the 
total current through the cell it does not markedly 
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Fic. 7. Positive creep 
resulting from various 
applied voltages. 
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change the rectification ratio. Second, if the cell has 
been allowed to rest until “uncreeping”’ is substantially 
complete, then forward voltage will not produce creep. 
This means that in order to observe negative creep the 
cell must have undergone positive creep in the recent 
past either from reverse de voltage or from prolonged 
application of ac voltage. It can be concluded that when 
forward voltage produces negative creep it is accom- 
plishing the same return to the original properties of the 
cell as would be produced by prolonged rest, but at an 
accelerated rate. 
BRIGHTNESS CHARACTERISTICS 

The effect of current creep is to alter the electrical 
properties of the cell during test, and to make its elec- 
trical properties at any instant depend to some extend 
on all previous tests. Determination of the brightness 
characteristics thus requires a test procedure which 
cancels out creep effects. It was found that short pulses 
(80 msec) of alternating polarity separated by a rela- 
tively long time interval (4 to 6 sec) produced results 
independent of creep and untroubled by changes in 
emission efficiency. Whenever possible this technique 
was used for all brightness measurements since it pro- 
duces consistent results relating the initial brightness 
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to input voltage, current, and power. Throughout this 
paper, brightness B and change in brightness AB are 
given in arbitrary units. 

Figures 9, 10, and 11 show the initial emission as a 
function of input voltage, reverse current, and reverse 
power. Only the input in the reverse direction is con- 
sidered since forward conduction does not produce light. 
The most significant result obtained is the linear de- 
pendence of initial emission upon the reverse power input. 

TEMPERATURE DEPENDENCE 

Emitted light intensity was found to change with 
temperature. The exact form of this change was meas- 
ured between —60 and +50 degrees centigrade. A 
rapid change in electrical properties also occurs as tem- 
perature varies. Alternate pulse techniques were again 
used to avoid altering cell properties during measure- 
ment. The change in emission for a constant power 
input of 100 mws is shown by Fig. 12. A broad maximum 
is seen to occur near zero degrees centigrade. The effi- 
ciency is greatest in this region, dropping off as tem- 
perature rises or falls. 

BIASED EMISSION CHARACTERISTICS 


So far the effects of current creep have been delib- 
erately avoided in making quantitative measurements. 
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Fic. 11. Initial brightness versus input reverse power. 
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It is possible to make use of these effects to enhance the 
initial emission from the cell. Earlier in this section it 
was demonstrated that continuous dc excitation could 
produce large creep effects, but that ac excitation pro- 
duced only a small amount of creep. In fact, ac excita- 
tion following a period of large dc creep will permit 
‘“‘uncreeping” to progress largely without interference. 
Figures 13 and 14 show effects of “‘prebiasing’” the 
cuprous oxide cell by connecting it first to the battery 
and then switching it to ac excitation. 

The upper trace in each figure represents the average 
light output, the middle trace the average ac current 
level, and the lower trace the dc biasing current. The 
time scale increases from left to right. At first the ac is 
applied for about 50 sec, removed for 10 seconds, and 
then reapplied. During the subsequent removal, how- 
ever, a constant dc biasing voltage is applied. In Fig. 13 
the dc is applied in the direction tending to produce 
light. The positive current creep is readily observable 
from the increase in dc bias current over the 10 second 
interval. At the end of this 10 sec the dc is removed and 
the ac signal again applied. There is an immediate 
increase in the light output from the plate that decays 


Fic. 12. Initial 
brightness as a func- 
tion of temperature 
for constant power 
input. 
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slowly over the ensuing 50 sec. If the sequence is re- 
peated the same phenomenon occurs again. 

In Fig. 14 the same procedure is followed except that 
the de potential is changed to correspond to the non- 
light producing direction of current flow, the forward 
direction. Negative current creep is observed. More 
important, however, is the effect upon the light output. 
A larger momentary enhancement is obtained but its 
decay is very rapid by comparison, all but disappearing 
in less than two seconds. 

In both cases the change in electrical properties pro- 
duced by dc current creep resulted in a change in ac 
current levels through the cell that gradually disap- 
peared. Thus, some “‘uncreeping” progressed even under 
ac excitation. 

The enhancement of initial light emission was found 
to stem from two causes: (a) the natural recovery of 
emission efficiency that occurred during the biasing 
interval, and (b) the effects of the biasing current. These 
effects can be separated by measuring the increase in 
initial emission as a function of unbiased delay time, 
and then as a function of biasing time for different 
biasing voltages. The results are presented in Figs. 15 
and 16 showing the enhancement of the initial light 
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burst above the quiescent level as a function of time. 
It can be seen that the biasing currents are very effective 
in enhancing the initial light level, and that the degree 
of enhancement depends not only on the duration and 
magnitude of the bias, but on the direction as well. 
Reverse bias requires nearly twice the bias time to 
produce the same degree of initial enhancement. 

If enhancement by reverse biasing requires longer 
bias times for the same effect, then it is reasonable to 
expect that the decay of this enhancement would in 
turn take longer. Such a fact was demonstrated by 
Fig. 13, but is more clearly shown by comparison of the 
total enhancement decay time presented in Figs. 17 and 
18. The total decay time for reverse biasing is observed 
to be approximately twice as great as that for forward 
biasing of equal voltage and equal bias time. It is also 
noted that only a very slight increase in total decay 
time occurs due to natural recovery of emission effi- 
ciency by unbiased delay. It is clear then that biasing 
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the cell with direct signals prior to application of the 
ac produces substantial changes in the total decay time 
of initial emission. Furthermore, it is clear that reverse 
biasing takes roughly twice as long to produce the same 
initial effect, and the effects last roughly twice as long. 

The observed difference between forward and reverse 
bias decay times are more dramatically shown if the 
half-time of decay (Fig. 19) is considered rather than 
the total time (Figs. 17 and 18). For forward bias the 
greatest half-time of decay observed was approximately 
one second, for a total decay time of 120 sec, and total 
bias time of 231 sec. Clearly then all but a small fraction 
of the enhancement disappears in less than 2 sec. By 
contrast the greatest half-time of decay observed for 
reverse bias was approximately 37 sec for a total decay 
time of 274 sec, and a bias time of 206 sec. It is seen 
then that while the total decay time may be only twice 
as great, the half-time of decay can be between 30 and 
40 times as great. The initial enhancement produced by 
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Fic. 16. Enhance- 
ment of initial light 
emission as a func- 
tion of bias time for 
several forward bias 
voltages. 
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reverse bias not only lasts longer, but also decays at a 
much different rate than that produced by forward 
bias. The cell thus remembers the effects of reverse bias 
in a much different way than it does the effects of 
forward bias. 

Another question must be answered. How long does 
the memory of the prebiasing treatment persist in the 
cell, and how does it change with time? This can be 
ascertained by delaying the application of the ac signal 
after a fixed biasing interval is completed. Changes in 
the enhancement of the initial light level then can be 
measured as a function of the delay time. A saddle- 
shaped curve is obtained as shown by Figs. 20 and 21. 
It results from the cumulative effects of loss of memory 
as delay time increases and from natural recovery of 
higher efficiency due to the elapsed rest (delay) time. 
Since the rate of natural recovery may be measured 
independently, the two effects may be separated as 
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Fic. 19. Half-time of enhancement decay time as a function 
of bias time: Upper curve, reverse bias, lower curve, forward 
bias. 


shown by the dotted lines. The rate of memory loss is 
clearly seen. 


EFFECTS OF BIASING ON THE PHASE OF 
LIGHT EMISSION 


Investigation of reverse bias enhancement effects with 
a cathode-ray oscilloscope’ showed that the curves of 
Fig. 13 result from the superposition of two trains of 
light pulses, corresponding to the forward and reverse 
phases of current flow. Forward current produces a 
decreasing series of pulses and reverse current produces 
an increasing series, Fig. 22. Within a short time the 
forward phase pulses have disappeared while the 
reverse phase pulses reach the quiescent level character- 
istic of the voltage applied to the cell. Forward bias 
enhancement results only from a series of decreasing 
pulses corresponding to the reverse phase of the ac 
excitation. No forward phase pulses are produced. 


BASIC ELECTRICAL PROPERTIES 
Cuprous oxide is known to be a p-type semiconductor 
with conductivities ranging from 10° to 10~-" per 
ohm-cm.*:78 Acceptor centers are created by copper 
atom vacancies in the lattice. These vacancies become 
ionized by capturing an electron from a_ nearby 
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Fic. 20. Enhancement of initial light emission as a function 

of delay time following a 16-sec reverse biasing interval. 

® From data obtained by I. Liberman, Department of Electrical 
Engineering, The Technological Institute, Northwestern 
University, Evanston, Illinois. 

7G. W. Castellan and W. J. Moore, J. Chem. Phys. 17, 41 
(1949). 

8 W. J. Moore and B. Selikson, J. Chem. Phys. 19, 1539 (1951). 
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copper ion which thereby assumes a divalent state 
(Cu+—e~ — Cut**). The divalent state is not firmly fixed 
to the individual copper ion and it constitutes a free 
hole which can migrate through the crystal by a con- 
tinuous exchange of valence electrons between copper 
ions. 

When a p-type semiconductor is brought into contact 
with a metal of lower work function, a rectifying junc- 
tion will be formed.’ A barrier layer is formed at the 
Cu-Cu,0 interface which will be raised or lowered by 
the applied voltage as shown in Fig. 23. These changes 
in barrier height as seen from the semiconductor result 
in asymmetric conduction. It should be noted, however, 
that the barrier height as seen from the metal is not 
affected by the applied voltage. 


THEORY OF CURRENT CREEP 


The predominant creep mechanism is known to be 
positive creep, that is, the increase of reverse current 
with time for a constant applied voltage. If the reverse 
current is to increase with time, then a decrease in the 
height of thickness of the barrier (E,—¢,,) as seen from 
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Fic. 21. Enhancement of initial light emission as a function 
of delay time following a 16-sec forward biasing interval. 


the metal must slowly take place. This can occur only 
by changes within the barrier region, since changes in 
the bulk semiconductor or metal do not affect (E,—@m). 
Rectifying barriers are formed by metal to semicon- 
ductor contacts only when the difference in the work 
function produces a space charge layer in the semi- 
conductor. In p-type materials this space charge layer 
is due to ionized acceptors. The height and thickness of 
the barrier as seen from the metal is controlled by the 
number and distribution of ionized acceptors in the 
barrier region. If the acceptor concentration in the 
barrier region is slowly increased by the applied voltage, 
then the barrier will become narrower and more trans- 
parent and positive current creep will take place. 

The relatively slow rate at which creep occurs rules 
out electronic processes as a basis for creep theory and 
leads to a theory based upon ionic migration. Henisch® 
reaches the same conclusion by analogy to selenium 
rectifiers requiring a forming process, but does not 
elaborate on the actual mechanism in CuO. The effect 


* A. Van Der Ziel, Solid State Physical Electronics (Prentice-Hall, 
Englewood Cliffs, New Jersey, 1957), pg. 241 ff. 
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of ionic migration can be briefly stated as follows. 
Figure 24 shows a schematic representation of this 
process. For a more complete treatment see Handy." 

(a) The acceptor concentration (copper atom vacan- 
cies) will drop sharply as one approaches the interface 
from the semiconductor and excess copper ions will be 
found.® 

(b) Copper ions diffuse through solid Cu,O by suc- 
cessively occupying vacant lattice sites." 

(c) Reverse voltage creates a high field in the barrier 
region which drives excess copper ions away from the 
interface, creating in their place additional copper ion 
vacancies (ionized acceptor centers). 

(d) The acceptor center concentration in the barrier 
region is thus increased and those previously present 
may be moved sufficiently close to the metal interface 
to be neutralized by the surface charge on the metal. 
The height and width of the barrier region as seen from 
the metal is thus slowly decreased as migration pro- 
gresses, permitting an increase in reverse current, and 
hence positive current creep. 

(e) Migration continues until the excess copper ions 
move into a region of lower field. This process forms an 
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acceptor-center depletion layer i.e., a copper-rich region 
at the edge of the barrier region in the semiconductor. 

(f) Migration of the excess copper ions and hence 
acceptor centers creates a concentration gradient AB 
(Fig. 24) which will cause the cell to recover its original 
properties when the field is removed. 

(g) If the field on the cell is sufficiently strong or 
applied for extended periods, the acceptor depletion 
layer will be partially filled by continued migration of 
excess copper into the bulk of the semiconductor. If the 
field is then removed, the concentration gradient will 
be smaller and the original properties will not be 
recovered. This is recognized as the familiar aging 
phenomenon in Cu,0 plate rectifiers. 


EMISSION PROPERTIES 


Much work has been done on the luminescent prop- 
erties of cuprous oxide.'*-"-5 An energy band model 
has been constructed”*™ which correlates the emission 
spectrum with the existence of vacancies in the crystal 
lattice. Since both photoluminescence and _electro- 
luminescence include the same spectral region, it is con- 
cluded that the band model applies equally well to 


electroluminescent emission. The observed electro- 
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Fic. 23. Energy band model of p-type rectifying junction showing valence band only. ¢,.=work function of 
semiconductor, ¢=work function of metal, V4=diffusion potential, V,=applied voltage, E,=depth of top of 
filled band below vacuum level, />=diffusion current. (a) No voltage, (b) reverse voltage applied, and (c) forward 


voltage applied. 


 R. Handy, M.S. thesis, Electrical Engineering, Northwestern University, 1958 (unpublished 
1! Bardeen, Brattain, and Shockley, J. Chem. Phys. 14, 714 (1946). 
2G. F. Garlick, Handbuch der Physik (Springer-Verlag, Berlin, 1956), Vol. 19, p. 377 


18 J. Bloem, Philips Research Repts. 13, 167 (1958) 
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Fic. 24. Acceptor center concentration (C) as a function of dis- 
tance (X) from the metal—Cu,0 interface. (1) Change in con- 
centration due to application of reverse bias, (2) previous undis- 
turbed level, (3) depletion layer formed as a result of transfer of 
acceptor center towards the interface, and (4) undisturbed bulk 
acceptor concentration. 


luminescent emission is correlated with electron transi- 
tions from the conduction band to the B level, Fig. 25, 
within the forbidden band created by copper atom 
vacancies. 

The electroluminescent properties of CuO are not 
directly analogous to any single material in either of 
the two general classes of electroluminescent materials 
(class I semiconducting crystals: Ge, Si, SiC, diamond, 
etc., and class II insulating phosphors: ZnS, ZneSiO,, 
etc., with various activators Ag, Mn, Cu, etc.). 

The emission of light during the existence of a high 
field in a well-defined barrier region suggests one of the 
acceleration-collision mechanisms proposed by Piper 
and Williams'*-'* or by Curie’ for class II materials. 
The carrier generation mechanism, however, must be 
capable of continuous replenishment since light is 
emitted continuously by dc excitation. This suggests 
the possibliity of carrier injection as proposed by 
Lehovec et al.'* for class I materials. The existence of an 


14 W. W. Piper and F. E. Williams, Phys. Rev. 98, 1809 (1955). 

16 W. W. Piper and F. E. Williams, Suppl. Brit. J. Appl. Phys. 
4, 39 (1954). 

16 W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952). 

17D. Curie, J. phys. radium 14, 510 (1953). 

18 Lehovec, Accardo, and Jamgochian, Phys. Rev. 83, 603 
(1951); ibid. 89, 20 (1953). 
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injection-acceleration-collision sequence undoubtedly 
accounts for the lack of comparison with the properties 
of other common electroluminescent substances. 


MECHANISM OF ENHANCEMENT OF THE 
ELECTROLUMINESCENCE BY BIASING 


According to the proposed theory of current creep, 
slow changes in the distribution of Cut ions and thus 
in Cu ion vacancies can take place if a strong field 
exists within the cell. The intensity of the electro- 
luminescence is determined by the presence of Cu ion 
vacancies (the final stages of the emitting process) in a 
region of sufficiently high-field strength. It must be 
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Fic. 25. Lumines- 
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remembered that the barrier field distribution is deter- 
mined by the distribution of vacancies within the bar- 
rier. Current creep alters the distribution of vacancies, 
i.e., luminescent centers, in the material and creates a 
twofold effect on the electroluminescence by (1) chang- 
ing their availability for excitation, and (2) changing 
the configuration of the accelerating field in the barrier. 
The combination of these effects determines the char- 
acter of the enhancement. 
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Stopping of Low-Energy H+ and He? Ions in Plastics*t 
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The stopping cross sections of polystyrene, polyethylene, and Pliolite S-5A for 40- to 340-kev H* and 
He* ions have been measured. A nearly monoenergetic analyzed beam of ions of known energy was deflected 
90° in the field of a magnetic spectrometer. A thin film of the stopping material was placed in the beam path 
at the spectrometer entrance. The energy loss of the beam was determined by measuring the decrease in 
magnetic field necessary to restore the beam to the 90° deflection angle. The film thickness was obtained 
by weighing a known area of film. The probable errors in the measurements are 2.3-2.8% for H* and 3-4% 
for He*. Proton stopping cross-section measurements on gold with this equipment agree with the results 
obtained by Bader, Pixley, Mozer, and Whaling. Above 75 kev the He* cross sections vary linearly with 


the ion velocity. 


I. INTRODUCTION 


HE need for accurate low-energy proton and 

alpha stopping cross sections in hydrocarbon 
solids has been pointed out by Zimmerman.! Proton 
stopping cross sections have been measured by Reynolds 
et al.,? in the energy range of 30 to 600 kev in hydro- 
carbon gases. These data indicate that the Bragg rule 
of additivity does not apply to hydrocarbon gas mole- 
cules for proton energies below 150 kev. Furthermore 
the difference between the stopping powers of H.O 
vapor’ and D,O ice® suggests that there may be a 
dependence on the physical state. Since the dependence 
of the stopping cross section on physical state and 
molecular structure is not known, the cross sections of 
solid hydrocarbons cannot be calculated reliably from 
existing data. Because it is possible to obtain very thin 
self-supporting films of certain plastics, an experimental 
determination of the proton stopping cross sections for 
the following three solid hydrocarbons has been made: 
polyethylene (CH2),, polystyrene (CsHs),, and Pliolite 
S-5A (CyoHi4)n. A simultaneous determination of the 
alpha-particle stopping cross sections was carried out 
for the same materials. 


Il. METHOD 


Plastic films for this experiment were cast on clean 
glass microslides by the method of Revell and Agar.‘ 
The solvent for polystyrene and Pliolite S-5A was 
benzene and warm toluene was used for polyethylene. 
Films uniform in thickness over an area of more than 
5 cm? and ranging from 5 to 50 ug/cm? were produced. 
* Part of a thesis submitted by one of the authors (D.C.L.) to 
the University of Nebraska in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 

¢ Supported by the U. S. Atomic Energy Commission. 

t Now at Westinghouse Research Laboratories, Pittsburgh, 
Pennsylvania. Current address: Stanford Research Institute, 
Menlo Park, California. 

§ During 1957-58 visiting Professor at Physikalisches Staats- 
institut, Hamburg, Germany. 

1E. J. Zimmerman, Phys. Rev. 99, 1199 (1955). 

2 Reynolds, Dunbar, Wenzel, and Whaling, Phys. Rev. 92, 742 
(1953). 

3W. A. Wenzel and W. Whaling, Phys. Rev. 87, 499 (1952). 

*R. Revell and A. Agar, Brit. J. Appl. Phys. 6, 23 (1955). 


The uniformity was easily determined by observing 
the variation of interference color across the film when 
it was floating on water. Before the film was removed 
from the slide a suitable region was selected and a 
predetermined area was cut out. The film was then 
floated off on water from which it was mounted on an 
aluminum frame. 

To determine the weight of the films a Rodder model 
E quartz fiber microbalance’ was used. The balance 
combines an equal arm beam and a torsion fiber to 
obtain a ratio of load capacity to sensitivity of 4X 10°. 
This feature was desirable in order to determine to 
1% or better the weight of 100 ug films mounted on 30 
mg frames. The balance was calibrated with weights 
of 0.5, 1, and 2 mg certified by the National Bureau of 
Standards to 0.5 yg. Reproducible weight measure- 
ments were consistently obtained within +0.15 ug or 
0.2%, whichever was larger. In order to manipulate 
and weigh the films, they were mounted on frames of 
2-mil aluminum foil each with 3 windows of 0.5 cm? 
open area. Films of 5.32 cm? were mounted on these 
frames and were self-supporting across the windows. 
The films were transferred from the water surface to 
the frame by pulling the immersed frame vertically 
out of the water with the film attached to the top edge. 
The frames were weighed before and after mounting 
the film to obtain the film weight. 

Since the films were weighed in air it was necessary 
to investigate whether the water absorption by the 
plastics would seriously affect the weight measurements. 
A simple quartz-fiber microbalance which was capable 
of determining weight changes to 0.5 ug was constructed 
and placed in a vacuum system. With this balance it 
was observed that the weight of the film generally 
increased almost immediately when the mechanical 
fore pump was turned on. It was also observed that 
further weight increase occurred if the film was left in 
the vacuum system for a period of one day or longer 
at a pressure of 10-5 mm of Hg. A similar weight 
increase occurred on films which had been in the energy- 


5QObtained from Microtech Services Company, Los Altos, 
California. 
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Fic. 1. Schematic diagram of apparatus 


loss vacuum chamber. The weight increase was inde- 
pendent of the film thickness, indicating that it was a 
surface phenomenon. Moreover, the initial increase 
during fore-pump evacuation could be eliminated by 
inserting a trap kept at —78°C between the pump and 
the chamber. It is well known that unbaked metal 
vacuum systems pumped on by untrapped oi! pumps 
have a residual atmosphere of organic and water vapor.® 
Hence it is believed that the weight increase was due 
to deposition of organic vapors of the vacuum system 
on the film and frame surfaces. By using the trapped 
system it was possible to establish that no weight 
change greater than 1% occurred on 40-yg/cm? films 
due to removal of the atmosphere. For polystyrene and 
polyethylene this is in agreement with the work of 
Day’ who has studied water absorption of thin films 
of these materials with a vacuum torsion balance. The 
weight increase of the films due to organic vapor 
deposition could not be eliminated but a discussion of 
how it was minimized follows later in this section. 
Beams of protons and helium ions from 30 to 350 
kev were produced by the Nebraska Cockcroft-Walton 
accelerator. To prevent damage to the films, low- 
intensity beams were required. These were obtained by 
operating the radio-frequency ion source at low power 
with helium gas. Residual hydrogen in the accelerator 
was always adequate to supply a proton beam. The 
beam intensity was adjusted to a desired value for each 
energy by adjusting the rf input power while the 
accelerator was in operation. The accelerating voltage 
was monitored and regulated to 0.01% by means of a 
high-voltage resistance divider and electronic feedback 
system." The feedback system compares a small 
fraction of the accelerating voltage with a preset 
voltage on a type K potentiometer and it is thereby 
ultimately compared with a standard cell. The ac- 
celerating voltage is thus determined by the ratio of 
the resistances in the high-voltage resistance divider. 


6 J. Blears, J. Sci. Instr. Suppl. No. 1, 36 (1951). 

7A. G. Day, Report British Elect. Research Association, L/T 
292, 1953 (unpublished). 

® A. G. Day, Paper presented at the Llandudno Conference on 
Film Structure and Adhesion, June 7-11, 1955 (unpublished). 

® A. G. Day (private communication). 

0 C, J. Cook and W. A. Barrett, Rev. Sci. Instr. 24, 638 (1953). 
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Before entering the energy-loss chamber, the beam was 
analyzed by deflecting it 40° in a magnetic field. 

The energy loss AE of an ion beam passing through a 
thin film was measured with the aid of a 90° magnetic 
spectrometer. Figure 1 shows the general arrangement 
of the apparatus and the location of the beam apertures. 
The resolution obtained with the illustrated system was 
well suited to the energy spreads encountered in both 
the incident and exit (from the film) beams. The 
magnetic field was determined with a proton resonance 
magnetic field meter. The transitron circuit of Hahn 
and Knoebel"' was used as a basis in the construction 
of this meter. The resonance frequency was measured 
with a General Radio 620-A frequency meter in the 10 
to 45 Mc/sec range and a Signal Corps BC-221 meter 
in the 5 to 10 Mc/sec range. Both of these instruments 
were capable of an absolute accuracy of 0.01%. A 
secondary emission detector in which the electrons 
released when the proton beam impinged on a brass 
emitter were collected was used to detect the beam. 
The current was amplified with a conventional high- 
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Fic. 2. Energy distributions of an incident and exit 200-kev 
proton beam from a 42.9-yg/cm? polystyrene film. 


impedance dc amplifier and detected with a sensitive 
galvanometer. The system was capable of detecting a 
beam of 10- ampere. An ordinary Faraday cup de- 
tector collecting the beam from the analyzing magnet 
was used to determine the proper alignment and focus 
of the beam. 

The spectrometer was used to obtain the energy loss 
AE in terms of the initial energy £, determined from 
the accelerating potential. The spectrometer field was 
measured with the film in and out of the beam and AE 
was calculated by assuming E=kB?, where B is the 
spectrometer magnetic field and & is a constant. The 
assumption that & is a constant was tested by plotting 
the accelerating voltage setting against B? over the 
complete energy range for both protons and singly 
charged helium ions. The plot was found to be linear 
within }% for protons and within 1% for helium ions. 
One reason that k might not be constant is that the 


1H. Knoebel and E. Hahn, Rev. Sci. Instr. 22, 904 (1951). 
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fringing field outside the pole gap might not be strictly 
proportional to the field in the gap. This will happen 
when the magnet becomes saturated. The maximum 
field, required for the 350-kev Het+ beam, was 8600 
gauss which is well below saturation for mild steel of 
which the magnet was constructed. It thus seems 
reasonable to assume that & is constant over the entire 
energy range for protons which require a maximum 
field strength of only 4300 gauss. The second reason is 
that the beam energy may not be strictly proportional 
to the accelerating voltage setting. That it is propor- 
tional, however, follows from the fact that & is constant 
for protons and that the plot of B? vs E is linear over 
the entire energy range for protons. Hence k must be 
constant within 1% to at least 8600 gauss because of 
the linearity of the B? vs E curve for Het ions. Below 
100 kev, where the high-voltage resistance divider is 
not appreciably disturbed by corona and leakage, the 
beam energy is within 1% of the high-voltage setting. 
Since the beam energy is a linear function of the voltage 
setting over the whole energy range the energy is taken 
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Fic. 3. “Shape curve” for protons on polystyrene. 


as being within 1% of that voltage setting for all 
energies. Thus the energy loss AE was calculated from 
the equation AE= E,(AB/B,)(2—AB/B,), where AB 
= B,— B, and B, and B; correspond to FE; and £2, the 
incident and exit energies, respectively. 

The energy distributions of an incident and exit 
200-kev proton beam are shown in Fig. 2. The energy 
loss AE is defined as the difference between the energies 
of the peaks of these distributions. In measurements 
only the peaks were determined by observing the 
detector response in the region of the peak as a function 
of the spectrometer field. The stopping cross section is 
then given as AE/Ax at E=(E£,+£:)/2, where Ax is 
the film thickness. 

The film was mounted on a film holder in the film 
chamber which could be rotated into and out of the 
path of the beam. External controls also allowed the 
film to be moved horizontally and vertically with 
respect to the beam so that different portions of the 
film could be exposed to the beam. Incident beam 
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TABLE [. Estimated uncertainties in absolute proton 
cross sections. 


Balance calibration 
Balance reproducibility 
Film contamination 
Film area 

AB/B, 

Energy 

Impurity 


+2.0% 
+0.5% 


currents of 10-* to 10-" ampere were used without 
noticeable damage to the films in the time necessary 
to make a measurement. This was ascertained in two 
different ways. Films which were known to be uniform 
in thickness because of their uniform interference color 
sustained the same AE on all portions of the film. 
Moreover since the energy loss could be continuously 
observed, any systematic change in AE was quickly 
detected as a change in the position of the peak. These 
observations further demonstrated that there was no 
appreciable contamination of the film surface due to 
the polymerization of adsorbed organic vapors by the 
beam. 

In order to minimize the effects of surface con- 
taminants already discussed which caused the weight 
of the films to increase while they were in the vacuum 
system, the following method was used. In the low- 
energy region, where relatively thin films ranging from 
6 to 10 uwg/cm* were necessary, only relative cross 
sections were obtained. Films of 15 to 20 ug/cm? were 
used for relative measurements at higher energies. The 
data from several films were fitted together at common 
energy points and a smooth curve was drawn through 
the points. Figure 3 shows a typical “shape” curve. 
Although the hydrocarbon contamination on the 
thinnest films might be as much as 10% of the film 
thickness, none of the curve shapes of hydrocarbon 
cross sections differ by more than 10% so that at most 
a 1% error is made in the shape. Absolute cross-section 
measurements for protons were made at 200 kev with 
films of 40 to 50 ug/cm?. The weight increase for such 
films was usually less than 1%. In order to obtain an 
average AE for the films used in absolute measurements 
the energy loss was determined at twelve different 
points on the film. The mean of the absolute cross 
sections of two films was used together with the relative 
values of the “shape” curve to obtain absolute cross 
sections at all other energies. 

Because of the larger energy losses sustained by Het 
ions it was difficult to make measurements on films 


TABLE II. Final uncertainties in stopping cross sections. 


Protons Alphas 


+3.0% 
+4.0% 
+3.0% 
+3.5% 


42.3% 
+2.3% 


Polystyrene 
Polyethylene <100 kev 
> 100 kev 


Pliolite S-SA +2.8% 
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TaBLE III. Proton stopping power (kev-cm?/microgram) 
of plastics. 








Energy 


(kev) Polystyrene Polyethylene Pliolite S-SA 





25 0.806 

30 0.864 ee 

32 0.984 

40 0.931 1,040 

50 0.973 1.083 

54 = pec 0.984 

60 0.994 1.108 1.006 

70 1.002 1.119 1.024 
0.998 1.119 1.028 
0.992 1.105 1.023 
0.978 1.083 1.010 
0.926 1.034 0.968 
0.879 0.990 0.915 
0.832 0.946 0.866 
0.780 0.900 0.823 
0.738 0.856 0.786 
0.689 0.804 0.743 
0.644 0.755 0.704 
0.604 0.711 0.669 
0.578 0.676 0.635 
0.551 0.648 0.604 
0.540 0.640 0.592 


thicker than 20 ywg/cm?* with these ions. Hence the 
absolute stopping cross section for Het ions was 
obtained from the proton curve by measuring the ratio 
of the AE’s of Het ions and protons in several films. 
This ratio together with the proton cross section and 
the Het “shape” curve determines the stopping cross 
sections at all energies for helium ions. 


III. ACCURACY 


Table I gives the estimated errors contributing to 
the final uncertainty in the measured absolute proton 
cross sections. The main source of uncertainty in the 
weight determination was the contamination due to 
water vapor and hydrocarbon vapor. Each of these 
effects contributed 1.0% or less, but their effects on 


TABLE IV. Alpha stopping power (kev-cm?/microgram) 
of plastics. 


Energy 

(kev) Polyethylene Pliolite S-SA 
0.98 
1.07 
1.22 
1.33 


Polystyrene 
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0.96 
1.10 
1.21 
1.30 
1.39 
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AE tend to cancel, so it is believed that 1.0% is a 
reasonable estimate for this uncertainty. The estimate 
of the AB/B, uncertainty was obtained from the spread 
of 12 measurements at different spots on a film of 
uniform thickness (no interference color variations over 
the film). The uncertainty in the energy is 1.0% but it 
contributes twice to the error in the absolute cross 
section. The first contribution enters in the equation 
for AE. The second contribution results from trans- 
ferring the error in the independent variable (£) to 
the dependent variable (stopping cross section). Thus 
the absolute stopping cross-section data can be properly 
combined with the relative data and all of the cross 
sections presented as a function of definite energies. 
This contribution is pessimistically taken as 1%. Since 
the two energy contributions are not independent they 
must be added before being combined with the other 
uncertainties. The 0.5% contribution of impurities is 
an estimate of the effect of the impurities in the raw 
film material and those introduced during film produc- 
tion. The final uncertainty in the proton absolute cross 
section is then +2.4% which is reduced to +1.7% 
because measurements on two films of each material 
were averaged. In the case of Pliolite S-SA, however, 


TABLE V. Proton stopping power of gold. 
pping | g 


dE/dx 
(kev-cm?/microgram) 
0.121+0.003 
0.119+0.003 
0.111+0.003 
0.107 +-0.003 


Energy 


one of the films was considerably nonuniform so that 
an error of +2.4% was assigned. The uncertainties in 
the relative values of the cross sections at different 
energies was estimated from the scatter of the points 
about the best curve drawn through them to be about 
1.5%. The final uncertainties are given in Table II. 
The uncertainty in the alpha-particle data must 


as well as the error in the ratio measurements and shape 
determinations. The ratio measurements contribute 
1.3% and the shape determinations contribute 1.5% 
except for polyethylene below 100 kev where the shape 
uncertainty is 3.0%. The final uncertainties in the alpha 
stopping cross sections are also shown in Table II. 


IV. RESULTS 


Tables III and IV give the results of these measure- 
ments. These tabulated values were obtained from the 
smooth “shape curve” adjusted to the mean value of 
the measured absolute cross section. 

Stopping cross sections of gold were obtained in order 
to compare the results with those of other workers in 
the field. Gold films were evaporated on glass slides, 
floated off on water, mounted and weighed in a manner 
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similar to that of the plastic films. The results of the 
measurements are given in Table V. These results are 
in excellent agreement with those obtained at the 
California Institute of Technology.’ Earlier measure- 
ments on gold carried out in Chicago and in Denmark” 
are about 20% lower than the Caltech measurements. 
However, another recent determination by Green, 
Cooper, and Harris of Ohio State! agrees to 1.5% with 
the Caltech data in the interval of 400 to 600 kev where 
they overlap. Furthermore, because of this discrepancy 
the Caltech group has checked the internal consistency 
of their measurement by determining the ratio of the 
stopping power of gold to copper by two independent 
methods. 

The stopping power of gold for alpha particles at 
299 kev was found to be 0.316+0.008 kev-cm?/ug. The 
ratio of the alpha stopping cross section to the proton 
stopping cross section at 300 kev in gold is 2.87+0.09. 
This ratio agrees with the less precise value of 3.02+0.45 
obtained by Wilcox." 

Figure 4 shows the helium ion cross sections plotted 
as a function of the ion velocity. Except possibly at 
energies below 75 kev, these graphs are straight lines. 
Although the slopes of the lines all differ slightly they 
are equal within error. The straight lines extrapolate 
to positive values of dE/dx at zero energy and these 
intercepts are also equal within error. The velocities 
are too high for the considerations of Fermi and Teller,'® 


giving such a linear dependence, to be valid. 
We do not here give an analysis of the proton cross 


2 Bader, Pixley, Mozer, and Whaling, Phys. Rev. 103, 32 
(1956). 

13$. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 

44 Green, Cooper, and Harris, Phys. Rev. 98, 466 (1955). 

18 EF, Fermi and E. Teller, Phys. Rev. 72, 399 (1947). 
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Fic. 4. Helium ion cross sections as a function of ion velocity. 
(Note.—“GR-S rubber” should read “‘Pliolite S-5A.’’) 


sections in terms of atomic cross sections (using some 
additivity rule to construct the molecular cross section) 
because we hope to present a complete analysis of these 
data, together with the corresponding data of Reynolds 
et al.,’ in a forthcoming paper, in which we propose an 
additivity rule for hydrocarbons which is a modification 
of the Bragg rule. In terms of that analysis our data are 
completely consistent with those of Reynolds et al. 
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Anomalous Photovoltaic Effect in ZnS Single Crystals 


A. LEMPICKI 
Research Laboratories, Sylvania Electric Products Incorporated, Bayside, New York 
(Received September 19, 1958) 


Larger-than-band-gap photovoltages have been observed in both cubic and hexagonal crystals of ZnS 
with stacking faults. Under monochromatic excitation the photovoltage measured parallel to the ¢ axis 
shows two sign reversals at about 3300 A and 3500 A and peaks at approximately 3250 A and 3400 A. 
The position of the 3400 A peak shifts by ~70A depending on the crystal structure. In the direction 
perpendicular to the ¢ axis the photovoltage does not change sign and remains smaller than the band gap. 
Hexagonal crystals free of stacking faults do not show anomalous photovoltages. Heat treatment causes 


appearance of both. A pyroelectric polarization is found to be correlated with the sign of photovoltage. 


INTRODUCTION 


ARGER-THAN-BAND-GAP photovoltages have 
been recently observed on films of CdTe by 
Pensak! and Goldstein? and on single crystals of ZnS 
by Ellis et al.§ and Cheroff and Keller.‘ In some cases 
the voltages are of the order of 100 volts or more for 
crystals a few millimeters long. Cheroff and Keller 
found that both the magnitude and the sign of photo- 
voltage depend upon the wavelength of exciting light. 
Although it has been suggested that the magnitude of 
the photovoltage can be explained by postulating p-n 
junctions connected like batteries in series* or other 
types of barriers associated with the crystallographic 
disorder,** direct experimental evidence for it was 
lacking. Moreover, these hypotheses offer no explana- 
tion of the reversal of sign. 

In this paper we shall present more experimental 
data obtained on various ZnS crystals. The basic 
phenomenon is still not understood. We feel, however, 
that some new information has been gained in estab- 
lishing a connection between crystal disorder and the 
photovoltage. 


EXPERIMENTAL 


All measurements were made with monochromatic 
light obtained from a high-pressure Xe arc and a 
Hilger D121 double monochromator. The excitation 
energy at the sample is given in Fig. 1. The crystals 
were mounted with silver-paint electrodes on poly- 
styrene plates and placed in a chamber through which 
dry nitrogen was passing continuously. 

The short-circuit current (/,-) through the crystals 
was measured by a vibrating reed electrometer. Since 
the shunt resistance of the electrometer was consider- 
ably lower than the crystal resistance, the time constant 
of the circuit was sufficiently low to use an automatic 
drive of the monochromator. The short-circuit current 
was directly displayed as a function of wavelength on 
a recorder driven by the electrometer. The measurement 

1L. Pensak, Phys. Rev. 109, 601 (1958). 

2 B. Goldstein, Phys. Rev. 109, 601 (1958). 

3S. G. Ellis et al., Phys. Rev. 109, 1860 (1958). 

4G. Cheroff and P. Keller, Phys. Rev. 111, 98 (1958). 

®'W. J. Merz, Helv. Phys. Acta 31, 625 (1958). 


of open-circuit voltage (Vo) is more difficult. Attempts 
to measure it directly with an open-circuit electrometer 
lead to very long time constants (high resistance of the 
crystals). A bucking circuit was therefore used with the 
electrometer as null instrument. These measurements 
were made point by point. In some crystals the out-of- 
balance voltage applied by the bucking circuit produced 
slow drifts of the null point. The direction of drift 
depends upon the polarity of the out-of-balance voltage. 
This effect is probably caused by some slow space 
charge readjustment. For this reason we consider /,, 
as a more reliable and reproducible quantity for locating 
peak positions. In agreement with the results of Cheroff 
and Keller, it was found that Vo, saturates at quite 
low intensities and hence no correction for equal exci- 
tation intensity is necessary. J,- varies linearly with 
intensity and therefore should be corrected. Since in 
all experiments the excitation was the same and the 
results are used only for comparing different samples 
the correction was not applied. 

For the study of pyroelectric current we used a 
method developed by Chynoweth® and applied by him 
to barium titanate and other substances. The vibrating 
reed electrometer is connected directly across the 
crystal (shunt resistance 10’ ohms-10" ohms). The 
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Fic. 1. Excitation energy at the sample vs wavelength. 


* A. G. Chynoweth, J. Appl. Phys. 27, 78 (1956); Acta Cryst. 
10, 705 (1956); Phys. Rev. 102, 705 (1956). 
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TaBLeE I. Characteristic of the ZnS specimens. 





Structure 


Birefringence 


Sign 
reversals 
A 


Fluorescence 
color 











Hex 
Hex 
Hex-very light smear 


Hex-very light smear 
Hex-light smear 


Hex-light smear 


Hex-medium smear \ 
Trace of cubic J 


Mixture hex and) 
cubic smeared {| 


Mixture hex and\ 
cubic smeared | 


Mixture hex and \ 
cubic and 6-layer smeared } 


Mixture hex and) 
cubic smeared /{ 


Cubic smeared 
Cubic smeared 
Cubic smeared 


Cubic smeared 


crystal is then heated by a square pulse of infrared and 
the current observed. The radiation was obtained from 
a tungsten ribbon lamp through a Corning 2540 filter. 
A photographic shutter was used to produce single 
pulses of infrared. 


RESULTS 


The crystals used for this study were grown by Dr. 
H. Samelson of our laboratories by a vapor phase 
method. The starting material was RCA luminescent 
grade powder. This was first degassed at 800°C and 
10-5 mm Hg for about 1 hr to reduce the Cl content 
below 0.02%. The growth then took place in sealed 
tubes in an atmosphere of H,S (10 mm Hg at room 
temperature) at temperatures between 1100°C and 
1230°C. No impurities were added. 

In general, there is little uniformity among the 
crystals in one batch. Their shape, structure, optical 
properties, and photovoltaic properties can vary widely. 
The florescence was pale blue or green. 

A number of crystals were selected from four growth 
batches and subject to the following examination: (1) 
x-ray structure determination, (2) observation of 
birefringence in a polarizing microscope, and (3) 
measurement of J,, and V,, in the range 3000 A to 
4000 A. 

On the basis of structure determination the crystals 
were divided into 3 groups (Table I). Samples 1 to 7 


Uniform 
Uniform 
Few bands 
Few bands 
Few bands 
Banded 


Banded 
Banded 
Banded 
Banded 
Banded 


Banded 


Banded 
Banded 
Banded 


Banded 


Blue 
Green 
Blue 
Green 
Blue 


Green 


3250 
(3480) 
3285 
(3470) 


None Blue 


3600 
3370 


3320 


(3450) 
3275 
(3450) 
3250 
(3425) 
3250 
(3405) 
3230 
(3410) 
3280 


Green 
Blue-green 


3430 Blue 
3510 
3335 
3485 
3335 


Blue-green 


Blue 


3515 Blue 
3285 
3510 
3325 
3480 
3330 
3470 
3340 


(3420) 
3250 
(3400) 
3250 
(3395) 
3250 
(3390) 
3290 


Blue 
Blue 


Blue 


are hexagonal. The amount of smearing of certain 
x-ray diffraction spots, indicating stacking reversals,’ 
increases down this sequence. The first two samples 
are free of any indication of disorder. 

As has recently been reported,’ most synthetic 
crystals (both hexagonal and cubic) show bands of 
different birefringence more or less sharply separated 
by planes perpendicular to the ¢ axis. Crystals which 
show uniform birefringence (specimens 1 and 2) show 
no smearing of x-ray spots. 

Crystals 8 to 12 are of mixed structure. Both cubic 
and hexagonal spots appear on the films and both are 
smeared. It is difficult to arrange this group in a 
sequence of increasing disorder because in general the 
crystals are not uniform in structure along their length. 
The sequence adopted is only a rough estimate. 

The last group of crystals (13 to 16) has cubic 
structure. All of them show smearing of diffraction 
spots. Cubic specimens of the same degree of perfection 
as the hexagonal ones were not available. Both the 
mixed and the cubic group show typical birefringence 
banding. 

In order to compare the photovoltaic measurements, 
we have used a sign convention essentially similar to 
that of Cheroff and Keller. The /,. peak well inside the 
fundamental absorption region (A<3300 A) is called 


7L. Strock and V. A. Brophy, Am. Mineralogist 40, 94 (1955). 
8 L. W. Strock, Acta Cryst. 10, 840 (1957). 





LEMPICKI 





’ 
AMP 





RReENT «10! 





OPEN CIRCUIT VOLTAGE (¥) 





Fic. 2. Voc (broken line) and J,. (continuous line) vs wavelength. 


negative and the peak at longer wavelength positive. 
If the specimen shows only one peak and no reversal of 
sign we call it positive or negative depending on the 
wavelength. The wavelengths of positive peaks are 
given in parentheses in Table I. 

It has been reported*® that under polychromatic 
excitations there exist a unique correlation between the 
sign of the photovoltage and the direction of growth of 
the crystals, the last-to-grow end of the crystal being 
negative. In our experiments, however, we found that 
in those crystals where the growth direction could be 
identified there was no correlation with the sign of the 
photovoltage. In Table I we give a summary of the 
photovoltaic measurements made parallel to the c axis 
(electrodes perpendicular to c). 

Figure 2 gives the /,, and V.. for crystal 1. It is seen 
that there is no reversal of sign and only the negative 
peak is present. It is located at 3260 A, hence approxi- 
mately at the edge of the fundamental absorption.*“" 
The magnitude of V., is well below the band gap. Such 
a result would be expected for virtually any semicon- 
ductor or insulator in contact with a metal. Crystal 2 
shows the same type of a curve. When a small amount 
of disorder is present (crystals 3, 4, and 5) the results 
are very nearly the same. 

The first anomaly in the spectral distribution is 





CRYSTAL 6 
i, uc 


AMP 








1° 


SHORT CIRCUIT CURRENT X 
OPEN CIRCUIT VOLTAGE (Y) 











4 i. 4 a 
3600 3700 4800 3900 4000 


FiG. 3. Voe (broken line) and J. (continuous line) vs wavelength. 


* FE. A. Kroger, Physica 7, 1 (1940). ss 
1 C. K. Coogan, Proc. Phys. Soc. (London) B76, 845 (1957). 
ul Piper, Marple, and Johnson, Phys. Rev. 110, 323 (1958). 


obtained with crystal! 6 (Fig. 3). At short wavelengths 
the behavior is similar to that of the perfect crystals. 
At longer wavelengths the positive peak (3480 A) 
begins to appear. The next specimen (crystal 7, Fig. 4) 
shows only the positive peak and no sign reversals. It 
seems that under certain conditions (see heat-treatment 
experiment) the positive peak completely swamps the 
negative branch. Notice also that the resistance 
(V oc/I se) of crystal 7 is roughly two orders of magnitude 
lower than that of crystal 6. Beginning with crystal 8 
we have examples of truly mixed hexagonal and cubic 
structures. The V.. becomes larger than the band gap. 
It is worth noticing that the positive peak shifts towards 
shorter wavelength (3450 A-3410 A) as the cubic phase 
becomes more prominent. Crystal 13 is the first one 
showing smeared 3-layer spots only. Results for a 
typical member of this group is illustrated on Fig. 5. 
The curves are very similar to those reported in 
reference 4. Again we will notice that the positive peak 
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FIG. 4. Voc (broken line) and J- (continuous line) vs wavelength. 


in these predominantly cubic crystals are located at 
shorter wavelength (3395 A-3425 A) than the corre- 
sponding peaks in the predominantly hexagonal ma- 
terial. 

We now consider the effect of crystal orientation on 
the photovoltaic effect. The experiments were conducted 
on plate-like crystals with the c axis in the plane of the 
plate and of comparable side dimensions. Results of 
measurements parallel to the c axis made on crystal 13 
are shown on Fig. 6. We see that the shape of both 
curves are radically different from those of Fig. 5. 
There are no sign reversals and the magnitude of Voc 
is lower than the band gap. /s¢ is in general larger for 
the perpendicular orientation which is in agreement 
with the large anisotropy of conductivity reported 
previously.” 

As seen in Table I, no correlation of the photovoltaic 
effect with the fluorescence color of the crystals is 
apparent. 


12 Lempicki, Frankl, and Brophy, Phys. Rev. 107, 1238 (1957). 
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HEAT-TREATMENT EXPERIMENT 


It has been shown by Strock ef al." that crystallo- 
graphic disorder and birefringence banding can be 
introduced into hexagonal crystals by light heat treat- 
ment (150°C-200°C). Small pressure exerted by 
handling with tweezers can also produce permanent 
birefringence bands." 

To check the effect of heat treatment on photovoltage 
an initially perfect hexagonal specimen (crystal 2) was 
heated at 400°C for 30 minutes. The results before the 
heat treatment are given in Fig. 7(A). They are very 
similar to those obtained with specimen 1 (Fig. 2). 
After heating, the results are as given on Fig. 7(B). 
We see that the sign of the photovoltage has changed, 
a pronounced positive peak has appeared, and the 
magnitudes of both the V.. and Js. have increased 
considerably. The curves are now quite similar to those 
obtained with a disordered crystal such as No. 7, Fig. 4. 
The structure of the crystal after heat treatment 
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Fic. 5. Voc (broken line) and J,. (continuous line) vs wavelength. 
showed predominantly 2-layer stacking but with con- 
siderable smearing of the diffraction spots. Birefringence 
bands were also clearly visible. Similar results were 
obtained by heat treating another perfect hexagonal 
specimen. It is of interest to note that the highly 
perfect hexagonal crystals are almost free from surface 
striations. As soon as birefringence banding is intro- 
duced, these fine striations appear. They do not 
coincide with the band boundaries and are usually on 
a finer scale. 


THE PYROELECTRIC EFFECT 


The existence of larger-than-band-gap photovoltages 
(not attributable to contacts) defines a certain direction 
in the crystal. It is of interest to correlate it with some 
other directional property of ZnS. A measurement of 


13Strock, Brophy, and Peters, Enlarged Abstracts Electro- 
chemical Society Spring Meeting, New York, 1958 (unpublished), 
p. 61. 

4G. Neumark (private communication). 
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FIG. 6. Voc (broken line) and /,. (continuous line) vs wavelength. 


the piezoelectric effect would be an obvious choice but 
an experimentally much easier procedure is to look for 
the existence of a pyroelectric effect. One would expect 
that all crystals used in this work should show pyro- 
electric behavior, since all possess a unique axis of 
symmetry. In the hexagonal! crystals this is the ¢ axis 
and in the disordered, mixed, and cubic crystals, the 
axis perpendicular to the stacking fault planes. What 
is usually measured is the so-called secondary or 
constant-stress pyroelectric effect. Under. the conditions 
of the experiment, the crystal is allowed to expand on 
heating and thus the change of polarization is produced 
by both piezo- and pyroelectric components. Since the 
current is proportional to the rate of change of polar- 
ization P it can be written in the form 


1x (OP/OT) stress(dT/dt), 


where 7 is the temperature and / the time. The shape 
of the current pulse which one would expect from this 
expression agrees well with the experimentally observed 
data (Fig. 8). The pyroelectric current first rises 
abruptly because the initial rate of heating is large. 
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It then decays to zero at a rate determined by the 
thermal relaxation of the specimen. The process is 
reversed when the heating radiation is turned off.'® 
The most important reasons for attributing this be- 
havior to a pyroelectric effect are as follows. First, the 
current decays to zero during the pulse and hence 
cannot be due to a photovoltaic contribution. Second, 
the experiment can be repeated over and over again 
without any sign of exhaustion. This rules out the 
action of trapped charges. 

We have found that there is a definite correlation 
between the direction of the pyroelectric current and 
the positive photovoltaic peak. The end of the crystal 
that becomes positive under a 3400 A irradiation also 
becomes positive when the heating pulse is turned on. 

Crystals which do not show the positive peak 
(hexagonal with little or no disorder) do not show the 
pyroelectric current. This is a remarkable result because 
the ideal hexagonal structure should possess a pyro- 
electric coefficient. 

We have also looked for pyroelectric currents in a 
direction perpendicular to the ¢ axis. This was only 
possible in a few plate-like specimens. A trace of an 
effect considerably weaker than that for the parallel 
orientation was found. 


DISCUSSION 


The experiments described in this paper do not 
provide an explanation of either the magnitude or the 
spectral distribution of the photovoltage. To explain 
the sign reversals one has to postulate the existance of 
opposing electric fields with different spectral depend- 


‘8 Tf the crystal is mounted so that we measure the effect 
parallel to the c axis, it is only important that the rate of heating 
be uniform along this direction. For such an orientation the 
second-rank tensor relating polarization to temperature gradient 
will have only diagonal components. The existence of temperature 
gradients in other than the ¢ direction will not affect the results. 
It is easy to check for the absence of temperature gradients 
(tertiary pyroelectric effect) by simply reversing the crystal in its 
holder. The signal should then be reversed in sign but otherwise 
unchanged. 


ence. Our understanding of the microscopic structure 
is insufficient to propose a model. The following facts 
have, however, been established : 


(a) The anomalous photovoltaic effect is connected 
with crystalline disorder and most probably with 
stacking faults. This follows from its absence in perfect 
crystals, its appearance after the introduction of 
disorder, and its dependence on orientation. 

(b) The position of the positive peak depends upon 
the predominant structure present. It is of interest to 
note, that according to data obtained by Kréger,* the 
edge of the fundamental absorption occurs at 3410 A 
in cubic material and at 3350 A in hexagonal. In our 
experiments the positive peak shifts from about 3400 A 
for predominantly cubic crystals to about 3470 A for 
predominantly hexagonal crystals. The shift is thus 
opposite to that of the band edge. Since this peak 
occurs only in disordered crystals one would be tempted 
to attribute it to some localized regions of the crystal. 
If a stacking sequence reversal is the main element of 
disorder, then it introduces a layer of hexagonal ma- 
terial into a predominantly cubic crystal and vice versa. 
Thus the peak shift could be characteristic of hexagonal 
inclusions in cubic structure and cubic inclusions in 
hexagonal structure. The direction of the shift would 
then be in agreement with the band gap change. 

(c) Crystals which show disorder give rise to a 
pyroelectric current on heating and there exists a 
correlation between the direction of this current and 
the photovoltage. The fact that only disordered crystals 
show the effect may be due to several causes. First, it 
is not known whether the pyro- and piezoelectric 
contributions to the secondary effect in perfect hexag- 
onal structures add or subtract. It is conceivable that 
they may cancel out. More probable is a second possi- 
bility based on the work of Birman,!* who proposed an 
explanation for the anomalous birefringence of ZnS. In 
his model each band of birefringence is a domain of 
uniform polarization and strain. Since in our experi- 
ments we measure only the rate of change of polar- 
ization, we cannot conclude anything about the 
existence of spontaneous polarization in the domains. 
It is quite possible, however, that (0P/07) is larger in 
strained structures than in a perfect lattice. 

If birefringence bands correspond to spontaneously 
polarized domains, it would be of great interest to find 
whether the direct of polarization is unique or random. 
The experiment of Coster, Knol, and Prins’? quoted in 
reference 3 tends to indicate that the polar axis has 
the same direction throughout the whole crystal. The 
existence of pyroelectric currents establishes only a 
correlation between photovoltage and the net change of 
polarization. On the other hand, it can be seen from 
Table I that crystals of roughly equal lengths and 
equal amounts of disorder can have quite different 


16 J. L. Birman (unpublished manuscript, 1957). 
1 Coster, Knol, and Prins, Z. Physik 63, 345 (1930). 
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photovoltages. It is difficult to reconcile this with the 
opinion expressed in reference 3 that all individual 
elements contributing to the total photovoltage are 
lined up in one direction. 

From Figs. 2, 4, and 7 we see that the negative and 
positive peaks can occur separately. This suggests that 
they may be due to independent mechanisms. For the 
positive peak, processes occurring in the bulk of the 
crystal are likely to be of major importance. The 
negative peak, occurring in the region of very high 
optical absorption, may be mostly governed by surface 
properties. It is also significant that whenever a crystal 
shows an abnormally large photovoltage both the nega- 
tive and positive peaks are of the same order of magni- 
tude. This shows that the mechanism responsible for 
the larger-than-band-gap voltages must be operative 
both in the bulk and at or near the surface. 

In conclusion we should like to point out that the 
measurement of the anomalous photovoltaic effect can 
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become a useful tool in the study of crystalline disorder 
in ZnS. Even at the present stage we can determine 
from the shape of the /,, curve the predominant crystal 
structure and the presence of stacking faults. In order 
to put the correlation between disorder and photo- 
voltaic effect on a more quantitative basis a much 
deeper understanding of both is necessary. We hope to 
continue these studies. 
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Penetration Depth in Impure Superconductors 


PETER B. MILLER 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received October 17, 1958) 


The equation giving the current density as a functional of the vector potential for an impurity supercon- 
ductor derived by Mattis and Bardeen is used to compute the temperature dependence of the penetration 
depth of impure superconductors. Results of calculations for different values of the ratio of the coherence 
distance to the mean free path and also for different values of the ratio of the coherence distance to the 
London penetration depth are given. The results are applied to tin as an example, and appreciable deviations 
from the [1—(7/T.)*]-+ temperature dependence of the penetration depth are found for all values of the 


mean free path. 


IPPARD’S! experiments on penetration depths in 
tin-indium alloys show that there is a marked in- 
crease in penetration depth with decrease in the mean 
free path, /, from impurity scattering. Largely on the 
basis of this work, Pippard suggested that the London 
equation for the current density in terms of the vector 
potential, 


(1) 
be replaced by the nonlocal relation 
RR-A(r')J(R,T)e *!' 


—3 


f) =——_— -f ar. (2) 
A4mcA(T)&o » 


where R= r—r’, A(T) is the London parameter, and & 
is the coherence distance. In both cases the gauge is to 
be chosen so that divj=0. In (1), this implies divA=0, 
and this is also true of (2) for most cases of practical 
interest. Pippard suggested that the kernel be taken as 
J (R,T) =exp(—R/éo). To account for the fact that the 
1A, B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 


penetration depth, A, of even impure specimens seems to 
follow the empirical law 


A()/A(0)= (1—4)-?,  (t=T/T,). (3) 


he also suggested that £ and A increase with ¢ in a 
similar manner. 

The theory of superconductivity of Bardeen, Cooper, 
and Schrieffer,’ as modified by Mattis and Bardeen* to 
take impurity scattering into account, gives a form 
similar to (2), but with £ a temperature-independent 
parameter and J/(R,7) a relatively slowly varying func- 
tion of temperature. The temperature dependence of the 
penetration depth then comes almost entirely from a 
variation of A with T. It is of interest to compare pre- 
dictions based on the B.C.S. theory with experiment, 
particularly in view of the fact that the relative inde- 
pendence of coherence distance with temperature differs 
qualitatively from Pippard’s suggestion. 

2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957), 


referred to as B.C.S. 
3D. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958). 
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We find that for all values of /, the theory gives a 
dependence similar to (3) near 7,, with some departure 
at low temperatures.‘ When theoretical values of \(T) 
are plotted as a function of the parameter y= (1—/4)~?, 
a straight line is obtained for large y, but there is some 
bending below the line for y<1.5.° The difference be- 
tween the slope for large y and the intercept at y=1 is 
small, of the order of 10%. 

The result of Mattis and Bardeen reduces at zero 
frequency to a form similar to (2), with the kernel 


J(R,T) given by 
2A(T)e® %{1—2f(eo) 1—2f(E) 
| eee as 
sin (2a) 


J(R,T)=— 
mweo(O)A(O) 
xX- 


(4) 


€ 


where a= R/hvo. We use the same notation as B.C.S., in 
which €o is the temperature-dependent energy parameter 
and f the ordinary Fermi function. The penetration 
depth is defined by 


“x 


A= f H(x)dx/H(0). (5) 
0 


It is convenient to use the Fourier transform of the 
current density and of the vector potential : 


j(r) = (2x) f daca). 
Define K(q) by 
j(q) = — (c/4n)K (q)a(q), 


(6) 


(7) 


where a(q) is the Fourier component of the vector 
potential. Once K(q) is known, the penetration depth 
may be found from the general solution given by 
Pippard! and based on corresponding equations derived 
by Reuter and Sondheimer for the anomalous skin 
effect.® For random scattering, we have 


a =f 


=r} f inf +¢-*K (a) a| (8) 


To derive K(q), use (4) and (7) to get 


3 2n r od 
K(q)= — f f f sin*@ sin?y 
CA(T)Eo 0 0 0 


Keiak ov J(RT)dedddR. (9) 


‘J. Bardeen, Proceedings of the Kamerlingh-Onnes Memorial 
Conference on Low-Temperature Physics, Leiden, Holland, 1958 
[Physica 24, 5-27 (1958) ]. 

5 A similar departure from the empirical law has been observed 
by A. L. Schawlow (to be published), contrary to results of 
Pippard and co-workers. 

6G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. 
(London) A195, 336 (1948). 
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Carrying out the ¢ integration, letting “=cos@, and 
using (5), we get 


be? p* * pyt—2fla) 1-2/(E) 
eed J se 


sin (2ae) 
x (1—u*)e'2®e-F/ ldudRde. 


€ 





(10) 


Let b=€/e:, «= }ghr, bo=€0/e1, a=1/qgl, and define 


g(b) by 


w 1 
sO=af f sin(bRq)(1—u?)e~®/te9®“dudR. (11) 
0 1 


Evaluation of the integral gives 
Fel 
(1—6)?+<a? 
wlan (1+6)? +a 
2 lesa 
2a 


+2a arc tan(— - -)-r (12) 
i calle 9 


That branch of the arc tangent between 0 and z must be 
taken. We need to find 


f ae. 1-2f(6) | 


(B-+b,2)3| 
b (1+0)?+a? i+a? f(i+d)? +¢ 
ee ce rege 
2 (1—6)?+a? Z (1—6)? +a? 
2a db 
+20 arc tan( ~ ~—) -r||- -- (13) 
1—8—a? b 


The product of the first term in each curly bracket is 
integrated directly and gives 


[1—2f(€) wa/eo. (14) 


The other terms will be integrated in various limits and 
values of K(q) valid in the intermediate region will be 
found by graphical interpolation. Consider the region 
where gi>1 and ¢€0(0)rgto/2e.>>1. In this region we 
neglect all terms of higher order than a or by compared 
to 1. The first term in curly bracket one of Eq. (13), 
multiplied by the second term of curly bracket two, 
gives a contribution 


[1—2f(e0) [42?—2a]/€0. 


The second term in bracket one multiplied by the sum 
of the first two terms of bracket two is integrated by the 
same method as used by B.C.S. We need the further 


(15) 
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restriction that }rg&>1. The result is 
mee (4/€1) In{ghvo/€o(0) ]. 


The sum of the first two terms in bracket one multiplied 
by the third term of bracket two is integrated by use of 
the approximation 


2a =() for 
arc tan(. ~-—- :)-+] 
1-—2-—a@ =—n7 for 


The corrections to this approximation are negligible. 
The result is 


(16) 


b>1, 
b<1. 


(17) 


> 2an[1— 2f(€0) ] €0. 


Adding all the contributions, we get, for g>1 and 
mgéo/2>>1, 


(18) 


31 €9 16€0 
“ip-——— - i~iiiq-—— 


In (wqko) 
gc*-Ahvo mghvo 


(19) 


4 
——(1—2f(«)]}. 
mal 


This reduces to the result of B.C.S. asl @. 
Consider the opposite limit of g<1. The value of 

g(b) then is 

(20) 


g(b) =4b/3(a2+B?). 


We need to find 


4 p*(1—2f(e) Ses 
bo peas. cs HN 21 
| | €0 E a’ ' 


At T=0 we get for gik<1 

(™ 1 
P fp. (wéo/21)? ]! 
| 


Xarc tan 
2l 


1 a (0) fo vs 


Zz [( (wt /202—1}) 


| 

| who wko\” , 

Sele 

2 2 
where the upper form holds for r&/2/<1 and the lower 
form for r&o/2/>1. At T=T, the first term in the curly 
bracket of (21) gives 


Lgl. (23) 


The second term in the curly bracket of (21) is integrated 
by contour integration with the path chosen along the x 
axes from — © to + anda semicircle of infinite radius 
in the upper half z plane. Poles are located at 


b=ia and b=in(2n+1)/B.6, n=O0,1,2,---0, (24) 
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TABLE I, Values of A(7)/Az(T) as a function of the ratio 
fo/AL (T) for various values of 2//rto. The upper half of the table 
is for ¢=0, the lower half for ¢=1. 


— rig © 2.5 1.0 

Al) 
0.2 
0 
i 


0.25 0.125 0.0625 
fo/dz(T) 
2.56 3. 45° 

2.60 3.46 

2.71 3.52 

2.87 3.63 

3.14 3.84 

3.62 4.20 

4.61 


1.32 
1.37 
1.58 
1.87 
2.30 
2.89 
3.47 


Sarneoe 
ANCAS 
nv 
re | 
el 
Nt! a 
SSS3%R 


0 BS bs en oe no | 

wo 

RS 

W DRO dO 

&ewae> 
QQouUwe 

WWD ee! 
rate 

S&S 


2.91 
2.93 
3.01 
3.11 
3.27 
3.59 


1.20 
1.24 
1.41 
1.66 
2.03 
2.56 
3.07 


Wounweo 


StSolses 
Seuss 


WN NO 
_ 
on 


and they give a contribution to the integral of 


4g? es btulOut 
“ tan —1—$98.7€0 0 
toen(0) ct 41 pr ekianto 


a Beeo(O)mgo % 
+ {(2n-+| (= = ) ~(w(an+1y?]| . (25) 


n=) 





Summing all the contributions and using,’ near T7=T,, 
A/Ar=0.20€°8., (26) 
we get for gl<1 
31 


~ ),2( T)0. 40m8.€0(0) fy 


| T 4l B-€0(O)mréo 4 B.€o(0)rko 
> 4 ceeeaearncinee tan(— — )- —_—— 
13 3£08,€0(0) 4l 5 


w B-€0( O)ré&o 
xz | ant (= ~ =) 
n=0 2l 
—r(ant1)]| . (27) 


A simple form for (27), valid only when //i<1, gotten 
by simple integration of (21), is 


2l 
d1?( T)B-€0(0)0.202£o 
a a l 
fe a YL a 
4 tk €0(0)8. TE 
The values of K(q) in the intermediate region of q are 
found by graphical interpolation of the above results. 


K(q)= 


7A more accurate value for the numerical coefficient in (26) 
has recently been found to be 0.21. 
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Fic. 1. Calculated values of \(¢#) for Sn vs (1—#)~$ for various 
values of 21/m£o 


The penetration depth is found by numerical integration 
of (8). The results of this integration are shown in 
Table I for various values of the parameter 2//7&o. 
The results show that the ratioA(7T)/A,(7T) is almost the 
same at ‘=0 as at ¢=1, and therefore results for 
intermediate temperatures may be found by inter- 
polating between the values at /=0 and /= 1. 

To find the temperature dependence of the penetra- 
tion depth for a specific metal, we need to know \;(0) 
and & for that metal. For tin, values of \,(0) and 2» 
have been estimated from experimental data.’ The value 
of & is given by the B.C.S. theory as 


£o=0.18h00/kT.. (29) 
For tin, Az,(0)=3.5X10-® cm and &=7.3A (0). The 
temperature dependence of the penetration depth for 
tin is plotted in Fig. 1, with the abscissa being (1—#)~4. 
The results of Fig. 1 are rather insensitive to the exact 
interpolation procedure used in Table I. Figure 1 shows 
appreciable deviations for all values of 2//m& from the 
straight line described by (3). 

A comparison of the experimental data with our 
theoretical results is shown in Fig. 2. There is good 

§T. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) 
A231, 336 (1955). 
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qualitative agreement between experiment and theory, 
which is all that can be expected in view of the simplifi- 
cations made in the theory and the appreciable un- 
certainties in the experimental data. 

The penetration depth for smaller values of the ratio 
21/m& than those shown in Table I is found by forming 
the K(qg) values of (22) and (28) in the limit 1/&— 0. 
Assuming also that //A,(7)<<1, corresponding to the 
London limit, one gets® 


\1(0) (€o/2)} 
(0) =— —, at 


(30 
[1 — (41/0) In (ark o/l) J ” 





A1(T) (€08-€0(0)/1)3 
[$— (201/228 .€o(0) £0) In(xEo/L) }) 
at T=T,.. (31) 


For finite small values of 2//m& one makes a plot of the 
ratio of the exact penetration depth as given by Table I 


So a XPERIMENT 





a eo on oo 


10* 1, em —> 
Fic. 2. Comparison between experiment and theory for Sn. 
d is plotted vs 1 at t=0.6. The arrows at the right refer to the value 
at /= oo, 


to the limiting value of the penetration depth given by 
(30) or (31) as a function of 2//m&. Such a plot ap- 
proaches the asymptotic value 1.00 as 2//r£) approaches 
zero and gives accurate values of the penetration depth 
for small values of 2//z£o. 
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Excitation of Spin Waves in an Antiferromagnet by a Uniform rf Field* 


R. ORBACHT AND P. Pincus 
Department of Physics, University of California, Berkeley, California 
(Received October 27, 1958) 


It is possible to excite spin waves in an antiferromagnet by a uniform rf field, provided that spins on 
the surface of the specimen experience anisotropy interactions different from those acting on the spins in 
the interior. Modes with an odd number of half-wavelengths should be excited ina flat plate. The condition 
for different anisotropy interactions is worked out and proves to be a lenient condition. Experiments which 
would determine the exchange energy constant and the anisotropy field should be possible using sufficiently 


thin platelets of single crystals having parallel faces. 


I. INTRODUCTION 


ITTEL! has shown that under certain conditions 

exchange and magnetostatic spin waves may be 
excited in a ferromagnetic insulator by a uniform rf 
field. This excitation is in contrast to the White-Solt 
effect? produced by an inhomogeneous rf field. Recently, 
Seavey and Tannenwald* and Jarrett and Waring‘ 
have found these excitations in thin films and thin 
crystals, respectively. The application of the Kittel 
theory to antiferromagnets was suggested by Strandberg 
and Douglass,° and is the subject of this paper. 

The local environment in antiferromagnets, as well 
as in ferromagnets, of a spin at the surface of a crystal 
is markedly different from that in the interior. Ani- 
sotropy interactions which would normally vanish in 
the interior because of symmetries no longer do so with 
the lower symmetry of the surface. It was shown by 
Kittel that the effect of the surface anisotropy is to 
pin the surface spins, leading to modes which interact 
with a uniform rf field. That is, if one thinks of a line 
of length Z with the origin at one end, the modes will 
have the form sin(prz/L), where p is an integer. The 
modes of odd p provide an instantaneous transverse 
moment which couples with a uniform rf field. 

At first glance the situation in antiferromagnets 
might appear to be different. There is no net magnetiza- 
tion in the antiferromagnet, so that a sin(prz/L) excita- 
tion would not appear to lead to any net moment. 
However, as Keffer and Kittel® point out, a linear 
combination of two modes exist at resonance. Both 
modes have a net transverse magnetization and rotate 
in opposite senses. For both resonance modes, the 
spins on the two sublattices precess in different sized 

* This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 

+ National Science Foundation Predoctoral Fellow. 

1C, Kittel, Phys. Rev. 110, 1295 (1958). 

2R. L. White and I. H. Solt, Phys. Rev. 104, 56 (1956); J. F. 
Dillon, Jr., Bull. Am. Phys. Soc. Ser. II, 1, 125 (1956); J. E. 
Mercereau and R. P. Feynman, Phys. Rev. 104, 63 (1956); L. R. 
Walker, Phys. Rev. 105, 390 (1957). 

3M. H. Seavey, Jr., and P. E. Tannenwald, Phys. Rev. Letters 
1, 168 (1958). 

4H. S. Jarrett and R. K. Waring, Phys. Rev. 111, 1223 (1958). 

5M. W. P. Strandberg and D. Douglass (private communica- 


tion). 
* F. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952). 


circles, the difference in the amplitudes of the precession 
leading to the net magnetic moment. The sum of the 
moments of the two modes generates an oscillating 
moment perpendicular to the z axis. Along a line of 
spins, the phases of these oscillating moments will 
differ by an amount determined by the wave number of 
the spin wave. Thus, at any instant of time there will 
exist a net transverse moment which can interact with 
the rf field if and only if an odd number of half-wave- 
lengths are excited. If there exists an even number of 
half-wavelengths, the instantaneous transverse moment 
will sum to zero and there will be no interaction with 
the rf field. 


II. EVALUATION OF SURFACE ANISOTROPY 
STRENGTH 


We first examine the question of the strength of the 
surface anisotropy required to fix the end spins. On an 
atomic model, the equations of motion for the end spin 
(m= 1) and its nearest neighbor (m= 2) in a line of NV 
spins along the z axis is 


0S ,/dt= (2J/h)(S:XS8.)+y7S.X (Ha +H), 
OS.,/dt= (2J/h) (S2XS,+S8.2XS§;) (1) 
+7S8.x (H4+Hb), 


where J is the exchange integral, Ho the external 
static magnetic field, H,“? the surface anisotropy field 
directed along the +2 axis for the end spin, and Hy 
the anisotropy field directed along the —z axis for the 
second spin (m= 2). We assume for simplicity that Ho 
is parallel to H4“. We make the usual approximations 
for an antiferromagnet’ S;7=S, S.7=—S. Defining™ 
S;t=S,7+iSY and S.+=S.7+7S.” our equations of 
motion become 


Sit /At=i(2IS/h) (Syt++Sst)—iSiry (Ha +H), 
Sot /At= —i(2IS/h) (283+ +S\++S5*) 
+iSyty (Ha? 


7P. Pincus, Phys. Rev. 113, 769 (1959). 

7@ This approach was suggested by Nagamiya and de Gennes 
(private communication). For the case of a ferromagnet (refer 
ence 1), the corresponding method leads to the equation (05,*+/dt) 
= (2) S/h)il aaS\*+/02+ (a?/2)02S,*/d2? ]—iw,S,;* which, using (5), 
gives for B/a at z=0 the value w,(ka)/[w+wi+w,(ka)?/2] 
=w,(ka)/2o1«1. This ratio should replace the values given by 
Eqs. (10) through (15) of reference 1. 
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We expand 5S,” in a Taylor series in a, where a is the 
lattice constant : 

S3t = S;++a0S,+/02+ (a?/2)8°S;*+/d2+---. (3) 
This expression is valid at low temperatures and for 
(2IS/hy)>H«™. We let w= 2) S/h, w.=7(Ha +H), 
wo=7(H4°— Ho), and find 
OS ;t = 1w(Sjt + Sot) — 11517, 

OS 2+ /dt= —iw{ 2S2++2S5;++adS;*/d2 (4) 
+ (a? '2)07S;* 027 ]+iw2S2* ° 
Taking as our solutions 


S;+=e''(a; sinkz +; coskz), 


: 5 
Sot = e'*(aeo sinkz+ 2 coskz), 9) 


and inserting these into (4), our equations of motion 
become at z=0 

Bi (wtw1—w.)—wB2=0, (6a) 
wel 28+) (ak) — 8; (a?/2)k? ]+-B2(wt+2w.—w2)=0. (6b) 
Eliminating terms in §2 we find for the ratio B;/a; 


By w, (ak) 


— — -, (7) 
a, 2we—w,(ak)?/2+ (w+2w.— we) (w+w1—we)/w, 


In an antiferromagnet w*~w4w, where wa/y=H 4, the 
internal anisotropy field; w.~10", and w,~10". If we 
assume ka~10-*, then (7) reduces to 


|B, /a;|w-(ak)/w= (w./wa)*(ak)<K1, (8) 


and the ends behave as if they were fixed. 

We find, using condition (8), that reflection sym- 
metry in the Hamiltonian about the center of the line 
(s=L/2) results in 


k=pr/L, (9) 


where p is any integer. For p~10, a/L~10~, we find 
ka~10~. This justifies our assumptions in (8). 


Ill. EVALUATION OF THE OSCILLATOR STRENGTH 


We now consider the magnitude of the excitation of 
the spin wave modes by the uniform rf field H,= ho sinwt. 
We employ a semiclassical theory of antiferromagnetic 
spin waves’ and let the z axis be the direction of 
sublattice magnetization. We label the sublattices A 
and B, and take 

S.= (€47,€4”,5), 
(10) 
S:= (€n7,€p",—S), 


where S is the classical atomic spin and €47, €4”, €8”, €n” 
are the time-varying components of S4 and Sz. We 
consider a one-dimensional line of spins and assume 
that the end spins are effectively pinned down by the 


AND’? ; 
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surface anisotropy. Our solutions will be of the form 


es7= > pea"*(p) sink, sinwt, 
€é4¥= > pea” (p) sink,2 cosw/, 
es*= pes"? (p) sink, sinwt, 
€p¥= Di pen” (p) sinkys cosut, 


(11) 


where k,= pr/L. The equations of motion’ differ from 
(1) as H is used here for the internal anisotropy field 
and H»)=0. We solve the equations of motion for 
H)#0 in the Appendix. The presence of a magnetic 
field serves only to bring the resonance into the observ- 
able microwave range and unnecessarily complicates 
our solution. The equations of motion take the form 


Oe," ‘Ot= -~ (4I.S/h) €4¥ 


= (2IS/h) (> pen”) +yes"Ha, (12a) 


Je4¥/Ot= (2 S/h) (> pep") 


+ (4I.S/h)es*+ySH.—vyes*Ha, (12b) 


dep? /Ot= (47 S/h) ep" 


+ (2.S/h) (> aea”) —vyepHa, (12c) 


Jen” /Ot= — (2IS/h) (>> 4€,47) 


— (4) S/h)en?—ySH.+yen*Ha. (12d) 


The sums go over nearest neighbors only so that 


> €n7= > Bd pes" (p) sink,2 sinwt 
= 2) pen” (p) 7p sinkyz sinwt, 


where 
Yp= Coskpa. 


Equation (12b) becomes 


—w> pea” (p) sinwt sink,s 
= (4) S/h)> pen” Yp sink,s sinwt 
+ (4IS/h)X pea” sinwt sink,2-+ySH, 


—yHa> per™ sinwt sinkpz. (15) 


We multiply both sides of (15) by sink,,z and integrate 
over z between 0 and L. We find 


—wes= (4I.S/h) (ymen + €4") 


—yH aes +4ySho/mr, (16) 


for m odd. If m be even, the last term on the right 
vanishes and no excitations will take place. Similar 
results hold for (12a, c, d) so that 
wea = — (4IS/h) (ea +Ymen™) +H sea” ; 
—wea= (4).S/h) (es +Ymen™) 
—yH aes +4ySho/mr ; 
wep = (4).S/h) (ep”+ymea™) —yHaen™ ; 


—wep™= — (4)S/h) (ep +ymea™”) 
+vyH sep" — 4ySho/mr. 
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We solve (17) for €4°* and find 


4Sho [Hat+H.(1—Ym) ] 





ma [H2(1—92)+Hs(Ha+2H.) — (w/y)?] 


where H,= —4/S/hy. The selection rule for excitation 
by a uniform rf field is that m, the number of half-wave- 
lengths, must be odd. We see, as in the ferromagnetic 
case, that the oscillator strength 4°” decreases inversely 
with m. At resonance a comparison can be made 
between the amplitude (18) and the corresponding 
amplitude for ferromagnetic excitations. For m~1 to 
10, and (a/L)~10~, one obtains H4a>H.(1—yn). 
Using Eq. (26) of reference 1 we find, noting w,»= DSk,? 
+wo~we under these conditions, that 


€A antiferro”” = (4ySaoho) ‘(H 147Sh0) 
= H)/Hs«~1, 


0. 
€A ferro 


(19) 


where H, is the applied field in the ferromagnetic case. 
Hence, the effect should have the same oscillator 
strength in antiferromagnetics as it has in ferro- 
magnetics. To calculate the separation of spin wave 
modes, we note that at resonance 


(w/y)?=H2(1—Ym?) +H (Ha+2H.) 
=H? sin?(mmra/L)+Ha(H4+2H.); 


for a/L~10~+, H,~ 10°, and H4~ 10°, we have 
w/y = (2H4H.)*[ 14+ (H./4H4)2?m?(a/L)*). 
Thus, 
Aw= Wm4.1— @m—1= YV2 (H 3 /H 4*)2*(a/L)?2m. 


We consider, for example, the case of Cr2O3 for which 
we have accurate values of H4 and H,. From Foner,’ 
Hs4=900 and H.=2X10® oersteds. This results in a 
(2H4H,)' resonance at 1.8 mm. From above, taking 
(a/L)=5X10-, we find 
Aw/y = AH = 330 m_ oersteds. 

The line width for the (2H 4H.)' resonance is narrow 
enough so that it should be possible in thin single 
crystals of Cr2O3 to resolve the spin wave structure. 
With thicker crystals, the apparent single line may be 
skewed by the spin wave structure. 

The high frequencies required to reach resonance in 
an antiferromagnet make this effect experimentally a 
more difficult one to observe than in a ferromagnet. A 


8 Simon Foner, Proceedings of the International Conference on 
Magnetism, Grenoble, 1958 (unpublished). 
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pulsed-field technique might induce transient effects 
which would swamp out any resonance modes. Observa- 
tion of this effect may only be possible when the state 
of the art is such that 1-2 mm microwaves will be 
obtainable in the laboratory. 
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APPENDIX 
We derive the oscillator strength e4°% for Hy+¥0. In 
this case, (17) becomes 
wea” = — (4I.S/h) (€4%+Ymep”) 
+yH ses +yHea™; 
— wea = (4I,.S/h) (€4°* +Ymep"”) 
— Hea —yH ea" +4ySho/mr; 
wep”? = (4I.S/h) (ep +-ymea™”) 
—yH sep’ +yHoen™ ; 
— wep” = — (4IS/h) (ep* +ymea™) 
+H sep"? —yH ep? —4ySho/mr. 


(Al) 


We solve for €4°* and find 


€4°?= (4ySho/mm){ —w*y[HatH.(1—ym)+Ho] 

+y(HatH (1—Yym)—Ho LH 2 (1—ym?) 

+Ha(Hat+2H.)+H 0" J} 

X {w?— [yHoty(Ha (Hat 2H.) 

+H ?(1—Ym?))* P} 2 

Equation (A2) shows that the resonance is shifted from 
the free-field resonance by the factor yH». Expanding 
the denominator of (A2) for m~10 and H4<<H,, we 
find that resonance occurs at 


w/y = + Hot (2H4H.) {1+ (H./4H4)2'm?(a/L)*), (A3) 


(A2) 


which is to be compared with (21). In a resonance 
experiment at constant w, we pass through a series of 
spin wave resonances at discrete static field intensities 
between 0 and w/y. For example, in order to sweep 
through the resonances corresponding to a given m in 
Cr2.O3, one must vary Hy from 0 [if w/y= (2H4H.)*] to 
= 80m? oersteds. As can be seen from (A2), the ampli- 
tudes will also vary slightly differently with w than in 
(18) but this difference is unimportant. 





PHYSICAL REVIEW VOLUME 


213, 


NUMBER 5 MARCH 1, 1959 


Excitation Spectra and Temperature Dependence of the Luminescence 
of ZnS Single Crystals 


A. HALPERIN AND H. ARBELL 
Department of Physics, The Hebrew University, Jerusalem, Israel 


(Received September 3, 1958) 


The luminescence of ZnS:C] and ZnS:Cu:Cl crystals was measured for the temperature region 80-500°K 
and for different wavelengths of exciting light. The behavior of the luminescence versus temperature curves 
differed from similar curves for powders reported in literature. 

Excitation spectra were also obtained for the green and blue luminescence bands. These were found to 
consist of a complexity of fine bands. Each of the bands was found not to shift when varying the temperature 
of the crystal. The relative intensity of the bands near the absorption edge of the crystal, however, changed 
with temperature in such a way as to cause an apparent shift in the maximum of the excitation spectrum 


in this region. 


INTRODUCTION 


HE term “‘excitation spectrum” is commonly used 

to describe, as a function of wavelength of ex- 

citing light, the relative luminescence intensity per unit 

of exciting energy incident on the surface of the phos- 

phor. It differs from the “luminescence efficiency” 

which is defined as the luminescence intensity per unit 
of exciting energy absorbed in the crystal. 

The dependence of the luminescence of ZnS on ex- 
citing light and on temperature has been the subject of 
many investigations. Garlick and Gibson' have found 
that the excitation spectrum of self-activated ZnS has 
a maximum at about the wavelength of the absorption 
edge of the crystal and shifts with increasing tempera- 
ture towards longer wavelengths, with a temperature 
coefficient equal to that of the shift in the absorption 
edge. They have shown that such a shift should result 
in a decrease in luminescence with increasing tempera- 
ture on excitation within the region of the lattice ab- 
sorption, while a rise in luminescence on warming the 
crystal from low temperatures is to be expected when 
excited with light of longer wavelengths. This was 
found to fit well the experimental results obtained by 
Garlick and Gibson,! and also by Peyrou.” 

Adirowitsch*® did not accept this explanation. In- 
stead, he based his calculations on simple assumptions 
as to the kinetics of the electron transitions involving 
the luminescence centers. On these grounds he has been 
able to show that on varying the temperature the 
luminescence should behave just as described above. 

Adirowitsch has gone so far as to take this behavior as 
a criterion for the absorption edge which is often diffi- 
cult to fix directly by optical absorption measurements. 

The aforementioned experimental work! was car- 
ried out on powder samples. Single crystals were used 
in other investigations. Kréger* has recently measured 
the temperature dependence of the luminescence of 


1G. F. J. Garlick and A. F. Gibson, Nature 161, 359 (1948). 

? Ch. Peyrou, Ann. phys. 3, 459 (1948). 

3 E. I. Adirowitsch, Einige Fragen Zur Theorie der Lumineszenz 
der Kristalle (Akademie-Verlag, Berlin, 1953), Chap. 5. 

‘F. A. Kréger, Physica 22, 637 (1956). 


ZnS: Cl single crystals, and paid attention to the tem- 
perature quenching of the luminescence which is usually 
attributed to the release of the holes from the activator 
levels.5.® 

Excitation spectra were also reported recently’’® for 
single crystals of ZnS. The maximum of the excitation 
spectrum was found in these works at about 3700 A 
instead of below 3400 A as reported by Garlick and 
Gibson.' Broser and Broser-Warminsky® attributed this 
maximum to an absorption band which they had ob- 
served at the same wavelength. This absorption band 
was found not to shift at all with temperature. 

It was the aim of the present work to investigate in 
detail the dependence on temperature of the lumines- 
cence and the excitation spectra of ZnS. Single crystals 
were used throughout this work, as surface effects are 
less pronounced in single crystals compared to powder 
samples. In addition, powders would show the average 
of the many grains, and thus might mask important 
details revealed by single crystals. 


EXPERIMENTAL 


The crystals used in the present work were grown by 
Hamilton, who used the Reynolds-Czyzak method with 
some modifications.’ The crystals contained chlorine in 
concentration of about 100 parts per million and some 
of them contained copper in concentrations of up to 
20 parts per million.” The latter showed some green 
luminescence in addition to the blue band. The green 
component was in most of the crystals very weak at 
liquid air temperature, but became more pronounced 
on raising the temperature of the crystal. 

A mercury compact-source lamp in a quartz envelope 
(Mazda ME/D, 250w) in conjunction with a quartz 

5H. A. Klasens, Nature 158, 306 (1946). 

6M. Schén, Tech. Wiss. Abhandl. Osram-Ges. 6, 49 (1953). 

7A, Lempicki, J. Opt. Soc. Am. 48, 67 (1958). 

8]. Broser and R. Broser-Warminsky, Z. Elektrochem. 61, 209 
(1957). 

®D. R. Hamilton, J. phys. radium 17, 797 (1956); Brit. J. Appl. 
Phys. 9, 103 (1958). 

1D. R. Hamilton (private communication). We are indebted 


to Dr. Hamilton for providing the crystals and for valuable in- 
formation regarding the preparation of the crystals. 
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monochromator provided the monochromatic exciting 
radiation. An ultraviolet-transmitting filter (Corning 
7-54) was inserted in the light path in order to reduce 
the stray-light in the monochromator. Effective spec- 
tral slit widths were kept in most of the measurements 
below 20 A throughout the whole spectral range. 

A neutral-wedge filter, calibrated with the light 
source and monochromator, ensured constant intensity 
of the exciting radiation throughout the whole spectral 
range. 

The crystals were mounted in a cryostat near the 
exit slit of the monochromator. The construction of the 
cryostat was as described elsewhere." A heating element 
in the cryostat enabled temperature variation between 
liquid-air temperature and 600°K. 

An RCA-1P21 photomultiplier was used as a detec- 
tor for the emitted radiation. Care was taken to measure 
separately the blue and green components of the emitted 
luminescence. A combination of 5 mm of nitrobenzene 
(in a cell) with a Wratten 34 gelatine filter was used to 
isolate the blue band and to cut out the exciting light, 
while Wratten 9+ Wratten 61 filters were used for the 
green band. 

The output of the photomultiplier, after suitable 
amplification, was led to a recorder on which the curves 
of luminescence versus temperature were directly re- 
corded. Care has been taken in these measurements to 
eliminate effects of trapping or emptying of traps. For 
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100 150 300 
TEMPERATURE IN °K 
Fic. 1. Luminescence versus temperature curves for a ZnS:Cl 
crystal (blue luminescent). Wavelength of exciting light: 
a—3150 A, b—3310 A, c—3600 A, d—3690 A. 


1A, A. Braner and A. Halperin, Phys. Rev. 108, 932 (1957). 
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Fic. 2. Luminescence versus temperature curves for the blue 
luminescence band of a ZnS:Cu:Cl crystal. Wavelength of ex 
citing light: a—3250 A, b—3300 A, c—3400 A, d—30600 A, and 
e—3700 A. 


this purpose the curves were recorded both on cooling 
down the crystal and on warming it up. In addition, 
the rates of warming or cooling were kept low (less 
than 5°/min), which reduced the effects of stored 
energy. 


Excitation spectra were taken point by point. For 
each wavelength the neutral wedge was set for constant 
exciting intensity, and the crystal was excited to satura- 
tion, after which the reading of luminescence intensity 
for the given wavelength was made. 


RESULTS 


(a) Temperature Dependence of 
the Luminescence 


Luminescence versus temperature curves were re- 
corded for different wavelengths of exciting light. Many 
ZnS crystals were used in these measurements in order 
to find out whether the shape of the curves at lower 
temperatures fits that given theoretically by Adiro- 
witsch.’ In particular, a check was made of the criterion 
given by Adirowitsch for the position of the absorption 
edge of the crystal (see the foregoing). 

Adirowitsch’s criterion was found to hold for a few 
crystals; it failed, however, for some others. Examples 
are shown in Figs. 1, 2, and 3. The accepted value for 
the absorption edge of ZnS at liquid-air temperature is 
between 3340” and 3350 A.’ Curve 6 (Fig. 1), however, 
shows an initial rise in luminescence with temperature, 
and according to Adirowitsch’s criterion the absorption 
edge is therefore below 3310 A. On the other hand, 
curve c does not show any rise, which would imply that 
3600 A is still within the lattice absorption. 


2G, F. J. Garlick, Luminescent Materials (Clarendon Press, 
Oxford, 1949), Chap. 4. 
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Fic. 3. As Fig. 2 but for the green luminescence band of the 
same crystal. Wavelength of exciting light : a—3000 A, 6—3150 A, 
c—3350 A, d—3600 A, and e—3700 A. 


Another example is shown in Figs. 2 and 3. This 
crystal emitted blue and green luminescence, and curves 
corresponding to the blue and green bands are shown in 
Figs. 2 and 3, respectively. The deviations from Adiro- 
witsch’s rule are for the blue luminescence similar to 
those described in Fig. 1, while for the green band the 
curves show maxima even on excitation at 3000 A, so 
that Adirowitsch’s rule does not hold at all. 

The behavior of the luminescence at higher tempera- 
tures is also of interest. In some of the curves the 
luminescence is not completely quenched after the first 
maximum is reached, and maxima (or shoulders) appear 
at higher temperatures. The behavior at higher tem- 
peratures is shown to depend on the wavelength of the 
exciting light. The temperature at which the tempera- 
ture-quenching takes place seems to shift towards 
higher values with an increase in the wavelength of 
the exciting light. In Fig. 2, for example, the lumines- 
cence disappears almost completely below 150°K on 
excitation with light of 3300 A (curve 6), while tempera- 
ture quenching occurs at about 250°K on exciting at 
3400 A (curve c), and at still higher temperatures on 
exciting with light of longer wavelengths (curves d 
and e). 


EXCITATION SPECTRA 


In the beginning excitation spectra were taken with 
spectral slit widths of 50-100 A, when curves similar 
to those reported by Broser and Broser-Warminsky*® 
and by Lempicki’ were obtained. Irregularities ob- 
served occasionally in these curves, however, indicated 
the presence of finer structure in the excitation spectra. 
Attempts were then made to ensure the exciting light 
intensity and the amplification needed to measure with 
adequate accuracy the luminescence intensity with spec- 
tral slit widths of less than 20 A. Measurements were 
then taken at intervals of 20 A, or even every 10 A. 

Figure 4° shows a set of excitation spectra as ob- 
18 Figure 4 was drawn with the experimental points on each 


curve. These were, however, omitted in the other figures in order 
to make the curves clearer. 
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tained after the higher spectral resolution was secured. 
This crystal emitted only blue luminescence and the 
different curves correspond to measurements at differ- 
ent temperatures. The excitation spectra appear now 
resolved into a few bands, and the shoulders of the 
bands indicate that each is still composed of more than 
one component. 

Curves a, b, c, and d were obtained at 85, 130, 160, 
and 205°K, respectively. An interesting result is that 
the maxima at wavelengths above 3400 A do not show 
any temperature shift at all, while the peaks at about 
the wavelength of the absorption edge of the crystal 
(above 3300 A), seem to shift with temperature. The 
maximum in this region appears at 3285 A at 85°K, 
above 3300 A at 130°K, at 3320 A at 160°K, and at 
3350 A at 205°K. This shift (of about 0.5 A/deg) fits 
well the shift in the absorption edge as was observed by 
Garlick and Gibson.! It will, however, be shown soon 





curve a (85°%K) 
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c (160% 
d 205%) 
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Fic. 4. Excitation spectra of a ZnS:Cl crystal (blue 
luminescent), at various temperatures. 


that the shift is not a real one, as it is rather a result of 
a change with temperature of the relative efficiencies 
of the different components of the band in this region 
of the excitation spectrum. 

The excitation spectra shown in Fig. 4 were taken 
with the crystal still with its natural outer faces. The 
part of the excitation spectrum below 3400A was, 
however, found to be sensitive to the surface condi- 
tions of the crystal. This is shown in Fig. 5, in which 
excitation spectra are given again for the same crystal 
but after grinding away its outer natural growth faces. 
The relative intensities are now completely different 
from those obtained for the same crystal before grinding 
(Fig. 4). The main effect of grinding seems to be a 
comparative reduction in the shorter wavelength side 
of the excitation spectrum, and the peak at 3285 A, 
which was the strongest before grinding, seems to have 
almost completely disappeared now. The lower inten- 
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sity obtained now resulted also in better resolution of 
the bands, and it can be seen clearly that there is no 
real shift with temperature in the individual peaks of 
the excitation spectra. Thus the peak at 3350 A remains 
practically at the same wavelength in curves a, 6, and 
c (Fig. 5), which correspond to 85, 125, and 170°K 
respectively. The same can be said about the peak at 
3310 A, which still appears as a shoulder in curve c. 
The small apparent shift between curves @ and 8 at this 
wavelength might be explained by assuming that the 
peak at 3310A is still composed of more than one 
component. The existence of such a fine structure was 
indicated in our measurements, but we were not able 
to get the band resolved into its fine components. In 
any case, if there is any shift, it is certainly small com- 
pared to the shift with temperature of the absorption 
edge. 
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Fic. 5. As Fig. 4 but after grinding away the crystal surfaces; 
a—at 85°K, b—at 125°K, and c—at 170°K. 


Similar structure was obtained for the green lumines- 
cence band. Figure 6 shows a set of green excitation 
spectra—curve a was taken at liquid air temperature, 
curve 6 at 160°K, and curve c at 300°K. 

The structure in the region of the absorption edge is 
similar to that of the blue band and includes the 
apparent shift with temperature of the maxima in this 
region. Again it is clear that the individual bands do 
not shift, and it is only the change in the relative effi- 
ciencies which caused the apparent shift in the maxi- 
mum of the excitation spectrum. 

Grinding away of the outer natural faces of the 
crystal affects the green excitation spectrum in a way 
similar to that already described for the blue band, 
ie., the relative intensity is reduced at the shorter 
wavelength side of the excitation spectrum. 

The blue and green excitation spectra for a crystal 
which emitted both the bands, are given for comparison 
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Fic. 6. Excitation spectra for the green luminescence band of a 
ZnS:Cu:Cl crystal. a—at 80°K, 6—160°K, and c—at 300°K. 


in Fig. 7. The main differences are the extension towards 
longer wavelengths of the green excitation spectrum 
compared to the blue one, and the comparatively low 
intensity in the blue excitation spectrum in the region 
near the absorption edge. In some way the two curves 
seem to be complementary, as the region where the 
blue excitation spectrum reaches its maximum (3350- 
3700 A) appears as a depression in the curve corres- 
ponding to the green band. For some crystals this 
depression was much more pronounced as can be seen 
in Fig. 3, where excitation with 3600 A (curve d) gives 
a very weak luminescence compared to that obtained 
with light of longer or shorter wavelengths. 


DISCUSSION 


It was shown in the present work that the excitation 
spectra for the blue and green luminescence of ZnS 
consist of a complexity of fine bands. It seems that the 
failure of other investigators in observing this fine 
structure should be attributed to low spectral resolu- 
tion or to too large intervals between subsequent wave- 
lengths chosen in the measurements. 

The yield for blue and green luminescence is certainly 
not the same for light absorbed in different spectral 
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regions. This is easily seen in the excitation spectra, 
where the strongly-absorbing region within the absorp- 
tion edge yields very weak luminescence compared to 
that around 3650 A. There must, however, be an ab- 
sorption band for every excitation band. Absorption 
measurements carried out in the present work, however, 
did not show any fine structure corresponding to that 
observed in the excitation spectra. It seems that the 
low concentrations of the activators in the crystals used 
were not enough to produce measurable absorption 
bands, although they are detected easily by the much 
more sensitive luminescence measurements. 

Broser and Broser-Warminsky,® using ZnS crystals 
activated by higher concentrations of copper (about 
10~* gram atom per mole), were able to observe an 
absorption band at 3650 A, which did not show any 
shift with temperature. It seems, however, that they 
did not secure the spectral resolution needed for re- 
solving the fine bands. 

Furlong and Ravilious,* who measured the edge- 
emission of CdS crystals at low temperatures, observed 
a few sharp absorption bands, with half-widths of about 
1 A, near the absorption edge of their crystals. A set of 
narrow absorption bands was recently observed also by 
Broude ef al.'® in CdS crystals. These authors could 
show that some of their fine absorption bands should 
be attributed to surface effects, which is in accord with 
our results for ZnS. 

As shown in the present work, the individual bands 
in the excitation spectrum do not shift when the tem- 
perature of the crystal is changed. The relative inten- 
sities of the individual bands near the absorption edge, 
however, do change in such a way that the relative 
maximum moves from one band to another in parallel 
with the temperature shift of the absorption edge. 

To explain this effect we introduce the “effective 
depth” (d.) of the luminescent layer in the crystal, 
which is taken as the depth at which practically all the 
exciting light is absorbed. The contribution of deeper 
layers to the luminescence would then be negligible 
and should not be considered. 

The effective depth is confined to a thin surface 
layer, of the order of 10~° cm, for wavelengths within 
the region of the lattice absorption, and grows suddenly 
when the absorption edge is passed. It continues to 
grow for longer wavelengths until a wavelength X,. is 
reached at which the effective depth is equal to the 
thickness of the crystal. \, varies slightly with the thick- 
ness of the sample, in addition to variations due to 
differences in the absorption coefficient from sample to 
sample. 

Variation of the temperature of the crystal causes 
its absorption edge to shift, and thus affects the effec- 
tive depth at a given wavelength. This should be par- 


4 L. R. Furlong and C. F. Ravilious, Phys. Rev. 98, 954 (1955). 

1 Broude, Eremenko, and Rashba, Doklady Akad. Nauk 
S.S.S.R. 114, 520 (1957) [translation: Soviet Phys. Doklady 2, 
239 (1957)]. 
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ticularly pronounced at wavelengths near the absorp- 
tion edge, where d, may change from practically the 
whole thickness of the crystal to a very small value, or 
vice versa, by a comparatively small temperature 
variation. 

The number of luminescence centers which are able 
to take part in the luminescence process is proportional 
to the volume of the luminescent layer, and for a given 
illuminated surface area it is therefore proportional to 
d,. The drastic reduction in d,, which occurs at wave- 
lengths just outside the absorption edge on raising the 
temperature of the crystal, should, therefore, suppress 
the luminescence in this region. This is just what was 
obtained in our measurements (Figs. 4-7), where more 
and more of the short-wavelength part of the excitation 
spectra was found to be suppressed on warming the 
crystals. It is evident that this effect should advance in 
parallel with the shift in the absorption edge. 

It follows also from the foregoing considerations that for 
wavelengths within the lattice absorption the lumines- 
cence is independent on the thickness of the specimen 
(for thicknesses larger than 10~-' cm). It would rise, 
however, with the thickness of the specimen on excita- 
tion at longer wavelengths. This part of the excita- 
tion spectrum would therefore become less and less 
pronounced on reducing the thickness of the specimen, 
e.g., on using a layer of powder a few microns thick 
instead of a single crystal about 1-mm thick. This 
explains the difference between excitation spectra of 
powders where the main maximum occurs below 
3400 A,! and those obtained in the present work as 
well as by other investigators who worked on single 
crystals,’ where a prominent maximum was obtained 
at longer wavelengths. 

It should be added that the surface effects are much 
more pronounced in powders, which as shown above, 
acts again in favor of the short-wavelength part of the 
excitation spectrum, and seems to contribute the main 
part to the luminescence excited by light within the 
lattice absorption. 

These surface effects seem to be bound to layers near 
the outer crystal faces, and are gradually diminished 
on grinding the faces away. Similar surface effects in 
electroluminescent ZnS phosphors have been described 
as due to copper-rich layers by Zalm e¢ al.'® Furlong and 
Ravilious," on the other hand, have ascribed the surface 
effects in the luminescence of CdS to adsorption of 
gases from the air. 

The deviations of the luminescence versus tempera- 
ture curves from Adirowitsch’s criterion may be partly 
explained by the foregoing considerations, according to 
which the number of luminescence centers in the illumi- 
nated crystal volume at a given wavelength is not a 
constant as assumed by Adirowitsch, but is rather a 
function of temperature, especially at wavelengths just 


16 Zalm, Diemer, and Klasens, Philips Research Repts. 9, 81 
(1954). 
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outside the absorption edge. In addition, the complexity 
of the bands of which the excitation spectrum consists 
does not fit the simple model of a single activator level 
on which Adirowitsch based his calculations. The be- 
havior of the blue luminescence band, though not good 
enough to serve as a criterion for fixing the wavelength 
of the absorption edge, fitted in some cases Adiro- 
witsch’s theory; the green band, however, did not fit 
it at all. 

The dependence of the high-temperature part of the 
curves on exciting light shows that the quenching is not 
always due to the release of holes. Here, again, the 
shift in the absorption edge plays a part. On raising the 
temperature, the effective depth of the luminescent 
layer is reduced, which causes an early “temperature 
quenching” of the luminescence when excited by light 
of wavelengths not far away from the absorption edge. 
It appears from the experimental results (Figs. 1 and 2) 
that some quenching due to this effect occurs even on 
excitation with wavelengths a few hundred angstroms 
from the edge. 

Peaks in the excitation spectrum appear even at 
wavelengths within the region of the lattice absorption. 
These include, besides the band at about 3300 A, peaks 
at 3150 and 3250A. It is of interest that absorption 
peaks were also observed in the same region. Shali- 
mova"’ has obtained for a number of pure ZnS films, 
absorption peaks at 2840 and 3130 A, while an addi- 


tional peak at 3340 A was observed for activated films. 
The peak at 3130A might be related to the one at 
about 3150 A in our excitation spectra, while the one 
observed in the activated films at 3340 A might cor- 
respond to the band at this region in our experiments. 


17K. V. Shalimova, Doklady Akad. Nauk S.S.S.R. 80, 587 
(1951). 
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Coogan'® has observed an absorption peak at 3300 A, 
and attributed it to an exciton absorption band. 

Further experimental results are needed before one 
tries to offer a model for the luminescence centers, and 
a level diagram to account for the fine structure in the 
excitation spectra which was observed in the present 
work, 

Prener and Williams" have put forward a substitu- 
tional model for ZnS, in which, for example, a copper 
ion is substituted for zinc and a chlorine ion for sulfur. 
It seems that on such a model the bands in the excita- 
tion spectra resulting from transitions involving the 
perturbed levels should shift with a temperature coeffi- 
cient similar in order of magnitude to that of the ab- 
sorption edge. This, however, does not fit our results, 
which seem therefore to be in favor of other models 
including vacancies in the luminescence centers.” 

Broser and Broser-Warminsky* have offered a hydro- 
gen-like model for the energy levels of the impurity- 
activated ZnS phosphor. Their model was based on 
maxima at 3700 and 3350 A in their excitation spectra. 
Choosing these two wavelengths seems somewhat arbi- 
trary in light of the many maxima revealed now in the 
excitation spectra. Our attempts to fit our results into a 
hydrogen-like model were hitherto unsuccessful. 

Experiments are continuing in our laboratory in 
order to obtain more information on the properties of 
ZnS and CdS crystals. These include the spectra of the 
luminescence and thermoluminescence and their de- 
pendence on the exciting light, as well as similar 
investigations on the photoconductivity and infrared 
quenching and stimulation of the crystals. 


16 C, K. Coogan, Proc. Phys. Soc. (London) B70, 845 (1957). 

19 J. S. Prener and F. E. Williams, Phys. Rev. 99, 1781 (1955); 
J. S. Prener, J. Chem. Phys. 25, 1924 (1956); F. E. Williams, J. 
Opt. Soc. Am. 47, 869 (1957). 

”F. A. Kréger, Brit. J. Appl. Phys. Suppl. No. 4,58 (1955); 
N. Riehl and H. Ortmann, Angew. Chem. 68, 513 (1956). 
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Infrared Absorption of Reduced Rutile TiO, Single Crystals 


D. C. CRONEMEYER 
Research Laboratories, Bendix Aviation Corporation, Detroit, Michigan 
(Received May 7, 1958) 


Rutile TiO, single crystal plates have been reduced in hydrogen at about 700°C for several minutes to 
make them semiconducting. The concentration of oxygen vacancies was controlled by variations of time 
and temperature. The infrared absorption of a series of plane parallel plates having electrical resistivities 
ranging from 3 to 0.01 ohm-m has been examined. It is postulated that the electrical conductivity arises 
from the ionization of either one or two trapped electrons from each oxygen vacancy. 

In samples with electrical resistivity (1 to the c axis) greater than 0.04 ohm-m, the optical absorption 
at room temperature peaks at about 0.75 ev. For samples with electrical resistivity less than 0.03 ohm-m, the 
optical absorption shows a new maximum at 1.18 ev. The decrease of thermal activation energy with in- 
creasing oxygen vacancy concentration is expected to explain the “optical transition’ from 0.75 to 1.18 ev. 
The ionization energies agree reasonably well with those calculated for a helium atom model of a doubly 
ionizable donor immersed in a dielectric medium [K,=n,?= (2.40)? ], namely 0.73 ev and 1.64 ev. A modi- 
fication of this theory is also indicated which predicts the second ionization energy as 1.41 ev in better 
agreement with the experimental value of 1.18 ev. 


INTRODUCTION occur upon reduction. The weight loss can be directly re- 
lated to the number of oxygen vacancies. By Hall-effect 
measurements, the number of conduction electrons can 
also be determined. For heavily reduced samples with 
weight losses of the order of 0.01 to 0.1%, it was found 
that the number of conduction electrons obtained from 
Hall coefficient measurements was approximately equal 
to twice the number of oxygen vacancies. Thus, it seems 
fairly conclusively established that an oxygen vacancy 
serves as a doubly ionizable donor in rutile. 

It is expected, according to this model of an oxygen 
vacancy as a doubly charged positive center capable of 
trapping two electrons, that the ionization energy for 
the first electron will be that of a helium atom immersed 
in a dielectric medium; namely, 24.6/K.?, where K, is 
the optical dielectric constant. This ionization energy, 
for K,=n,2= (2.40)?, is 0.73 ev. This is in reasonable 
agreement with the observed peak in optical absorption 
in reduced rutile at about 0.75 ev. 

Moreover, if one electron is ionized from an oxygen 
vacancy, it should be possible to observe a second 
ionization energy of 54.4/K.”, equal to 1.64 ev. 

It would seem from the results of the weight loss 
experiment, that there must be a transition from singly 
ionized oxygen vacancies to doubly ionized oxygen 


UTILE (titanium dioxide) has many interesting 

dielectric and semiconducting properties. Tetrago- 
nal single crystals of high quality have been grown by 
the Verneuil technique—such crystals were used in this 
study. Only relatively impure colored rutile crystals are 
to be found naturally.'* 

The dielectric properties of the crystals are quite 
unusual. The dielectric constants are very high, 80 and 
160 perpendicular and parallel to the c axis. The refrac- 
tive index is also unusually high (m.~2.4). The elec- 
trical resistivity of the pure insulating crystals is ex- 
tremely high (~ 10” ohm-m) at room temperature. 

The intrinsic electrical conductivity, photoconduc- 
tivity, and optical absorption were explored in an earlier 
work by the author.’ * Good evidence was found for an 
intrinsic energy gap of 3.05 ev from all three experi- 
mental techniques. Photoconductivity corresponding 
to this intrinsic process persisted down to at least 
liquid nitrogen temperatures. 

When rutile crystals are ‘“‘reduced”’ either by heating 
in vacuo or in hydrogen atmosphere, it is found that a 
blue coloration appears in the crystals which is accom- 
panied by high electrical conductivity. Thus, by reduc- 
tion, the insulating TiO. becomes semiconducting. It 


was found’ that this blue color arose from the visible 
“tail” of an infrared absorption band peaking at about 
0.75 ev. 

Since the rutile crystal becomes semiconducting upon 
reduction, and it has been proved that this reduction is 
accompanied by a loss of oxygen from the crystal,*~? it 
seems reasonable to expect that a weight loss should 


1T. Liebisch and H. Rubens, Sitzber. preuss. Akad. Wiss. 
Physik.-math. K1. 8, 211 (1921). 

2 A. Schroder, Z. Krist. 67, 485 (1928). 

* D.C. Cronemeyer and M. A. Gilleo, Phys. Rev. 82, 975 (1951). 

*D. C. Cronemeyer, Phys. Rev. 87, 876 (1952). 

5 N. Nazu, Science Repts. Téhoku Univ. 1, 25, 510 (1936). 

6 P. Ehrlich, Z. Elektrochem. 45, 362 (1939). 

™M. D. Earle, Phys. Rev. 61, 56 (1942). 


vacancies, at room temperature, as the number of such 
oxygen vacancies is increased to large concentrations. 
This consideration is in harmony with another experi- 
mental observation, namely, the decrease of thermal 
ionization energy with an increase of oxygen vacancy 
concentration.** Such a decrease in ionization energy 
attributed to interaction of the individual donor centers 
when closely spaced is a well-known feature of the 
standard semiconductors.” 

From these two experimental evidences, it should be 
expected that it will be possible to increase the number 


8 W. Meyer and H. Neldel, Physik. Z. 38, 1014 (1937). 
°W. Meyer, Z. Elektrochem. 60, 11/12 (1944). 
1° G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 
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of oxygen vacancies in the crystal to such a large con- 
centration that one electron will be ionized from each 
oxygen vacancy. This partial ionization condition 
would then permit observation of the second ionization 
energy in the optical absorption spectrum of the semi- 
conducting rutile. 

This particular series of experiments which is de- 
scribed here relates to the absorption spectrum of 
reduced single cyrstals. The experiments were designed 
to test the hypotheses presented above, and in particu- 
lar, as a search for the second optical ionization of an 
electron from an oxygen vacancy which was expected 
to lie at about 1.6 ev. 


EXPERIMENTAL 


Two single-crystal boules of rutile were obtained from 
the National Lead Company. These boules were 
oriented by the back-reflection Laue technique, so that 
plates with their faces perpendicular to the c axis of the 
crystal could be cut by diamond-sawing. 

The accuracy of orientation was checked to be within 
a degree by means of convergent light patterns obtained 
with a polarizing microscope. The crystals, by virtue of 
locked-in strain, exhibited a slight biaxiality. Plates cut 
from the crystals were ground flat and parallel and 
polished on a wax lap. 

Reduction of the crystals was accomplished in hydro- 
gen at temperatures of the order of 600-800°C and times 
of several minutes." Reduced samples were subse- 
quently cooled in argon to prevent reoxidation. Times 
and temperatures were adjusted to give room-tempera- 
ture resistivities varying from 3 to 0.01 ohm-m. Since 
these resistivities correspond to peak absorption co- 
efficients of 10? to 10° m~', samples ranging in thickness 
from 5X 10-* to 5X 10~-> m were required for the studies. 
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Fic. 1. Refractive indices n, and n, versus wavelength in 


microns for rutile TiO: single crystals. 


1 Reduced crystals have also been studied by R. G. Breckenridge 
and W. R. Hosler, Phys. Rev. 91, 793 (1953). 
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Fic. 2. Absorption coefficient a (m™) versus photon energy in 
electron volts for six samples of reduced rutile TiO: single-crystal 
material ranging in resistivity from 3.16 to 0.0134 ohm-meter. 
The lattice and intrinsic absorptions are indicated as dotted lines. 


The reduced plates were cut into rectangular bars 
having edges along a axes of the crystal. All resistivity 
measurements refer to current flow perpendicular to the 
c axis of the crystals. The electrical resistivity measure- 
ments were made utilizing a potential traverse arrange- 
ment. A vibrating reed electrometer with a 10'-ohm 
input resistor was utilized to measure potential 
differences. 

The infrared transmission curves were obtained with 
a Perkin-Elmer, Model 112, single beam, double pass, 
recording spectrophotometer utilizing rock-salt optics. 
A tungsten lamp was used in place of the globar for 
optical measurements in the long-wavelength visible 
spectrum. 

Optical transmission data were converted to absorp- 
tion coefficient data by utilizing (1) the refractive index 
data, measured and compiled previously* (Fig. 1), and 
(2) a graphical representation of the function a(7,n) as 
defined by 

T = (1—R)%e-**/(1— Ree), 
where R= (1—n)*/(1+2)? and a is the absorption co- 
efficient. 
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Fic. 3. The normalized absorption coefficient ap (ohms), equal 
to the absorption coefficient a tm) times the sample resistivity 
p(ohm-m), versus the photon energy for the six reduced rutile 
samples of Fig. 2. The upper and lower branches corresponding 
to sample resistivities less than 0.03 ohm-m, and greater than 0.04 
ohm-m, respectively, are clearly evident. The difference curve is 
shown as a dotted line. 





Since the samples used in this study were all prepared 
so that the electric vector of the light beam was perpen- 
dicular to the c axis of the crystal (Ec), only the 
refractive index data for the ordinary ray, ,, were 
required in the interpretation of transmission curves. 


EXPERIMENTAL RESULTS 


The set of absorption coefficient spectra for six dif- 
ferent samples, ranging in resistivity from 3 to 0.01 
ohm-m, are indicated (Fig. 2). The intrinsic optical 
absorption obtained from earlier work is indicated for 
reference purposes.‘ 

Since the long-wavelength lattice absorption distorts 
the shape of the curves, and might confuse the inter- 
pretation, this lattice absorption has been subtracted 
off to obtain the set of characteristics (Fig. 2). It may 
be seen (Fig. 2, curves III-2, III-6, IV-2) that crystals 
having a room-temperature resistivity greater than 
0.04 ohm-m, have an absorption coefficient spectrum 
consisting of a single broad maximum at about 0.75 ev. 
However, for crystals with a resistivity less than 0.03 
ohm-m (Fig. 2, curves IV-4, IV-3, IV-7), composite 
curves having pronounced maxima at 1.1 ev are ob- 
tained. The transition occurs quite sharply apparently 
between 0.03 and 0.04 ohm-m. Since all of the absorp- 
tion coefficient curves have the same shape at lower 
photon energies, and the absorption coefficient spectra 
regularly shift upwards with decreasing sample resis- 
tivity, the absorption coefficient curves were “‘nor- 
malized” by multiplying the absorption coefficient by 
the sample resistivity (ap). Such a plot of ap is indicated 
(Fig. 3). It shows remarkably close coincidence of the 


experimental points for low photon energy (hv <0.4 ev), 
but a distinct separation into two branches for higher 
photon energies (0.4<hv<3 ev). The experimental 
points from curves ITI-2, III-3, IV-2, lie upon the lower 
branch, while points from curves IV-4, IV-3, IV-7 lie 
upon the upper branch. Since the two branches” do 
coincide for low photon energies, it is suggestive of two 
simultaneous processes occurring for the upper branch 
curve; therefore, the difference curve (upper-minus 
lower-branch), having a maximum ap product of 650 
ohms at 1.18 ev is also indicated on the figure. 


INTERPRETATION 


Regardless of the motivation of the work as a search 
for the second ionization energy of an electron from an 
oxygen vacancy in rutile, we must consider whether the 
evidence will support the conclusion that the higher 
energy absorption peak found at 1.2 ev actually is this 
second ionization. 

It should be pointed out in this connection that, in 
using the helium model for a calculation of the optical 
ionization energies, it is necessary to take an effective 
dielectric constant which is appropriate to the size of 
the orbit. This effective dielectric constant is usually 
intermediate between the static value and the optical 
value, as has been pointed out by Mott and Gurney.” 
If we let the symbols £4; and E42 designate respectively 
the ionization energies of the first and second electrons 
from an oxygen vacancy, and if we make the assumption 
that we should choose a dielectric constant value which 
| 


= JITTTTI , + TtTTTT YT 


s44n* 


INDEX 


ve 


” at 
43.6n4 246n-* 





REFRACT 





i 
107 


PHOTON ENERGY € (ev) 


1 = 


1 
:. 2 





Lid 
res 


Fic. 4. The plot of refractive index versus photon energy (ob- 
tained by fitting reflectivity data by dispersion terms) is used to 
derive ionization energies of hydrogen-like and helium-like models 
for TiOse single crystals. The solutions are obtained for E(n)=n(E), 
where E=hy, the photon energy. 

12 Tt is interesting to note two features of the curves of Fig. 5: 
(1) The maximum ap product for the lower branch is 530 ohms, 
obtained for hy0.75 ev. The maximum ap product for the upper 
branch is about 1100 ohms obtained for hy=1.15 ev. The maxi- 
mum ap products are very close to a factor of two in ratio. (2) The 
net energy abstracted by a single absorbing electron would be 
proportional to the area of the ap curve on the hy plot. If we 
designate the area under the upper curve as A, and the area 
under the lower curve as Aj, then, by graphical integration, 
Ay/A1=1580/783 = 2.02. 

13N. F. Mott and R. W. Gurney, Electronic Processes in Tonic 
Crystals (Clarendon Press, Oxford, 1940), pp. 160, 161. 
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corresponds to the energy of the electron in its orbit, 
then we are able to obtain graphical solutions for En 
and Ea: (Fig. 4) from the intersections of n(e) with 
Ea(n) and Eao(n). 

The (e) data are obtained by fitting the experimental 
reflection data! with two dispersion terms." The func- 
tions En(n) and Ey2(n) are for the helium atom model 
having ionization energies of 24.6 and 54.4 ev, respec- 
tively; thus ELa=24.6/n', and Ea=54.4/n*. These 
solutions lead to theoretical values for Ea, and Ege as 
detailed in Table I. The table indicates close apparent 
agreement between observed and calculated values of 
Ea and fair agreement for Eas. 

However, we must discuss the mechanism by which 
an increase of oxygen vacancies at constant temperature 
gives first, optical ionization of the first electron, and 
then with larger oxygen vacancy concentration, optical 
ionization of both first and second levels. 

The model of an oxygen vacancy which we have con- 
sidered would lead to an energy diagram of the nature 
shown in Fig. 5. An arbitrary distribution is shown 
simply to illustrate the fact that the second ionization 
energy level Ea: does not exist until the first ionization 
energy level Ea; is empty. What we must ask for in 
detail is the Fermi level behavior as a function of oxygen 
vacancy concentration for this model. 

If we consider the two ionization energies Ea, and 
Ea to remain constant independent of the oxygen 
vacancy concentration, then we find as we first add a 
few oxygen vacancies to a pure crystal that the Fermi 
level shifts from mid-gap, its position for intrinsic con- 
duction, upwards toward the conduction band. At first 
it lies between mid-gap and the second level, Eas, so 
that both electrons are ionized from the oxygen vacan- 
cies, when only very few such vacancies are present. 
However, with any reasonable number of additions 
greater than, say, 10'*/m*, the Fermi level is just below 
the first ionization energy, /, and only a small fraction 
of the electrons in F, levels are ionized; hence only a 
small fraction of Ea: levels appear and since the Fermi 
level lies above Ey, these second levels are totally 








\ 


Fic. 5, The band theory model of doubly ionizable oxygen 
vacancies in single-crystal rutile TiO». 


14 'D. Cc. Cronemeyer, Sc.D. thesis, Massachusetts Institute of 
Technology, 1951 (unpublished), pp. 115-120. 
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TABLE I. The theoretical and experimental values for the first 
and second ionization energies Eq, and Eg for electrons ionized 
from an oxygen vacancy. The simplest helium model theory 
predicts ionization energies as given under hy(ev), (n,.=2.40); a 
more refined helium model treatment predicts the ionization 
energies listed in the column labeled Ay (ev) for n(E). The experi- 
mentally determined values are noted in the last column denoted 
7 a ie 


hvmax 
for n(E) (exp.) 


0.73 0.73 0.75 
Kn 1.64 1.41 1.18 


(no = 2.40) 


occupied. This situation persists with further addition 
of oxygen vacancies, except that the Fermi level moves 
a bit higher yet, slightly above Ea, hence indicating 
smaller fractional ionization of E. levels, and E42 levels 
therefore do not appear at all. Clearly then, if the ioni- 
zation energies remain fixed, and there is no auxiliary 
process, this model cannot lead to the observed behavior 
of the optical absorption as a function of oxygen 
vacancy concentration. 

However, we know from a number of pieces of evi- 
dence that at least insofar as thermal processes are con- 
cerned, semiconductors in general seem to show a 
decreasing ionization energy as a function of donor or 
acceptor concentration. For silicon” it is well known 
that for impurity concentrations above about 10”/m', 
the ionization energy decreases rapidly, falling to zero 
between 10% and 10?5/m'. 

If we say that the electrostatic potential V is 
given by V=e/4eyXK and that 1/N4i=2r, then 
V=2.88X10-°N4'/K,; for Na=10"/m', this gives a 
value of V of 0.05 volt for K.=n,2= (2.40)?=5.76, and 
an appreciable effect would be noticed at about 
Na=10?7/m? (107/cm*). That the coefficient 2.88 10- 
from this very crude theory may be a bit lower than it 
should be is evident from the silicon work; that it 
should be nearly an order of magnitude low for TiOs is 
not obvious, but apparently this would be required to 
explain the effect. Actually, if K,=1, then 


E,.— Ea =0.75—2.88X10-°N 7! 


Values are given in Table IT. The variation is pictured 
(Fig. 6). 

We should also bear in mind that the degeneracy 
number for 25°C is 1.9 10?5/m’. 

It is indeed characteristic of the oxide semiconductors 
that the “thermal activation energy” is a function of the 
impurity concentration itself. The behavior has been 
termed ‘‘Meyer’s rule,” and may be illustrated by 
Meyer and Neldel’s*? work on TiO: ceramics. The 
variation of thermal activation energy begins at very 
low concentrations of impurities, however, which does 
not fit into the argument advanced by Pearson and 
Bardee n” and Shockley" to account for the silicon case. 


Electrons and Holes in Semiconductors (D. Van 
Princeton, New Jersey, 1950), 


16 W. Shockley, 
Nostrand Company, Inc., 


pp. 227-229. 
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Fic. 6. The variation of ionization energy (Ea—E.) vs donor 
density N pas calculated according to the interaction theory model 
for oxygen vacancies. 


Experimentally, what is usually found for a wide 
variety of reduction or oxidation semiconductors'® is 
that 


e~ —Ino and o=ao°ce~*/*7. 


A theory which predicts this sort of relationship is not 
presently known to the author. Regardless of the par- 
ticular details of the interaction between the oxygen 
vacancies, we may use the “interaction theory” of 
Pearson and Bardeen” to indicate the effect of reduction 
of thermal activation energy with increased concentra- 
tion of oxygen vacancies. With this addition to the 
Fermi level analysis discussed previously, it is now 


16 W. Meyer, Z. Elektrochem. 50, 274 (1944). 


TABLE II. The variation of the first ionization energy of an 
electron from an oxygen vacancy as a function of the density of 
such vacancies, as calculated from the interaction model. 








Ne (m7) (Ee —Ea1) volts 
10" 0.75 
10'* 0.75 
10” 0.74 
10” 0.74 
0.72 
0.69 
0.62 
0.46 
0.25 
0.13 











possible to see that the first donor levels will be largely 
depopulated at some large concentration where the 
number of oxygen vacancies is of the order of 10°4/m', 
and thus the optical absorption of electrons excited 
from the second donor level may be observed. Un- 
fortunately, no great amount of evidence regarding the 
change in thermal activation energy with changing 
oxygen vacancy concentration is available for the 
crystals used in this study. It may be noted that the 
interaction behavior of oxygen vacancies would tend 
to lower the ionization energy E42, perhaps giving better 
agreement between the 1.18- and 1.41-ev experimental 
and theoretical values. The model described seems to be 
the best interpretation of the existing evidence at 
present. 
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The performance of a photoconductor is analyzed, via the concept of the steady-state Fermi level, and 
shown to be limited by the injection of space charge. Using the gain-bandwidth product G/r» as a measure 
of performance, it is found that G/r>=M/r, where 1, is the dielectric relaxation time under operating 
conditions, and M=Qa/Nr, with eIa the total charge on the anode and eJiz the total volume charge, 
free plus trapped, effectively in thermal contact with the free charge. Generally M>1 is achieved only 
concomitantly with space-charge-limited currents varying steeply with voltage. An important exception 
is the case where recombination centers control the onset of injected space charge. 


I. INTRODUCTION 


HE performance of a photoconductor is generally 

determined by the properties of its localized 
defect states—their density, their locations in energy 
in the forbidden gap, and their cross sections for capture 
of free carriers. These properties, which are of quite 
general interest in the physics of solids, are not easily 
accessible by direct measurement. On the other hand, 
the performance of a photoconductor is macroscopically 
characterized by the measurement of such simple 
observables as (i) the ratio of the current of photo- 
electrons through the photoconductor to the current of 
photons incident upon it, (ii) the time required, at a 
fixed applied voltage, for the photocurrent to rise or 
decay to a steady-state value following a change in the 
incident light intensity, and (iii) the resistance and 
capacitance of the photoconductor under operating 
conditions.! 

The first of these observables defines the gain of the 
photoconductor, and the second the speed of response, 
or its reciprocal, the band width. The product of the 
pair of observables in (iii) is the RC time constant or 
“the dielectric relaxation time under operating condi- 
tions.”’! A particular combination of these observables, 
namely the gain-band width product, has proven 
especially valuable in characterizing the performance 
of a photoconductor. 

It is the purpose of this paper to investigate the 
relationships of the macroscopic observables to the 
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properties of the defect states* of the photoconductor. 


1 In the range of space-charge-limited currents, the J-V (current- 
voltage) characteristic is nonlinear, and it is necessary to define 
the “resistance R under operating conditions.” Throughout this 
report we take R=V/J. Because of the injected space charge, R 
may be orders of magnitude smaller than the ordinary bulk 
resistance measured in the Ohm’s-law range of voltages. On the 
other hand, the capacitance C, under conditions of injected 
space charge, does not differ substantially from the “geometric” 
capacitance measured in the Ohm’s-law range of voltages (for 
proof of this see reference 6), and therefore may be taken as this 
latter quantity. We call the quantity RC “the dielectric relaxation 
time under operating conditions” since it has the same meaning 
as is ordinarily understood in the Ohm’s-law range of voltages. 

* This paper concerns itself only with volume-distributed defect 
states. The possible special effects of defect states in the neighbor- 
hood of the contact are examined in the following paper: M. A. 
Lampert and A. Rose, Phys. Rev. 113, 1236 (1959). 


It will be shown that space-charge-limited currents 
play a decisive role in these relationships. Also the 
analysis will bring out the considerable usefulness of 
the concept of the steady-state Fermi level for the 
study of photoconductivity. 

In earlier work** it was shown that the density of 
free carriers could be increased by application of a 
sufficiently high voltage (space-charge-limited currents) 
in the same crystal in which the carrier density was 
increased by optical excitation. The increased carrier 
densities in both cases were described, in a purely 
formal way, by a steady-state Fermi level Fr lying 
closer to the band edge than the thermal-equilibrium 
Fermi level Er. If n is the free carrier density under 
excitation conditions, the corresponding steady-state 
Fermi level Ey is formally defined by 


n=N, exp[ (Er—E,)/kT ], 


where .V, is the effective density of states in the energy 
band under consideration. The significant question is 
whether the steady-state Fermi level properly describes 
the altered occupancy of the discrete states in the 
forbidden energy gap. For a shift in Fermi level caused 
solely by the voltage-induced injection of excess carriers 
of one sign, one should clearly expect the answer to be 
“yes” and to be independent of the capture cross 
sections of the discrete states.” On the other hand, when 
the Fermi level is shifted by optical excitation alone 
the occupancy of only part of the discrete states is 
properly described by the steady-state Fermi level, 
namely those states that can be considered to be in 
thermal equilibrium with the free carriers. The occu- 
pancy of the other states will be dominated by the 
kinetics of the recombination processes. The distinction 


3R. W. Smith, Phys. Rev. 97, 1525 (1955). 

4R. W. Smith and A. Rose, Phys. Rev. 97, 1531 (1955). 

5 A. Rose, Phys. Rev. 97, 1538 (1955). 

6M. A. Lampert, Phys. Rev. 103, 1648 (1956). 

7 Here we are assuming that the free carriers are not significantly 
heated by the applied field. If they are, and the capture cross 
sections are velocity-sensitive, then the Fermi-Dirac occupation 
function is altered in functional form from its thermal-equilibrium 
form. The results presented here would not, in any case, be 
drastically altered by this effect except at fields sufficiently high 
to cause collision ionization. 
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between thermally and kinetically controlled occupan- 
cies* is an essential factor in the determination of the 
gain-band width product for a photoconductor. Con- 
versely, measurements of the gain-band width product 
can give information about the fraction of discrete 
states in thermal equilibrium with the conduction 
band. The correlation of independent measurements of 
space-charge-limited currents and of photoconductivity 
is a particularly potent means to disentangle the 
kinetically occupied (recombination) centers from the 
thermally occupied (trapping) centers. Such know- 
ledge is needed to interpret other nonequilibrium 
measurements such as phosphorescent decay and glow- 
curve data. 

The performance of photoconductors has recently 
been analyzed under restricted conditions by Stéck- 
mann,’ Rose,'® and Redington." Stécknamn’ showed 
that for the special conditions: neutral contact, trap- 
free material, and photocurrents less than the dark 
current, the maximum gain-band width product is 
given by the reciprocal of the dielectric relaxation time. 
The term “neutral contact” is used here to describe a 
contact for which the bands at the metal-semiconductor 
interface remain flat. Stéckmann’s conclusion is still 
valid when shallow traps are introduced. The neutral 
contact is, however, a restrictive condition. Most sensi- 
tive photoconductors have ohmic contacts, that is, 
contacts that can freely supply electrons to the volume 
of the photoconductor. The bending of bands at an 
ohmic contact is opposite to that customarily assumed 
for a blocking contact. 

Rose” obtained the same relation as Stéckmann’s 
for the conditions: ohmic contact, arbitrary distribu- 
tions of traps, and photocurrents less than the dark 
current. An implicit assumption in his analysis was that 
the recombination centers be located well below the 
dark Fermi level. As will be discussed later in this 
paper, if the recombination centers are located near 
the dark Fermi level, the gain-band width product 
need not be restricted to the value obtained by Rose 
and Stéckmann. A further correction on the Rose 
paper is that the advent of space-charge-limited cur- 
rents does not necessarily cause the gain to decrease. 
The gain is more likely to increase linearly with applied 
voltage or, in the case of large space-charge-limited 
currents, to remain constant. 

Redington" analyzed photoconductor performance 
under the conditions: ohmic contact, shallow traps, 
and large photocurrents—and reached conclusions 
similar to Rose." 

The present paper extends these earlier analyses to 
include arbitrary light levels and arbitrary trap 
distributions. Under certain conditions an important 


8 A. Rose, Phys. Rev. 97, 322 (1955). 

® F. Stéckmann, Z. Physik 147, 544 (1957). 

1 A. Rose, Helv. Phys. Acta 30, 242 (1957). 

1 R. W. Redington, J. Appl. Phys. 29, 189 (1958). 
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correction, expressed in the factor M of Eq. (5), is 
made on the earlier results. The analysis is carried out 
for a one-carrier model, namely electron conduction, for 
the sake of definiteness. The results are equally valid 
for hole conduction. In either case it is assumed that 
the contacts are injecting for the majority carrier, that 
is, capable of supplying space-charge-limited currents 
to the photoconductor. Further, it is assumed that the 
minority carriers are mostly trapped in recombination 
centers and therefore do not themselves make a 
significant contribution to the photocurrent. Possible 
effects of the electric field on the number and distribu- 
tion of minority carriers are neglected." 

In the following section the gain-band width product 
is expressed in terms of inherent properties of the 
photoconductor. The resulting formula, Eq. (5), is 
then applied, in Sec. III, to several different cases by 
way of illustration. Some questions bearing on response 
time are examined in the appendix. 

For convenience a list of symbols is given at the end 
of the paper. 

Before proceeding to the detailed analysis, the 
authors wish to emphasize two aspects of this work. 
On the one hand, this report endeavors to correlate 
and explain a large body of currently available experi- 
mental data pointing toward photoconductive gain- 
band width products which approach zero for highly 
insulating materials. On the other hand, it is shown that 
this is not a universal phenomenon, that with special 
distributions of traps or recombination centers the 
gain-bandwidth product can be high even at high 
resistivity. Some precision has been sacrificed in order 
to clarify the major ideas. A precise, rigorous analysis 
of photoconductivity embodying its known complexities 
would be entirely too unwieldy—buried in the details 
would be the underlying, common features which are 
of real interest. With this in mind, the authors do not 
consider it important, for example, in the discussion of 
response time, to distinguish between a factor of 2 or 
e=2.718---. Accordingly, the results stated are under- 
stood to be valid only to within a factor of approxi- 
mately two. 


? Actually, at sufficiently high fields drastic effects may be 
expected. Thus if the positive contact is blocking for the minority 
carriers, high fields will extract the minority carriers before they 
are captured by recombination centers. For sensitive photo- 
conductors, this process can be looked upon, at least qualitatively, 
as effectively reducing the number of incident photons, since 
those minority carriers that are drawn out before being captured 
in a recombination center have negligible influence on the photo- 
current. If the positive contact is injecting for the minority 
carrier, high fields may be expected to produce double-injection, 
breakdown-like currents, such as observed by Smith in CdS and 
Tyler in Ge [R. W. Smith, Phys. Rev. 105, 900 (1957) and W. W. 
Tyler, Phys. Rev. 96, 226 (1954) ]. In this connection it has often 
been observed that a contact which is blocking at low fields may 
be “broken down” at sufficiently high fields and then serve as an 
injecting contact. 





PHOTOCONDUCTOR PERFORMANCE 


II. GAIN-BAND WIDTH PRODUCT 
The current-gain of a photoconductor is" 
G=Al/eF=1,/T’; (1) 


AI is the steady-state photocurrent, i.e., the change in 
current from its ‘“‘dark”’ value, produced by light. The 
dark current can be either the thermal equilibirum value 
or a much higher value corresponding to space-charge 
currents. F is the incident current of photons (i.e., the 
number of excitations per second), 7; is the mean life 
of a free carrier, and 7” is the transit time of a free 
carrier between cathode and anode. 

The rise, or decay, time of photocurrents is, in general, 
greater than the mean life of a free carrier owing to the 
need to fill, or empty, trapping states that are in 
thermal equilibrium with the free carriers. This fact is 
noted formally by the relation" 


T= (Nr/ W)r1; (2) 


ro is the response time, XN is the total number of free 
electrons, and Myr is a quantity determined by the 
dynamical relationships between free and trapped 
charge. Actually, we find it convenient to regard the 
relation (2) as the formal definition of Str. 

For the sake of definiteness we shall consider the 
response time defined with reference to photoconductive 
decay, namely as the time it takes for the photocurrent 
to decay to one-half of its steady-state value after the 
light is removed. 

The transit time in Eq. (1) is given by 


T’=L?/Vp (3) 


where L is the spacing between electrodes, V the 
applied voltage, and yu the mobility of free carriers. 
79 and 7” from Eqs. (2) and (3) are inserted in Eq. 
(1) to give 
G=710(N/ Nr) (Vu/L?). (4) 


Equation (4) can be rewritten G/ro=(Meu/L’C) 
X (VC/e Nr) = (1/RC) (Na/ Nr), giving finally 


G(1/r0)= (1/7,-)M, with r,= RC and M= N4/MNr. (5) 


Na is the total number of positive charges on the anode 
due to the applied voltage."® R and C are the resistance 
and capacitance of the photoconductor under the condi- 
tions of operation.' 

It is to be emphasized that Eq. (5) is purely a formal 
relationship. It is valid for any homogeneous photo- 

18 A. Rose, RCA Rev. 12, 362 (1951). 

4 The mean life is defined by the relation r:=ASU/F, where 
ADL is the steady-state increment in 9U produced by the incident 
photon current F. Hence, for the case that the incident light 
just doubles 9U, one has ANT=SU, and Eq. (2) can also be written 
To=N7/F. : } 

16 Even without applied voltage there will be positive charge 
on the anode if there is an ohmic contact for electrons at the 
anode. This anode charge is the positive component of the dipole 
layer needed to match the insulator to the anode material. 
Throughout this report JUa refers to the additional positive charges 
on the anode due to an applied voltage. 
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Fic. 1. Weighting function for calculation of Slr. E, is the 
conduction-band energy minimum, E£, the valence-band energy 
maximum. Er is the steady-state Fermi level. EZ; and E are the 
energy levels of discrete traps, of total numbers JU; and Nz, re- 
spectively. There is a continuous distribution of traps, of total 
number JU(Z) per unit energy at E, between levels Ey and Er. 


conductor having a uniform cross section and for all 
voltages, excluding only fields that give rise to collision 
ionization. The virtue of Eq. (5) is that its entire 
physical content lies in the interpretation of the factor 
M or, in particular, Nr. Even if formally possible, it 
would be of dubious value to give a general, physical 
characterization of Mr valid for all photoconductive 
phenomena. This problem is briefly discussed in the 
appendix where, for example, the difficulties associated 
with such complex phenomena as supralinearity are 
pointed out. However, for relatively simple photo- 
conductive phenomena (see the appendix), Ir can be 
be precisely characterized as being equal to NW plus 
the total number of trapped electrons which are 
“effectively in thermal equilibrium” with the free 
carriers. Referring to Fig. 1, the latter number is 
computed as follows. Traps of total number Xi(£) per 
unit energy and located in energy near Fy contribute 
to Nr the number N(L-)kT. Traps of total number 
Mi, located at energy £,>Fr contribute to Nr the 
number 2; exp[ (Er—,)/kT J. This is the same as the 
number of electrons in 9). Traps of total number N» 
located at energy E.< Er contribute to Nr the number 
Ne exp[ (E2— Epr)/kT]. This is the same as the number 
of holes in Nz. This prescription for calculating Nr is 
obtained simply and directly by calculating the change 
in the total number of trapped electrons when the 
number of free electrons is doubled. The net result, as 
illustrated in Fig. 1, is an exponential weighting function 
centered sharply at the Fermi level, so that in the many 
cases where the trap distribution in energy varies more 
slowly than the Boltzmann factor at the operating 
temperature, the significant term is N(Er)k7T. In the 
evaluation of Sr only those traps contribute which 
are in thermal contact with the conduction band, that 
is, whose electron occupancy is determined by Er. 
Recombination centers, whose occupancy is determined 
by the kinetics of recombination, do not contribute 
to Wr. 

The importance of injected, excess carriers (i.e., 
carriers producing space charge in the bulk of the solid) 
for photoconductive performance can be seen directly 
in the following way. If excess carriers were not injected 
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Fic. 2. Dependence of M on applied voltage V for different trap distributions. V,. is the voltage at the onset, in the dark, of space- 
charge-limited currents. For all cases but (f), M“=1 at V=Voe. Vmax is that voltage at which M attains its maximum value, Mmmax. 
Er is the thermodynamic-equilibrium Fermi level and Er the ene-gy level of the recombination centers. (a) Trap-free case. (b) De- 
creasing density of traps (characterized by an effective “temperature” T.); Vmax’ is the voltage at which V/ drops back to unity (c). 
Uniform distribution of traps (of density Ni per_unit energy ” is the thermal-equilibrium density of free electrons). (d) Increasing 
density of traps [of density N(E)=N (Er) exp((Er—E)/kT.) per unit energy at E]. (e) Single, discrete trap level (of density N; at 
energy E,>E rp, N. is the effective density of states in the conduction band). (f) Recombination centers located close to Er. (pr° is the 
thermal-equilibrium density of holes in these centers. Nr is the total density of electrons, free plus trapped, at a given light level, 
effectively in thermal contact with the free electrons. N7, min is the minimum value of N7 obtained through the injection of space-charge.) 


at any voltage, then %r would be independent of spacing. Much of the interest in Eq. (5) would then 
voltage and the factor M could be increased without vanish since arbitrarily large gain-band width products, 
limit by either an increase in voltage or a decrease in even for insulators, could be obtained by arranging for 





PHOTOCONDUCTOR PERFORMANCE 


arbitrarily large values of M. What makes Eq. (5) of 
significance is that for a large variety of trap distribu- 
tions the maximum value of M is limited to unity 
either absolutely or effectively. This comes about 
precisely because as the voltage is increased, space- 
charge-limited currents must set in, and, for a variety of 
trap distributions, the number of charges MN, on the 
anode can be physically interpreted to be equal to the 
number of charges Mr that control the response time. 
For practical applications there is particular interest in 
those special properties of a photoconductor which 
make possible values for M greatly exceeding unity. 
Furthermore, measurements of M>1 may be expected 
to give information about the occupancy of defect 
states in the crystal. 


III. GAIN-BAND WIDTH PRODUCT FOR 
PARTICULAR TRAP DISTRIBUTIONS 


In this section the voltage dependence of the gain- 
band width product is studied for the several repre- 
sentative trap distributions shown in Fig. 2 and dis- 
cussed in Secs. IIIa-IIIf. The interesting and novel 
features of this dependence are contained in the voltage 
dependence of the M factor and we therefore focus our 
attention on this feature of the problem. The voltage de- 
pendence of 7, is straightforward. In the Ohm’s-law 
range of currents there is no dependence at all. In the 
space-charge-limited range of currents, 7, decreases with 
voltage roughly as the inverse of the current. (Space- 
charge-limited current-voltage characteristics have been 
discussed in some detail in the literature.®:®) 

For all cases discussed below it is assumed that Mr 
is simply the sum of the total number of free electrons 
XM and the total number of trapped electrons effectively 
in thermal equilibrium with the free carriers. The 
prescription for calculating Nz is given in the preceding 
section. As to notation, the densities corresponding to 
the total numbers N, Nr, N(L)dE, Nude, Ni, Ne, 
Wr which appear in the following discussion are 
denoted, respectively by n, Nr, N(E)dE, NudE, Ni, 
Nr, pr. Further, n°, 1°, N7°, Ir°,--- denote the values 
of the corresponding quantities in thermal equilibrium. 
(See the list of symbols at the end of the paper.) 

For all cases below, excepting (f), the onset of space- 
charge-limited currents is controlled by the trapping 
states and not by the recombination centers. This 
requires that pr°/2<Nr°, pr°® being the thermal- 
equilibrium density of holes in the recombination 
centers, of density Vr. For Ve>NV7", this condition is 
met by assuming the recombination centers sufficiently 
“deep-lying,” i.e., (Hr—Epr)/kT sufficiently greater 
than unity, where Ep is the energy level of the re- 
combination centers. In the diagrams of Fig. 2 the light 
is shown as exciting electrons directly from the re- 
combination centers into the conduction band. This 
is, of course, equivalent to the situation where the light 
excites free electron-hole pairs directly across the band 
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gap and the holes are quickly captured by the re- 
combination centers. 

The various cases, (a)—(f), have several features in 
common, At the low voltage end, M<1, the linear 
increase of M with voltage is straightforward. The lines 
of force of the anode charges end on negative charges 
close to the cathode. The increase in anode voltage 
does not affect the density of free electrons or the 
density of trapped electrons in the volume. Hence, Nr 
remains constant while %, increases linearly with 
voltage. This continues at least until N4 equals Nr, 
hence until M=1, providing dielectric breakdown does 
not intervene. 

At the onset of space-charge-limited currents, the 
lines of force of the anode charge end on injected free 
and trapped electrons distributed throughout the 
volume of the photoconductor. In general, with case (f) 
excepted, this is the same distribution of free and 
trapped charge that would be generated by photo- 
excitation alone. That is, let the density of carriers be 
doubled in one case by voltage alone and in another 
case by light alone. In each case the Fermi level is 
raised approximately kT. In the case of voltage alone, 
the extra free and trapped electrons are injected from 
the cathode and hence are not compensated by positive 
charge. In the case of light alone, the same distribution 
of extra free and trapped electrons are injected, so to 
speak, from deep-lying recombination centers and are 
now charge-compensated by the holes left behind in 
the centers. Under these conditions M=1 at the onset 
of space-charge-limited currents, at the voltage V = Vg. 
Note that here, and in the following, V,. denotes the 
voltage threshold for the injection of space charge in 
the dark. By the use of a bias light this threshold can 
be pushed to higher voltages. 

The detailed behavior of M for V>V.. depends on 
the particular trap distribution, as is evident from 
inspection of Fig. 2. Nevertheless certain general 
observations can be made. It is seen that M values 
exceeding unity can be realized in the range of space- 
charge-limited currents, i.e., at voltages V>Vm. 
However, so long as the same trapping centers control 
both the response time and the space-charge-limited 
currents, cases (b)-(e) below, M>1 is realized only 
in a range of voltages over which the current-voltage 
characteristic, in the absence of a biasing light, is quite 
steep. For all cases, at a sufficiently high voltage 
(again, providing dielectric breakdown has not inter- 
vened) M returns to unity, and thereafter remains 
equal to unity. This is the voltage range over which the 
free-carrier density is so large that trapping is negligible: 
Nr M~ Ny and ro= 7). In this range the current is 
proportional to the square of the voltage. 

We now discuss the different cases separately. 


(a) Trap-Free Photoconductor 


It is clear from Fig. 2(a) that the response time of 
the photoconductor is equal to the mean life of the free 
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electrons—that is, the time required for the light to 
excite the extra density of electrons. Since there are no 
traps, there are no trapped electrons contributing to 
Nr: Rr= MR. Therefore the factor M can be written 
M= Ma 5, 

For this case, clearly, V..=e2°/C. For V>V«, 
excess charge is injected into the crystal. Since all the 
excess charge must be free, 90= M4. Further the cur- 
rent is proportional to the square of the voltage. The 
effect of space-charge-limited currents is to restrict the 
maximum value of M, as shown in Fig. 2(a), to unity. 
At the same time the gain-band width product increases 
linearly with voltage (in the space-charge-limited range) 
since the reciprocal of the dielectric relaxation time is 
proportional to voltage. The gain itself remains con- 
stant since the mean life of a free carrier is inversely 
proportional in this model to the density of free carriers. 


(b) Decreasing Density of Traps 


In Fig. 2(b) the trap density is shown schematically 
as decreasing as one departs from the conduction 
band. Assuming that the density distribution V(£) of 
traps in energy does not vary faster than the Boltzmann 
factor at the operating temperature, then the major 
contribution to .Vr comes from the trapping states 
with kT of the Fermi level Er. This is true both for 
Ey~Ey, (low lights) and for Er>Ep (higher lights). 
Therefore Nr~N(Epr)kT. Space-charge-limited cur- 
rents set in at the voltage Vec=ekT N(Er) C, and at 
this voltage M=1. 

Figure 2(b) shows M increasing beyond unity to 7./T 
at higher voltages. This value is obtained by first apply- 
ing a voltage in the dark sufficient to raise the Fermi 
level at least several kT above its dark value. The 
excess charge on the anode required to raise the Fermi 
level will then be given approximately by the number 
of states lying between the initial and final positions of 
the Fermi level. Here it is assumed that the trap 
distribution can be described by a Boltzmann distribu- 
tion with a temperature 7,, i.e., that V(E£)=N (Ep) 
Xexp[ (E—Er)/kT,]. Therefore the number of states 
in question will be approximately k7.9(Er)= Qa. 
After applying the voltage, the photoconductor is 
exposed to light and the response time is determined. 
From the above it is clear that Mmax=T7,/T, first 
reached at the voltage Vinax=ek7T, 0(Ep)/C. 

M breaks from its plateau (and thereafter rapidly 
returns to unity) when the excess free charge density n 
equals the excess trapped charge density in effective 
thermal contact with the free charges, that is when 
Er is located such that n=N, exp[(Er—E,)/kT] 
=kTN(Ep). The voltage Vmax’ at which this takes 
place is given by 


Vmax’ = {ekT. N(Er)[RTN (Ep)/"]T/(T.-—T)} XC. 


Throughout the entire region of the M plateau, 
the current-voltage characteristic is quite steep*: 


M. A. 
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I« V‘TetT)/T; correspondingly the dielectric relaxation 
time drops quite steeply: 7r,« V~%+?/?, If T.<T, 
the density of traps V(E) varies faster than the 
Boltzmann factor. This is the case of “shallow traps,” 
discussed by Redington," for which the maximum 
value of M is unity. 


(c) Uniform Trap Density 


The behavior of M as a function of voltage for a 
uniform distribution of traps in energy, V(E)=NVe 
=constant, is generally similar to that for the de- 
creasing density of traps just discussed. The chief 
difference is that, in the space-charge-limited current 
range, the approximation previously used for %,4 is 
no longer valid. That is, the characteristic temperature 
T. of a uniform distribution of traps is infinite and 
would lead to an infinite value of k7,9(£). 

Injection of space-charge takes place at the voltage 
Vo=ekT Nir/C. For V>Vge, M is computed in Fig. 
2(c) by taking 9, equal to the total number of traps 
between Er and Ey, where the injection of extra 
charge by the applied voltage has raised the Fermi 
level from Ep to Ep. The value of %r is, as before, 
equal to the total number of traps within kT of the 
steady-state Fermi level Fy plus the number of free 
carriers. At the onset of space-charge-limited currents 
M=1. Further increase in voltage causes the current 
to increase exponentially as e*”, where @ is a function 
of the trap density and dimensions of the photo- 
conductor.’ Correspondingly r,<e~*". In this range, 
M4 increases linearly with applied voltage while Nr 
remains constant until the number of free carriers equals 
the number of traps within kT of the Fermi level. This 
takes place at the voltage 


Vinnax = € NerkT [In (NV eekT /n°) 1/C. 


Here M takes on its maximum value [ Fig. 2(c)], but 
abruptly and within a factor of two in voltage drops 
back to unity. 


(d) Increasing Density of Traps 


The density of trapping states is assumed to increase 
as one departs from the conduction band. The chief 
difference between the behavior of M here and in the 
two previous cases, (b) and (c), are: (1) M can achieve 
a higher maximum value, and (2) the space-charge- 
limited current increases even more steeply with voltage 
than in either of the previous two cases. 

The maximum value of M, following the reasoning 
of Secs. (b) and (c), is given approximately by the 
ratio of the density of traps at the thermal equilibrium 
Fermi level Er to the density of traps at the steady- 
state Fermi level Ey when the latter is raised to such a 
value that the density of free electrons equals the 
density of electrons trapped within kT of Er. For the 
case that the trap distribution can be described by a 
Boltzmann distribution with a temperature 7., i.e., 
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that N(E)=N (Ep) exp[(Er—E)/kT-], the value for 
Mmax is given in Fig. 2(d). It occurs at the voltage 
Vinax=ekT,N(Er)/C. The voltage region over which 
M> 1 is so narrow as to give this portion of the M-curve 
the appearance of a spike. 


(e) Single, Discrete Trap Level 


It is assumed that the traps, of density ,, are 
located at an energy E,;>E,y and that the trapped 
electrons are more numerous than the free ones. 

The significant difference between this case and the 
preceding one is the displacement of the “‘spike” in the 
M-curve along the M=1 plateau to a higher voltage. 
The onset of the spike coincides with the Fermi level 
Ey passing through the trap level /;. This occurs at 
the voltage V~eN,/2C. The top of the spike occurs 
at Vinaxve N/C, Max being given in Fig. 2(e). 

So long as Er<F;, this is simply a shallow-trap 
situation." The M=1 plateau is reached at V..=eN: 
Xexp[ (Hr—E,)/kT1/C. 

As with the preceding case, the current-voltage 
curve in the region of the M spike is extremely steep 
indeed, so steep as to have the appearance of a break- 
down. The dielectric relaxation time is, of course, 
correspondingly steep with voltage. 


(f) Recombination Centers near 
the Fermi Level 


In the previous cases (a)-(e), the onset of space- 
charge-limited currents coincided with a value of unity 
for M. This was because the same trapping centers 
controlled the response time and the space-charge- 
limited currents. Where higher values of AM were 
obtainable, the accompanying current-voltage char- 
acteristic was inevitably very steep, provided the 
space-charge-limited current exceeded the photocurrent. 
Where a steady bias light produces a photocurrent 
exceeding the space-charge-limited current, the current- 
voltage characteristic remains ohmic (see Fig. 4, 
reference 4). The price paid for this however is sub- 
stantially lowered resistivity from the dark value. 

If the (empty) recombination centers are numerous 
enough to control the onset of space-charge-limited 
currents; i.e., if p,°/2>Nr as stated in the introductory 
comments to this section, then large M values can be 
obtained prior to the onset of space-charge-limited 
currents and without the use of bias light.!® This is 
illustrated in Fig. 2(f) where the recombination centers 
are shown sharply localized near (within kT of) the 
dark Fermi level Ey. It is assumed that their density 
Ve dominates other states in the neighborhood of Ep. 
Space-charge-limited currents set in at voltage Vx 


‘6 During the course of this work, M values as high as 50 were 
observed at low lights by R. W. Smith in single crystals of CdS. 
The currents were pure volume currents. Independent measure- 
ments by Smith verified that the centers controlling the response 
time were different from the centers controlling the onset of 
space-charge-limited currents. 
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=ePr°/C, with @r° the total number of empty re- 
combination centers in the dark (@p°=pr°X volume). 
At this voltage M=ppr°/Nr, where Nr is determined 
by where the light excitation has brought the Fermi 
level Ey. (Here we have assumed that the exciting light 
has not appreciably changed pr from pr.) At low 
lights, M,.=pr°/Nr°. Through an increase in voltage 
beyond V., the Fermi level can be moved further 
towards the conduction band, to a position where 
Nr=Nr,min giving Mmax= pr°/N7,min. This putsa spike, 
similar to the one of Figs. 2(d) and (e), on top of Mmax. 
The spike occurs, as with cases (d) and (e), in the region 
of extreme steepness of the current-voltage curve. 

From the examination of particular models, it is seen 
that values of M exceeding unity are associated with an 
injected space charge which exceeds the trapped charge 
controlling the response time of the photoconductor. 
Looked at in this way, there are other ways of achieving 
M>1 than by selected energy distribution of traps. For 
example, if there are states (other than recombination 
centers) that exchange carriers with the conduction 
band very slowly, these states will not be counted as 
part of Nr since they will not retard the rise or decay 
of photocurrents. These states will, however, be 
counted among those that must be filled before the 
onset of space-charge-limited currents. The filling of 
these states under space-charge flow is a steady-state 
phenomenon and does not depend on their capture cross 
section, while their filling and emptying during the rise 
and decay of photocurrents is a transient phenomenon 
and requires a cross section at least as large as that of 
the recombination centers. 

This possibility may arise in the case of thin films 
or needles, where the total number of trapping states at 
or near the surface can exceed the total number in the 
volume. This is suggested by the fact, for example, that 
high photocurrents usually come from volume-absorbed 
light, the sensitivity to strongly absorbed light being 
generally smaller by a factor of two or three and some- 
times of ten or more. The rise and decay of photo- 
currents will be controlled by the volume density of 
traps while the onset of space-charge flow will be 
controlled by the volume plus the surface density of 
traps. If the total number of surface states is larger 
than the total number of volume states (both near the 
Fermi level) the value of M can be expected to exceed 
unity by the same ratio.’ The slow exchange of elec- 
trons between the conduction band in the volume and 
the surface states is likely to be insured by the Dember 
field set up when light causes the volume to be more 
conducting than the surface. 

Another possible source of states effective in space- 
charge flow but not in photoresponse can be associated 

17H. B. DeVore has reported [Meeting of the American Insti- 
tute of Electrical Engineers, February, 1958 (unpublished) ]. 
values approaching 50 at low lights for thin sintered films of 
CdSe. It is not yet known whether this result can be assigned to 
a favorable energy distribution of recombination states in the 
volume or to a large density of surface traps. 
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with physical voids in the lattice. Foreign atoms located 
in these voids will have a smaller coupling with the 
lattice than normal impurity states. 

A not altogether trivial means for getting values of 
M>1 is to hang an external capacitance across the 
photoconductor. The external capacitance increases 
both the RC time constant of the photoconductor and 
the anode charge N14 by the same factors. The increase 
in It4 means, of course, a corresponding increase in M. 
While the addition of a capacitance has no bearing on 
the physics of the photoconductor, it does serve to 
illustrate in simple fashion how the charge that must 
be put on the anode to initiate space-charge flow can be 
different from and greater than the trapped charge Ni, 
in thermal equilibrium with the free carriers. 

In conclusion, our analysis has established an 
intimate connection among space-charge-limited 
currents, the steady-state Fermi level and photo- 
conductive performance. This connection has been 
examined by studying the gain-band width product, and 
in particular the ratio M=N,4/Nr, as a function of 
applied voltage. Because of the connection, separate 
measurements of space-charge-limited currents and 
photoconductive performance provide a_ powerful 
combination for the study of defect states in solids. 
Obviously there are far-reaching device implications in 
the gain-band width relation expressed by Eq. (5). 
We hope to report on this aspect of the work elsewhere. 
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LIST OF SYMBOLS 


M4 is the total number of positive charges on the 
anode due to the applied voltage. 

Nr, Nr are the total number and density, respec- 
tively, of volume charges, free plus trapped, effectively 
in thermal contact with the free charges. 

N, is the effective density of states in the conduction 
band. 

M, are the total number and density, respectively, 
of free charges. 

M(E), N(E) are the total number and density, 
respectively, of traps per unit energy at the energy E 
for a distribution (in energy) of traps. 

Mir, Nir are the total number and density, respec- 
tively, of traps per unit energy for a uniform distri- 
bution (in energy) of traps. 

NN, V, are the total number and density, respectively, 
of traps at a discrete energy. 

Nr, Ve are the total number and density, respec- 
tively, of recombination centers. 

Pr, Pr are the total number and density, respec- 
tively, of holes in recombination centers. 


Mm. 
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pt, Mm are the densities of holes and electrons, respec- 
tively, in traps. 

A superscript “0” on a quantity denotes the thermal- 
equilibrium value of that quantity. 

To is the response time. 

r, is the free-electron lifetime. 

7, is the dielectric relaxation time under operating 
conditions. 


APPENDIX 


The response-time parameter Nr defined by Eq. (2) 
plays an essential role in our evaluation of photo- 
conductor performance. Generally we have taken Nr to 
be the sum of the total number of free electrons and 
the total number of trapped electrons effectively in 
thermal contact with the free electrons. The prescription 
for calculating Nr was given in Sec. II. Underlying this 
interpretation of Iir are two assumptions: 

(i) Throughout the response-time period 7» the 
occupancy of the recombination centers by holes does 
not change drastically, i.e., by more than a factor of 
about two. It follows directly from this assumption that 
throughout the period zo the decay of the excited 
electrons takes place through the same recombination 
centers which control the steady-state lifetime 7;. 

(ii) The probability of capture of free electrons by 
traps is substantially greater than the probability of 
their capture by recombination centers: ¢nipi>onrpr, 
where on: and ong are the cross sections for capture of 
free electrons by empty traps (density p;) and empty 
recombination centers (density pr), respectively. 

Neither of the two assumptions is valid for all 
conceivable cases of photoconductivity. For example, if 
the variation of the steady-state photocurrent with 
light intensity is observed to be more rapid than linear, 
then it is likely that two physically distinct classes of 
recombination centers are involved. In this case con- 
ceivably assumption (i) would be violated over some 
range of light levels. However, it is more than likely 
valid even for this case. Generally assumption (i) may 
be regarded as reasonable and probable. Where it is 
violated this would be indicated by the complex form 
of the decay, even within the first decay period 7». 
Assumption (ii) insures that a free electron will be 
emitted and captured by a trap many times before 
its life is terminated by capture into a recombination 
center, i.e., that the free and trapped electrons maintain 
thermal contact during the first decay period. Violation 
of assumption (ii), which would make possible M-values 
greater than unity, as discussed in the text, would be 
revealed not only by a complex decay structure but also 


by overshoot in the transient photoconductive rise. The 
validity of this assumption clearly depends on the 
density of traps, V;. With all other parameters of the 
crystal held constant, if V; is reduced, a value will be 
reached where (ii) is no longer valid and accordingly 
M>1 at sufficiently high voltage (e.g., at V=Vec). 
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With further reduction of NV, the point will finally be 
reached where the traps play no role in photoconduc- 
tivity, i.e., most of the excited electrons are free, and 
the maximum value of M will be unity (trap-free case). 
With assumptions (i) and (ii), a single differential 
equation governs the decay : 
d 


—(n-+n,) = —n/ 71, 
dt 


(Al) 


with the trapped and free electrons, ,; and n, respec- 
tively, in quasithermal equilibrium; i.e., for example, 
for a set of discrete traps of density NV; at energy F,, 


n E.—E, 
mW — ), with N=3N, exp =). (A2) 
n+N kT 


N.. is the effective density of states in the conduction 
band, and a statistical weight of two, corresponding to 
spin-degeneracy, is assigned to the traps. 

Setting dn,/dn= K’ and K’+1=K, and regarding K 
as a constant, (Al) reduces to Kdn/dit=—n/r,, with 
solution n= exp(—//r9), where to=Kr). Further- 
more, 


dnt N.N 


nN pi 


. re ri (n+N)? 7 nln+NY a n+N 


with 
pr=N t— Nt. (A3) 
For deep traps, one has (Er—£,)/kT>1 and n>JN, 
giving K’~p,/n and K~(n+p,)/n. 
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For shallow traps, one has (£,—Epr)/kT>1 and 
N>n, giving K’~n,/n and K~(n+n,)/n. 

For Ery=E,, one has N=n, K’=n,/2n=p,/2n 
= N,/4n, and K=(n+4N,)/n. 

These results are essentially our prescription, Sec. II, 
for the calculation of Nr. 

We have not been concerned with precision in this 
discussion. Strictly speaking, K’ is not a constant, and 
the exact result (A3) should be substituted into (A1) 
and the resulting differential equation solved in the 
separate ranges of Ey. Although indeed the form of the 
decay is sensitive to this change in K’ (an exponential 
becoming hyperbolic, for example), the response time 
to, as defined by decay of m to one-half of its initial 
value, is not significantly changed by a more accurate 
treatment. 

Likewise we have regarded pr, the density of holes 
in the recombination centers, as constant during the 
decay. Actually, pe=N,+n is not an unlikely relation- 
ship in many cases. Here again the form of the decay 
would be changed somewhat, but 7» would again be 
essentially unchanged. 

Finally, in writing Eq. (Al) we have neglected 
thermal emission of electrons from the recombination 
centers back into the conduction band. This approxi- 
mation becomes rapidly valid for recombination states 
well within the demarcation levels as discussed in 
reference 8. Further, even where the approximation is 
not valid, at very low light intensities the current 
treatment gives exactly the same results as obtained 
above, so long as An,/An remains constant throughout 
the decay period, where Any,=n,—n?’ and An=n—n’. 
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Transient Behavior of the Ohmic Contact 
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Under certain conditions the response time of a solid for current transients may be determined by the 
properties of the injecting contact rather than of the bulk. In this case it is the time required for readjust- 
ment of the space-charge barrier at the contact for delivery of the new steady-state current. The critical 
parameter determining the response time of the contact is the total amount of excess charge within one 
Debye length of the potential minimum in the space-charge barrier. Trapped, as well as free, excess charge 
must be included in the calculation of the Debye length. The product of gain (G) and band width (1/79) for 
a photoconductor whose response time is contact-controlled is derived and expressed in the “universal” 
form G/ro=M/r,, where 7, is the dielectric relaxation time under operating conditions. 


I. INTRODUCTION 


HE ohmic contact is operationally defined as one 

that is experimentally “invisible,” that is, as 
one that plays no role in electrical measurements on 
materials. Actually this operational criterion refers to 
steady, dc or low-frequency, measurements. Notwith- 
standing our intuitive expectations, there is no a priori 
reason why the ohmic contact should be equally in- 
visible in fransient electrical measurements. Indeed 
Van Heerden! has already shown experimentally that 
the transient current flow in highly resistive, copper- 
doped germanium is markedly sensitive to the nature 
of the ohmic contact. In this paper we analyze the 
behavior of the ohmic, injecting? contact for transient 
currents produced at fixed voltage. Such transients 
occur when the free-carrier density in the solid is 
changed by some exciting agent such as absorbed light 
or impacting particles, that is, in photoconductivity 
or bombardment-induced conductivity.’ 

The response time of the contact for current tran- 
sients is the time required for readjustment of the 
space-charge barrier at the contact for delivery of the 
new steady-state current. We show, in the following 
section, that the critical parameter determining this 


response time, for current transients at fixed voltage, 
is the total amount of excess charge within one Debye 
length of the potential minimum in the space-charge 
barrier. Trapped, as well as free, excess charge must be 
included in the calculation of the Debye length. Because 
of this close relationship between the response time of 


the contact and the space-charge distribution in the 
contact, it should be possible to utilize response-time 
measurements to probe the electronic structure of the 
contact. Here, of course, it is necessary that the ohmic 


1P. J. Van Heerden, Phys. Rev. 108, 230 (1957). 

2 A blocking (exhaustion-layer) contact can also function as an 
injecting, ohmic contact, via the tunneling mechanism, if it is thin 
enough. This type of contact is not studied in this report. 

3 Impact ionization transients usually are produced by a change 
of voltage across the solid. If a steady, bias voltage is used so that 
the field in the solid is just below the breakdown field, then the 
additional voltage needed to produce the breakdown is quite small. 
The resulting current transient is then of the type analyzed in this 
report as regards the role of the ohmic contact. 


contact, rather than the bulk, control the over-all 
response of the series combination, contact plus bulk. 

The analysis of the response time of the contact in 
Sec. II presupposes the existence of a potential mini- 
mum (energy maximum) inside the crystal. In the 
appendix the analysis is modified to cover the situation, 
brought about by a sufficiently high applied voltage, 
where there is no minimum inside the crystal. In this 
region it is shown that the response time of the contact 
is proportional to the applied voltage up to voltages 
drawing saturation current from the contact. 

In Sec. III the results of this paper are related to 
those of the companion paper? in which bulk-controlled 
response times are studied. A gain-bandwidth relation 
for contact-controlled photoconductivity is derived and 
expressed in the “universal” form of Eq. (5) of I: 


M 
gain X band width= —-----__-. (1) 
dielectric relaxation time 

The factor M depends on the properties of the agent 
controlling the response time, in the present case the 
agent being the contact. The dielectric relaxation time 
is evaluated under the conditions of operation. An 
important conclusion is that contact control of the 
response time is possible only if the value of M in Eq. 
(1), corresponding to volume control of the response 
time, exceeds unity. It is only recently that measure- 
ments yielding M>1 have been made (see references 
16 and 17 of I). 


II. RESPONSE TIME OF THE OHMIC, 
INJECTING CONTACT 


The ohmic, injecting contact is illustrated in a 
schematic energy-band diagram in Fig. 1. This contact 
is injecting for electrons, which, for the sake of definite- 
ness, we assume, throughout this report, are the ma- 
jority carriers. In (a) the contact is shown in thermal 
and electrical (no applied voltage) equilibrium. Er, 
E,, and E, denote the Fermi level, a discrete trap level, 
and the bottom of the conduction band, respectively. 


4 A. Rose and M. A. Lampert, preceding paper [Phys. Rev. 113, 
1227 (1959) ]. This paper is hereafter referred to in the text as I. 
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TRANSIENT 


In the region of the contact, defined by the downward- 
bending portion of the energy bands, there is excess 
negative charge, both free and trapped. With a voltage 
applied across the solid, the bands are tilted, as illus- 
trated, in (b) and there appears the well-known 
potential minimum, or maximum in the energy-band 
diagram. The analysis, which follows, of the dynamical 
relationship of the space charge in the contact, par- 
ticularly in the vicinity of the energy maximum, to 
current flow elucidates the mechanism of transient 
response of the contact. 

A closer look is taken, in Fig. 2, of the injecting 
contact under current-flow conditions. The upper curve 
is the profile of the bottom of the conduction band with 
an Ohm’s law current J» flowing at some steady-state 
value of volume excitation. At the maximum-energy 
point Po, the electric field intensity vanishes and the 
current Jo must be a pure diffusion current. 

We first study the case of the rise-time transient. 
Let the excitation be increased so as to double, in the 
steady state, the density of free electrons in the volume, 
the applied voltage being held fixed. Correspondingly, 
the current J will double in the steady state. The time 
it takes to reach® the new steady-state value is defined 
as the rise time 70,, of the contact. Here we assume, 
of course, that the bulk-determined rise time is shorter 
that that of the contact. In order to deliver the in- 
creased diffusion current, the energy maximum must 
shift to the left and downwards to a new position P. 
Since in this region the current is approximately a pure 
diffusion current, the amount of downward shifting 
V is readily estimated from the well-known formula 
describing forward injection currents: 

Vin=kT/e. 


J/Jo=exp(V/Vin)=2, with 


This gives V/V y,=In2. 

The important fact to observe for our problem is that 
lines of force of excess negative charge lying to the right 
of the energy maximum are directed to the right, 
terminating on positive charges on the anode. Likewise 
the lines of force of excess negative charge lying to the 
left of the energy maximum are directed to the left and 


(a) (b) 


Fic. 1. Ohmic (injecting) contact, (a) in thermal equilibrium, 
and (b) with an applied voltage. 


5 Strictly speaking some fixed fraction, such as (1—e™), of the 
final steady-state value of the current should be taken to define 
the rise time. In the context of the approximate analyses of this 
paper, this contributes a negligible correction. 


BEHAVIOR 


OF OHMIC CONTACT 


Fic. 2. Ohmic contact, with an applied voltage, showing the 
change in the potential minimum (energy maximum) required for 
an increase in current through the solid. 


terminate on the cathode. [In the thermal-equilibrium 
situation, corresponding to Fig. 1(a), a// lines of force 
from the excess negative charge in the contact are 
directed to the left and terminate on the cathode. } It 
is clear that, in the course of doubling the current, the 
lines of force of all the excess negative charge in the 
cross-hatched region, Fig. 2, between the initial and 
final locations of the energy maximum, Py» and P, 
respectively, must transfer their allegiance from positive 
charges lying to the left of Po to positive charges lying 
to the right of P. Since this transfer takes place at 
fixed anode voltage, the positive charges required to 
effect the transfer must be generated by the increased 
excitation. The time it takes for the exciting mechanism 
to create the required positive charges is the rise time 
of the contact. 

The amount of excess negative charge in the cross- 
hatched region of Fig. 2 is easily calculated. The 
Poisson equation ed?V/dx?=eN 7, relates the change in 
energy of the maximum, eV, to the shift in its location, 
x, the total excess charge density (free plus trapped), 
eNr, at the energy maximum, and the dielectric 
constant e. This gives directly, V=eNrx*?/2e, where 
Nr has been taken as constant since we are interested 
in small x. Thus the previous requirement V/V y,=1n2 
can be written x7/2A?=In2 or x~A with A= (ekT/ 
e’Nr)'. A will be recognized as a “Debye length,” 
corresponding however to V7 rather than just the free 
charge. The total number of negative charges whose 
lines of force must be transferred is Nr.=ANrA 
=A(ekTNr/e*)!, where A is the cross-sectional area 
of the specimen. The manner in which the exciting 
mechanism creates the extra positive charges needed to 
lower the energy maximum is the following. Through 
the increase in excitation there is an increment F in the 
total rate of generation of electrons. The extra holes 
are either already localized in states out of which the 
electrons were excited, or, if initially free, are rapidly 
captured in traps or recombination centers. Since the 
contact is delivering a diffusion current J» sufficient to 
replenish only the original steady-state number of free 
electrons, the extra number made by the increment in 
excitation are swept out of the solid to the anode. The 
captured holes left behind constitute the positive 
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charge needed to lower the contact barrier and permit 
a higher diffusion current. We have here assumed, 
obviously, that the total number of recombination 
centers exceeds Nr,-. We would expect this to be true 
in most cases of interest. The time it takes for N7,- 
negative charges in the contact to transfer their lines 
of force is obviously 


Mr- ANrA A /eRTNr\! 
F F F é 


Strictly speaking, the lowering of the barrier and the 
concomitant readjustment of the bulk positive charge 
producing the lowering should be described by a 
differential equation. In the steady state the bulk is 
neutral, the final readjustments of excess charge being 
confined to the neighborhood of the contact. Hence, 
after a long time />>ro,. the solution to the differential 
equation must yield no positive charge in the bulk. 
Since we have defined response time with reference to 
current changes of only a factor of two, there is no 
significant error made in ignoring the differential equa- 
tion and proceeding in the approximate manner de- 
scribed above. In this respect, see also reference 5 and 
the appendix of I. 

The response time of the contact for transient decay 
is the same as for the transient rise, 7o,-. This is estab- 
lished by an argument analogous to that employed 
for the rise time. Here the excitation is decreased by 
an amount such as to produce a new steady-state 
current equal to one-half the original current. The 
contact must readjust so that the energy maximum 
moves to the right and upwards, namely from P to Po 
in Fig. 2. The total number of negative charges in the 
contact region whose lines of force must be transferred 
is the same as for the rise-time case, namely %r,. 
=ANrA=A(ekTN7/e*)'. In order for this transfer to 
take place, an equal number of negative charges must 
be created, throughout the bulk, to the right of the 
energy maximum. Until the contact has readjusted, the 
original steady-state current J is maintained unchanged 
and so likewise is the free electron density and the 
trapped-electron density in quasi-thermal equilibrium 
with the free electrons. Therefore the rate of capture of 
electrons into the recombination centers is unchanged. 
However the rate of generation of electrons is reduced 
because of the reduced intensity of excitation. The 
unbalanced rates of electron generation and capture 
build up the negative charge required to shift the 
potential minimum. The net rate at which the excess 
electron density is built up in the recombination centers 
is (T’/r,) J’. Here J’ is the rate at which excess electrons 
are injected past the contact (i.e., the difference be- 
tween initial and final currents), and 7’/7; is the 
probability that an excess, injected electron is captured 
by a recombination center before it completes a transit 
across the photoconductor. (7; is the electron lifetime 
and 7” its transit time.) Letting F denote the decrement 
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in the total rate of generation of electrons due to the 
reduction in excitation, and noting that the current 
gain G=7,/T’, we have J’=GF=(r,/T’)F. The decay 
time for the contact, 7o,-? is then given by: 


IU, ¢ Ir, ¢ 
é EE mE Pp (3) 


T0,¢ 


(T/1)J' F 


where the final equality follows from Eq. (2). Because 
of the equality of decay and rise times, the one symbol 
‘ro,<’ suffices to describe the response time of the 
contact. 

The contact-controlled response-time transient offers 
a possible means to explore the space-charge distribu- 
tion in the injecting contact. This possibility arises 
because the response time depends only on the space 
charge in the neighborhood (within a Debye length) 
of the energy maximum. But the position of the maxi- 
mum within the contact is determined by the steady- 
state current which the contact must deliver. At a 
fixed level of excitation the current through the solid 
can, of course, be varied by changing the anode voltage. 
Thus, with all other conditions held fixed, the position 
of the maximum can be varied within the contact by 
changing the anode voltage. Therefore a measurement 
of response time versus voltage is indirectly a measure- 
ment of the Jocal space charge in the injecting contact, 
provided the response time is contact-controlled. Since 
most of the space charge is usually in traps, the measure- 
ment of space charge becomes a measurement of trap 
density near the contact interface. Conversely, if the 
measured response time is found to be voltage-de- 
pendent in a range of voltages yielding Ohm’s law 
currents in the steady state, one might well take this 
as an indication, if not a proof, of a contact-controlled 
response time. 


‘ 


Ill. PHOTOCONDUCTIVE GAIN-BANDWIDTH 
PRODUCT WITH CONTACT-CONTROLLED 
RESPONSE TIME 


If the response time for photoconductivity is con- 
trolled by the injecting contact, as described above, 
then it is a simple matter to derive the gain-bandwidth 
product for the photoconductor. We need simply note 
that 7o,- as given in Eq. (2) and the bulk-determined 
response time 7» as given in reference 14 of I have 
identical forms. Therefore, to obtain the gain-band- 
width product for the contact-controlled case, we need 
only replace Nr by MNr,, in Eq. (5) of I: 


G(1/70,.)=M./rTr, with M .=Na/ Ilr, ce (4) 


Just as in I, 7, is the dielectric relaxation time under 
operating conditions and Nz, is the total positive charge 
on the anode due to the applied voltage. Equation (4) 
is valid, of course, only so long as 70,->70(bulk), i.e., 
Nr, > N(bulk). Otherwise, the gain-bandwidth product 
is determined by the bulk response time and is given 
by Eq. (5) if I. An important and immediate conclusion 
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from the foregoing analysis is that contact control of 
the photoconductive rise time is possible only if the 
bulk-determined M value, My», exceeds unity. For 
contact control requires M,<My,. On the other hand, 
1<M, since Na equals the fofal negative charge to the 
right of the energy maximum, whereas %N7,, equals the 
negative charge within a single Debye length of the 
energy maximum. 


APPENDIX 


The calculation of the response time of the contact 
in Sec. II assumed the existence of a potential minimum 
inside the solid. With increasing voltage the minimum 
moves closer to the cathode interface and finally, at 
some critical voltage V., dependent on the intensity of 
excitation, the minimum appears right at the interface. 
At some higher voltage, V,, a saturation current, 
independent of excitation intensity, is drawn and is 
equal to the random thermal current from the electrode 
into the solid. (Here we are assuming that breakdown 
has not intervened.) At voltages V intermediate 
between V,, and V,, the current varies with voltage V 
and there is no potential minimum inside the solid. 
This is the voltage region over which we want to extend 
the response-time calculation. 

We consider the case, illustrated in Fig. 3(a), where 
the excess charge is still localized near the cathode, over 
a region of width, w, the remainder of the sample, of 
width a—w, being neutral, with w<a. (This is the case 
of greatest interest. For example, as discussed in I, the 
space-charge-limited current region is a difficult one 
in which to study or exploit photoconductivity.) There 
is a field &; at the cathode interface. The voltage across 
the sample is | 


i @ e 
Va= rw 3-N rw? + ( &;+- vr) (a—w). (Al) 
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For the sake of, simplicity we have taken the total 
excess-carrier density Nr (free plus trapped) in the 
cathode region tq be a constant. 

The excitation’ is now increased, at fixed voltage, so 
as to double the current in the steady state. This 
doubling of the current required doubling of the field 
intensity at the interface. (For currents below satu- 
ration, the density of free carriers at the interface 
cannot change significantly—it remains equal approxi- 
mately to its thermal equilibrium value.) Initially in 
the rise-time transient this change in field intensity at 
the interface is brought about by positive charges 
created by the additional excitation throughout the 
volume of the solid. As previously (Sec. II), the positive 
charge is created via sweepout of the additional free 
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Fic. 3. Behavior at a contact in the Ohm’s-law range when the 
potential minimum has moved outside the solid. 


(negative) carriers created by the additional excitation, 
the original steady-state current being unable to main- 
tain an increase in free-carrier concentration. Let A be 
that positive-charge density, created by the additional 
excitation, which increases the field at the interface to 
magnitude 2&;. The (unchanged) voltage V, is now 
given by: 


e e 
Ve=28;wt3-Nrw?+ (2 $+“) (a—w) 


€E € 


e Ane 
——A(a?—w*)+-Aw(a—w). (A2) 
2e € 


We have neglected here a change in Nr due to the 
additional excitation, not only because we expect this 
change to be small compared to Nr but also because 
we assume, in any case, that w<<a. 
Subtracting (A1) from (A2), and neglecting terms of 
order w/a, we obtain 
e 2 


6 aA, or A~—6y. 
2e ea 


(A3) 


Since 70,< is proportional to A, and &; is proportional 
to Va (Ohm’s law currents), it is concluded that the 
response time of the contact is proportional to the applied 
voltage in the voltage range (below saturation) over which 
there is no potential minimum inside the solid. 

By essentially the same line of reasoning as previously 
employed in the text, it can"be shown that the decay 
time is equal to the rise time for the present case (no 
potential minimum in the solid). Hence we have, as 
previously, employed a nomenclature without reference 
to a rise or decay process. 
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A description of the properties of plane elastic waves in single crystals is of interest both from a theoretical 
point of view and in the interpretation of high-frequency pulsed ultrasound experiments. The perturbed 
eigenvalue problem that arises when nearly pure transverse or compressional modes are propagated is 
considered, and the resulting phase velocities and displacement vectors tabulated for a number of cases of 
physical interest. A unified approach to the properties of pure modes is provided through a consideration 
of individual rotational symmetries of the crystals, and the energy flux associated with both pure and 


nearly pure modes is discussed. 


1. INTRODUCTION 


N recent years ultrasonics has become an important 
tool in the investigation of properties of solids. 
Perhaps the richest applications are realized in the study 
of single crystals where the presence of anisotropy, while 
of course increasing the complexity of measurement, pro- 
vides a coordinate frame in which loss mechanisms will in 
general imbed themselves with a preferred orientation. 
By probing ultrasonically in different crystalline direc- 
tions with the elastic modes available, one may examine 
the directional properties of these loss mechanisms. 
Phase velocity measurements of accuracy as high as one 
part in 10° are also of interest, both to correlate varia- 
tions in elastic constants with specimen history and to 
observe dispersions associated with anelastic properties. 
Using pulsed ultrasound reflection techniques in the 
megacycle range, a description of which has been given 
by Roderick and Truell,' it is advantageous to choose 
propagation directions in the crystal for which pure 
transverse and longitudinal modes can be obtained. The 
reasons are as follows. First, using x-cut and AC-cut 
quartz transducers, one may excite various modes in- 
dividually instead of in proportions depending on the 
orientation of the propagation direction. Next, the 
computation of elastic constants from measured phase 
velocities is less involved. Further, the analysis required 
to explain observed losses is usually simplified because 
the crystal and hence many of the loss mechanisms will 
have a fairly high symmetry in the propagation coor- 
dinates. Finally, the direction of energy flux will almost 
always coincide with the propagation direction, so that 
pulses reflecting between two parallel crystal faces will 
not deteriorate due to impinging on side walls of the 
crystal. 

In the pulsed reflection technique the propagation 
direction is normal to two plane-parallel mechanical 
surfaces of the crystal, and in actual practice it is 
impossible to cut these faces to exactly the desired 
orientation. Presumably extremely careful machining 
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techniques can hold misorientation to a matter of 
several minutes of arc. In easily damaged specimens, 
however, which cannot be machined, misorientations 
incurred in a lapping procedure may easily be of the 
order of one or two degrees. 

The main purpose of this paper is to develop a 
description of the perturbed quasi-pure modes which 
result due to these misorientations. Section 2 is devoted 
to setting up the solution of the perturbed secular 
equation in a general manner. In Sec. 3 the problem is 
broken down into various crystal systems, and the 
phase velocities and elastic displacement vectors are 
tabulated for the modes of interest. Section 4 presents 
a tabulation of the numerical parameters involved for 
cubic crystals, and in addition to giving an estimate of 
the order of magnitude of the effects being considered 
should serve as a useful working table for the experi- 
menter. Finally in Sec. 5 the energy flux associated with 
both pure and quasi-pure elastic modes is discussed. 
The two cases of internal conical refraction are con- 
sidered for the former, and for the latter some numerical 
calculations are made to indicate the degree of deviation 
of energy flux in certain cases. 

The details of the perturbed eigenvalue problem 
leading to the phase velocity are presented perhaps 
more thoroughly than is justified by the straightfor- 
wardness of the calculation. The reasons for this are 
threefold. From the symmetry table of Sec. 3, for 
example, a unified picture of the properties of pure 
elastic modes is obtained. Thus one may at a glance 
pick out many of the directions along which pure elastic 
modes may propagate, check for degeneracy of the 
transverse modes, determine the displacement vectors 
and observe whether the energy flux deviates from the 
propagation direction, all in terms of the individual 
rotational (or reflectional) symmetries of the crystal. 
In addition, possession of the details of the perturbation 
problem enables one to more readily extend the calcu- 
lations to obtain higher order terms in the perturbed 
phase velocities, treat cases not considered explicitly in 
this paper, and compute the components of stress and 
energy flux. Finally, a formalism which builds up results 
from individual symmetries of a crystal should be most 
convenient for considering the role of new loss mecha- 
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nisms which invalidate only a fraction of the symmetry 
elements. 

The problem of finding the directions in which pure 
elastic modes will propagate was considered by Sakadi 
in 1941,? and more recently by Borgnis,’ for several 
crystal systems. 

Gold has given a numerical tabulation of phase 
velocities as a function of orientation for certain cubic 
and hexagonal metals.‘ Musgrave has carried out 
detailed numerical calculations for certain cubic and 
hexagonal crystals, presenting his results in the form 
of polar plots of phase velocity surfaces and wave 
surfaces. Approximation techniques for determining 
elastic constants from phase velocity measurements in 
an arbitrary direction in cubic and hexagonal crystals 
have been discussed by Arenberg,® and Neighbours and 
Smith.’ Neighbours later discussed the application of 
this method to additional crystal symmetries.* 


2. SOLUTION OF THE EIGENVALUE PROBLEM 


In an anisotropic elastic medium there are in general 
several axes along which two pure transverse elastic 
modes and one pure longitudinal can propagate. A pure 
mode axis is defined to be any direction in a crystal with 
this property. For a review of the basic concepts of 
infinitesimal elasticity theory employed in the following 
discussion, see Sokolnikoff® or Love." 

The components ¢,;; of the strain tensor, defined by 


€4j= 3 (Us, j+4;,:), (2.1) 


where u,; is the ith component of displacement, are 
related to the components o;; of the stress tensor by the 
generalized Hooke’s law 


(2.2) 


Oij>= Fy jx1€%:1, 


where o;; is the jth component of stress on the plane 
of normal x;. The o,; and ¢,; are symmetric, and if 
existence of an elastic potential is assumed, the Fj jx; 
obey the symmetry relations 


Fy jxt= FPreig=F ij, (2.3) 


reducing the total number of independent elastic 
constants to 21. 

The equations of motion in a medium with no body 
forces present are 


= pii;, (2.4) 


Cif, 
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Fic. 1. The transforma- 
from the crystal coordinates 
{a;} to the coordinates 
{x}, utilizing the Euler 
angles. Two pure transverse 
and one pure longitudinal 
mode may be propagated in 
the ys direction, with re- 
spective elastic displace- 
ments in the y; directions. 


where p is the density of the medium. Making use of 
the preceding equations, Eq. (2.4) may be written in 
terms of the displacements as 


(2.5) 


F; jx1Utk, u=pii;, 


providing the medium is homogeneous. If one now 
assumes a plane wave 


u;™=A;™ exp{i(wi—knxs)}, (2.6) 


propagating in the x; direction with propagation 
constant k,, and frequency w, Eq. (2.5) become 


(F'3jx3— md jx) AR™ =0, (2.7) 


where 6;, is the Kronecker delta and the eigenvalues 
have been written aS um=ptm?. A,” is the kth com- 
ponent of the eigenvector associated with the eigenvalue 
Mm. In order that Eq. (2.7) have a nontrivial solution, 
the eigenvalues must satisfy the secular equation 


| F'3je3—pmd jx | = 0. (2.8) 


The propagation direction x; in the crystal is chosen 
normal to the mechanical surface of the crystal by the 
usual ultrasound propagation techniques. Hence the 
experimenter desiring to propagate pure modes in the 
crystal would prepare a surface normal to a pure mode 
axis. Due to limitations of orienting and machining 
equipment this cannot be done exactly. We suppose 
that a small error has been made, so that the angle 
between the x; axis and a pure mode axis is of the 
order of one or two degrees. The {x;} shall henceforth 
be referred to as the misoriented coordinates. 

The F,;x; are the elastic constants of the crystal 
referred to the misoriented coordinates. In order to find 
the solution of Eq. (2.8) one must first find the form 
of the F;;,; and their relation to the known elastic 
constants ¢;;«: described in the crystal coordinates {a,}. 
It is convenient to do this by two coordinate transfor- 
mations. The first transformation leading from the 
crystal coordinates to a second set of Cartesian coor- 
dinates {y,} is performed utilizing the Euler angles. The 
{y,} are chosen by the conditions that ys be the pure 
mode axis along which waves are to be propagated, and 
eigenvector A‘ be along the y, axis, for i=1, 2, 3. The 
second transformation leading from the {y,} to the 
misoriented coordinates {x;} is then performed, and 
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Fic. 2. The trans- 
formation from the 
pure mode _ coordi- 
dinates {y;} to the 
misoriented coordi- 
nates {x;}, accom- 
plished by means of 
a single rotation 
through the angle 6 
about the axis 8. 


the F;;,: are obtained in terms of the ¢;;x: by the usual 
tensor algorism. 

For the first transformation the elastic constants 
Dj jx: described in the { y,} coordinates and the direction 
cosines are as follows: 


Di jna= Ligh sburticl pares 
l1;= cosa cos8 cosy—sin8 siny, 
l12= cosa sin8 cosy+cos@ siny, 
li3= —sina cosy, 
l2;= — cosa cosB siny—sin8 cosy, 
l2.= cos8 cosy — cosa sing siny, 
lo3= sina siny, 
13;=sina cos@, 
lso2= sina sing, 
l33= Cosa. 


It is evident from Eq. (2.9), and also Fig. 1, that the 
ys axis is determined by a@ and 8 alone. Hence, by 
proper choice of a and 8, yz; may be made a pure mode 
axis regardless of what value be chosen for y. This is 
done as follows: rewriting Eq. (2.7) in the {¥,} coor- 
dinates, it is seen that the pure longitudinal mode with 
displacement components “;=6;; exp{i(w/—ky;)} may 
propagate providing Dsi3:3=D323;=0. Further, the 
symmetry of the array ||Ds;j3'| guarantees that the 
eigenvectors are mutually orthogonal; hence the eigen- 
vectors associated with the two other modes are both 
normal to the y; axis, and represent pure transverse 
modes. 

Having chosen a and £ so that Dgi33 and D333 both 
vanish independent of y, Dsi23 is computed, and y is 
chosen so that D3:2;=0. This step greatly simplifies the 
analysis. The eigenvectors now coincide in direction 
with the y,; axes. Actually, the form of the transforma- 
tion is such that the rotation 7 is unnecessary in most 
of the cases of higher symmetry, and the choice y=0 
automatically causes D312; to vanish. In the y, coor- 
dinates, the array ||D3;;s|| is diagonalized. At this point 
one may determine whether or not the problem is 
degenerate. A degeneracy corresponds physically to the 
velocities of the two pure transverse modes being equal, 
and is described mathematically by 


D3113= D323. (2.10) 


The second transformation to the miroriented coor- 
dinates {x,} is now performed, and consists of a rotation 
in the negative sense through the angle @ about an 
axis 6 lying in the (y:y2) plane, where 6 has components 
(siné, —cos@, 0) in the {y,;} coordinates. This is shown 
in Fig. 2. The elastic constants F;;x; described in the 
{x,} coordinates, and the direction cosines of this 
transformation are as follows: 


F 5 jc1=NipN jqhkrMsD pars; 
N1,=sin’¢+cos*¢ cos6, 
N22= Cos*p+sin*¢ cosd, 
N33= CoOs6, 
N12= N= (cos6—1) (sin2¢)/2, 
N31= —N13=sinO cos¢, 
32= —N23= sind sing. 


The F3;;3 may be expanded in a power series in @, 
obtaining 


F3:53= f:;*6*, (2.12) 


where ‘“‘k” plays the role of an index on the f,;*, an 
exponent on 6, and the summation convention applies. 
The series (2.12) converge absolutely for all values of 6. 
Assuming a power series solution for the eigenvalues, 
one writes 

(2.13) 


— crak 
m= Qm"0 ’ 


where the above remarks on the index & apply. 
Inserting Eqs. (2.12) and (2.13) in the secular equa- 
tion, the result is 


| (fij*—am*5, ;)0* | =0. (2.14) 


The compactness of the notation is rather deceptive. 
Equation (2.14) represents three equations, one for 
each of the three eigenvalues u,,. The position of each 
term in the determinant is given by the indices (7j), 
and each term is summed separately over k. Observe 
further that f,;;*= f;;*, and f;,°=0 for iF 7. 

The a,,* may now be determined in terms of the f;;* 
by equating the coefficient of each power of @ in Eq. 
(2.14) to zero. As we are only interested in the results 
for 6 small, we solve for the eigenvalues correct to 
quadratic terms in 6. In the degenerate case several 
coefficients vanish identically, and hence some results 
must be listed separately. 


The nondegenerate case: 


1 1 
oc = ii y 


_1)2 
param 
i#i fio— fi? 


0. 0 
a; = fii ’ 


(2.15) 


The degenerate case: 


The a,’ are the same as above, with the four 
exceptions 
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—4L(fur'— fost)? +4 (furl)? 
+3L (fil fo2!)P? +4 (fis)? J}, 


= 3( (fi'+ foo!) 
a2 et fi T fos!) + 
a; 2=3(fir+ foo?) 
= aL (fis! P+ (fos!) | 

ay=3(_ fir’ + foo”) 
+30 (fis')?+ (fe 


(fir fos) +3M}, 


3)? (fir’— fas”) — 3M}, 


C(fis')® + (fas!) es 
Tio ; 


(fs o— fi)? 
mine fis')?— (fo3')? ] 
X Cfo? — fir J—4 fis? fis! fos'}, 


and a;, a)” have been derived on the that 
fis'= fo2o!= fio'=0. This does not involve any loss for 
our purposes, since if these terms do not vanish, the 
eigenvalues contain linear terms in 6, and we are no 
longer interested in the quadratic terms. 

Having found the eigenvalues, the eigenvectors may 
be obtained from Eq. (2.7) in the form of power series 
expansions in 6. The normalization scheme is as follows: 
in the nondegenerate case, set A (,)' = 1. In the de- 
generate case, take 4;@=1, 4," and A.® as 
constants not involving 6, and 


(A, (6=0) P+[A2 (=0) P= 1 


Under this scheme, taking only the lowest order term 
in @ for each A ,;“’, orthogonality and normality are both 
preserved to within order of 6°. The results, correct to 
lowest order terms in 6, are as follows: 


where 


M=& (fas? — fir®)?+4( fir’)? 


basis 


for i=1, 


The nondegenerate case: 
Jii'8 
Aw@M=1, AM= 
ae 
(C9) 


If fi2'=0, then 


fis' fas’ sa | fu! fas!) far? ee 


A, = . = 
(fa? fu)(. — fu’) 


_ Sis’, fos'+ ( fos? fa) fu? $ 


(f3° = foe") ( hh "we y fos) 
The degenerate case: 
A,)=A,M%=[14+N?}3 
A,Y=—A,%=N[14+N' FP}, 
fist +N fos} 
— fiss° 
— N fi: ' 
——f1+N*}19, 
me fs° 
fisl0 
A;®=- : : 1%3 
fss°— fi ° 
A;%=1, 


A;VW=- [1+N?]} 4 


4 3 (2) _ 
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for fis'¥0 
fu lew fishes wee fos!)? +4, fys!)? rT} 


_ ul? ( (faa)? +-( fas®— fu’) fos o— fur 2+ M4) 
fu)— fast fast] 
for fis!= far'= foo'=0. 


Of fis »?( Fl 


The required /,;;* may be obtained in terms of the 
Doyqrs from Eqs. (2.11) and (2.12). Before doing this, 
however, it is convenient to shift to the more usual 
index notation by writing 


Dijx1= 
where p=? if i=j; p=m+3 if 14/, with iAmA)j. 
Now Eqs. (2.11) yield, using the fact that Dss= Dass 
= D,=0, 
i’= Dss 
2° = Ds, 

8 D33, 
firt=2D;5 cos@+ 2D 56 sing, 
foo! = 2D 45 cos@+ 2D 04 sing, 
fs3'=0, 
fiz! = (Dist Do6) cosp+ (Do5+ Das) sing, 
fis'= (2D55— D33+Dyj3) cosp+D3e sing, 
fos! = (2D44— D33+D23) sing+ D365 cos, 
= (Dy,+D33—2D13—4D55) cos’, 
+ (Des— D355) sin’*@+ (Dig— D335) sin2¢, 
2= (Doo+D33—2D23—4D 44) sin’ 
+ (Deg— D4) cos’*h+ (Dog — 
33° = 2(2D44+Do3—D33) sin’h 
+2(2Dss+D13—D33) cos’*@+ 2D 46 sin2¢, 
(Dig— D3) cos’@+ (Dog—Do6) sin’ 
+ (2D33+ 2De6+2D12—2D13—2D2: 
—3Dy4—3D55)} sin2¢. 


=D ya, (2.19) 


9 


Dag) sin2¢, 


it should be men- 
the stress- 


In order to avoid any confusion, 
tioned that in the reduced index notation, 
strain law becomes 


o:= Di;€;, (2.21) 


s=1, ---. 6, 


where the o,; and e¢; are defined by o1=011, o2=02, 


03> 033, 01 = 023, TH= O31, F612, €1= E11, €2= E22, €E3—= E32, 
€4= 2€93, €5= 2€31, and €5= 2e€12. Observe that the reduced 
index strains ¢; are no longer components of a tensor, 
and hence it is impractical to use the form (2.21) of 
the stress-strain law, or for that matter any equation 
containing the reduced index strains, in a computation 
which involves transformation of coordinates. No dif- 
ficulty is encountered in manipulating the D,; alone, 
however, provided one keeps in mind that they are the 
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TaBLe I. The forms of the elastic constant arrays for various rotational or reflectional symmetries of the coordinate axes. S;; indicates 
that the ith axis has j-fold rotational symmetry or, if j= 2, is either a twofold symmetry axis or is normal to a plane of reflection sym- 


metry. 


0 12 13 
0 22 23 
0 a ee ee 
0 7 0 O 
ss § 5 25 35 
56 0 


0 0 0) 
0 23 
2 0 —25 
4(22-23) —26 
—-26 55 
25 0 


0 

24 
—24 
44 

0 








components of a fourth-order tensor in a shorthand 
notation. 

The general solution for the eigenvalues and eigen- 
vectors in terms of the D,; is now complete, and 
expressed by Eqs. (2.13), (2.15), (2.16), (2.17), (2.18), 
and (2.20). It is interesting to note from the sixth of 
Eqs. (2.20) that the longitudinal velocities never contain 
a linear term in @. 

The general solution could now be written down in 
terms of the usual elastic constants c,;; of the medium 
by invoking Eqs. (2.9). As this would involve a large 
number of terms, it is more expedient to break the 
analysis down into the various crystal systems at this 
point. 


3. EXPLICIT SOLUTION FOR SEVERAL 
CRYSTAL SYSTEMS 


The eigenvalues and eigenvectors will now be tabu- 
lated for the cubic, tetragonal, hexagonal and trigonal 
crystal systems. For a description of these systems see, 
for example, Kittel." Instead of computing the D,; 
entirely from Eqs. (2.9), one may eliminate much of 
the computation by invoking the symmetry properties 
of the various systems involved. To this end a symmetry 
table (Table I) is constructed, based on concepts first 
set forth by Voigt! and later summarized by Zener." 


4 C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1956), second edition, p. 24. 

2W. Voigt, Lehrbuch der Kristallphvsik (B. G. Teubner, 
Leipzig, 1910), p. 583. 

13C, Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, 1948), p. 14. 


li 12 
i2 22 
is 2 
0 0 

0 


4(11-13) 14 
14 





15 ") f 16 
0 —16 
—15 he 2 0 
0 weer 0 
55 0 
0 66 ) 


0 | 
0 0 


0 0 
44 0 
0 4(11-12) 


Table I gives the form of the elastic constants referred to 
any Cartesian coordinate system in which one of the axes 
possesses rotational symmetry or a normal reflection 
plane, and is read as follows: S;; indicates that the ith 
axis has j-fold rotational symmetry or, if j= 2, is either 
a twofold symmetry axis or is normal to a plane of 
reflection symmetry. Notice that the usual crystal nota- 
tions will not suffice here, as we are referring to sym- 
metries about specific axes. Each array is obtained by 
requiring that it be invariant under the appropriate 
coordinate transformation. Those elastic constants which 
must vanish are indicated by a zero, and of the remain- 
der any interrelations are indicated by appropriate repe- 
tition of indices. The usefulness of the table lies in the 
fact that various arrays may be simply superposed. The 
zeros and interrelations of each of the component arrays 
all appear in the superposed one. 

Inspection of Table I immediately gives two inter- 
esting results: 

(1) For x3 to be a pure mode axis, it is sufficient that 
it be an axis of twofold or higher rotational symmetry, 
or normal to a reflection plane, or normal to an axis 
of sixfold symmetry. 

(2) For x; to be a degenerate pure mode axis, it is 
sufficient that it be an axis of threefold or higher 
rotational symmetry. 

The use of the symmetry table in the computation of 
the D,; is indicated by the following example. Consider 
propagation near the pure mode axis [101] in a cubic 
crystal. a=/4, 8=y=0 in Fig. 1, with the result that 
the y; and y; axes are twofold, and the y2 axis fourfold. 
The superposition of symmetry elements Sj2, S32, and 
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S24 in Table I gives for the array of D;,;’s the form 


g's 
0 0 
o- @ 


0 0 
550 
0 44] 








hence one needs to compute only Dy, Dye, Dis, Doe, Das, 
and Dss from Eqs. (2.9). 

Using Table I, we may immediately write down the 
elastic constants in the crystal coordinates {a,;} for any 
crystal system. This is done in Table II for the four 
systems of interest here, with the symmetry elements 
S,; listed for each system. 

As velocities rather than elastic moduli are measured 
experimentally, it is more appropriate to give results 
in terms of fractional changes in velocity, defined by 


Av; /0;= Ap;/2u;= (ui— a,®) / 2p. (3.2) 


The resulting velocities, fractional changes in velocity, 
and eigenvectors are given below, correct to lowest order 
terms in the polar misorientation angle 0. 


Cubic System 
Define 
Ky=¢11—C12— 2€44, 
K» = K,/ (C4a—C11) +2, 
K3= Ky/(¢12+¢us) +3, 
K4= K1/2(¢11 +612) +3. 


Propagation direction =[ 001): Si4, Sos, Sza5 a=B 
=y7=0 
1=02= (C4a/p)';  13= (C11/p)!, 
Av Ke 
—=—_{K,.4[K2—sin?2¢(2K.— 
V7 444 
Ave K€ . : 
=——{K.—[K2?—sin?2¢(2K—1) }}}, 
4c44 


_— iis 
& 


1) }}}, 


K2(cos*@— sin’) — [Kk #—sin?29( 2K DT 
a ae ” Beinec oo0e(1—K; o) 
A, =A,®=[14N2}4, 
Ay) =—A,M=N[14 NF), 
A; =(2—K.)[1+N?}}(coso+N sing)@, 
A;® = (2—K.2)[1+N?}*(sing—N cos¢)6, 
A,®) =6 cosp(K2—2), 
A,®) =6 sino(K2—2), 
A;®=1. 


IN SINGLE 
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TABLE II. The form of the crystalline elastic constants ¢;; for 
cubic, hexagonal, tetragonal, and trigonal symmetry. The sym- 
metry elements Sj; are indicated in each case. 





(Cu Cie Cy O 0 
C2 Cn Ci O 0 
Cie Cee Cyn O 0 
0 0 O 0 
eo & @& 

ie @&@ © @ 


Cubic : Sia, Sos, S34 


C12 oe «@ 0 
Cu 2 0 0 0 
Hexagonal: S3¢ - * . 0 
0 0 0 
0 0 O 4$(¢u—¢12) 


0 0 
0 0 
Tetragonal: 3 Go 0 
Sie, Soe, S34 0 g 
0 

0 C66 


—C2%5 
C25 
Trigonal: S23, er % ; : 
Cas 14 
C14 4 (¢1—C12) 





Propagation direction ~[101]}: Six, Ses, S32; a= 2/4, 


sry ee 


1=(C(¢n—¢1)/ 2p |; Vo= (C44 ‘p)'; 
03> [(crurtcie+ 2c44) ‘2p |, 


Av; = Ki 
ae . [2K3 cos’*@+ 1 |, 
0, 2(¢1—¢12) 
Avo Ki(3—K,4) 
—=— sing, 
Vo 2044 


Avs Ke LK. s+1) cos’p+ (2K4—5) sin’? | 


0; ent eret2cu) : 
(= 1, 
A, =@ cos sin¢(K3—3), 
A, =@ sin2p(15/4—2K,), 
A; =— A, =§ cosp(3—2K;)/2, 
A;° =—A,® =@ sind(2K4—3). 


Propagation direction ~(111]: S22, S33; a=tan™v2, 


B=7/4, y=0 
01= V2=[(Cu—Cr2tCas)/3p }}; 
03> [ (ers + 2c12+4044)/3p }}, 
Av, —K 10 Ate + K 10 


’ 
2(¢11— C12t+- Ca) 


v1 Neu~tiated. V2 
Av 3 K,[2K 3+ 36 
U3 ” Beat 2eea4eea) 
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= A,)=cos(¢/2), Tetragonal System 


= = 4,0 <del e 2), * — direction ~[001]: Si2, S22, S32; a=B 
1[2K3—3 0 cos($/2)[4 sin?(¢/2)—1], pe (cas/p)*; + 3= (C33/p)}4, 
= $(2Ks—3] sin(¢/2)[1—4 cos*(¢/2)], M =co8?26(¢11+¢33— Cee— 2¢13— 3¢44) 
1 =3[2K;—3 0 cos¢, 2(2¢4a— Casters)? 
Ag® =3[2K3—3) sing, 7 [arte Bee Be ce | 


€33— C44 
A,=1, +sin?2$(¢33+¢6e+¢12—2¢13— 3¢44) 


2(2cas— css ¢13)° 
Hexagonal System x {carbewrbeve— eu istic eeeetenech -| 


C33 Caa 
of (2¢44— C33+ C13)4, (¢33— C44)’, 


01=V2=(C4a/p)!;  03= (Ca3/p)}, ) i C13" + (€33— 2¢12) C44 
joa Ceara — 


Propagation direction ~(0001)]: Sy2, S22, 
= Y —f) 


: <i +M}}, 
Av 6 Jou" 1s F644 (Cs st2 wad | 0 444 €33— C44 | 
=. Ci _ ‘ 
v) Qu Caa— Cag Vo “i €13° + (€33— 2013) C44 
- fs — Cat Cot — : —M} ’ 
Ave 6 ; 7 )9 “ole 44 
[e11—C12— 244], 


C44 


€33— C44 
(Cis+€33) (2cas+C13— C32) 
(2e4aC13— C32) (Ca3-FC13) v:; 33 C33— Cas ; 
N=tang[1+ (¢1—¢12) cos2o/D], 
where 
a D= (¢11—€12— Cee) — cos’ 
a ae 40 2cu-cabeuP/2 (C33— C44) 
Az) =0(2¢44—C33+€13)/ (Cas— C33), —4(¢y)+¢33+066—2¢13— 7¢44) — 3M}, 
A;®%=O0(@), A, =A,%=[1+N?} 3, 
A, =6 cosp(2¢44—C33+€13)/(Ca3— Cas), AM=—A,P=NItMT, 
A; =(coso+N sing) [1+N?}3 
XL (2cas— casters) / (C4 C33) 10, 
saci A; =(sind—N cos¢)[1+N? +? 
Propagation direction nearly in base plane: S16; X [(2css—Ca3+¢12) / (C1s— C33) 0, 
2, B arbitrary, y=0 A,® =6 cos@(2c44— €33+¢13)/ (€33— C44), 
01= (c4a/p)*;  veo=[(C11— C12) 2p |*; vs=(Cu p)}, A,“ =6 sing (2¢44— C3s+ C13) '(€33— C44), 
Av, & cos*p Cis’ + (Cr+ 2012) C44 A,®=1, 
‘ Jest | Propagation direction ~(100]: Sis, S22, Ss2; 
panyeey 
[2csuat+cr2—C11 J, 01= (C4a/p)#; v2=(Co6/p)#; 3=(c11/p)}, 
v2 2(cu— eas) Ayn & ahd —— 
=== Gas 


2¢32(C33— C44) 


= A,°)=cos¢, 


As )=9 sing (2c44—C33-+¢13) (C33— C44), 


VY} 2044 C44— C11 


Av. cos’ 


® cos’ (C11 +€13) (2e444+-€13— C11) ee eu 


Vv) C44— 11 


coos a, 
V3 2¢11 Ci— C44 Avo @& 
si —=—} C44— Costin] C11 — Cas 
A (1) -” 1, Ve 2C66 5 


A, =—A,%=— ra sin2¢, Av; 6 : (2cest+ci2— C11) ( (curter2) 
—= —| inte ———_—_—_—— 
A; =—A,®=86 cosoLeu— C1a— 2e44]/ (C11 Cua), v; 2¢en C11— C66 
A;%=0(6), (2c4at¢13— C11) ( cutis) 
+cos*————_____——_ | 


a] 


C66— ©11 


A,®=O(@). 
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Aw =I, 


ta sin2g[_c44(5¢66— C11 +2¢12— 3044) 
A,W= + 2¢13(2cee— Cut cr2 )—earcoo ] 


"beau nghcag iki) 


e sin 2o[ ca4( 7C66— Set 2¢12 ») 
+2¢13(C12—¢ 11+ 2c¢6) + 66 (C11 — C12— 366) |} 


A,®= 


4(c1:— cas) (Cas— Coo) 


’ 


A3Y = —A,®=8 cosh(2cs4— C1 ters)/(Cas— C11), 


A; an —A,) =f sing (2¢6§—¢u+¢12), ‘(€66— C11). 
Propagation direction ~[110]: Sis, S22, S32; a=2/2, 
B=n/4, y=0 
01= (C44/p)?; 02= [(¢11— C12), 2p |}; 
03=[(C1utciet+2ce)/2p |}, 


i e cos*p 
; | C33— Caat 


Vy 2044 
6? 


2(¢11—€12) 


2(c13 s+ Coa)? 


2644— C11 — C12— Mas 


| cos’ (2¢44+¢C12— C11) 


+2 sin’@— 


Avs e | 
U3 2 (C13 +12 +2C¢6¢) | 


anil 2613 +266) 
X (cuter 2¢13— 44a t+ Deus) | 
-ee—— [ 


ih Jeu 2066 


(2c66 te1— cu) ( (4c66 ol 
cia 


(C11 C12— 


266) (Cr+ C12) 
2 sin*h - 


Ciot C66 


Aw@=1, 
sing cop 
Qew-ers +26 2ce6— 214) ( (¢11—C12— ~2¢ 14) 
X Leis (8e1s+ 14044— C11) — 2666 (C11 +8013 +4044) 
+ €12(C12+2¢66—60644— 8013) — 8447 |, 
& sing cos 
~ 2(crtee) (2caa— Cr+ e12) 
pil disleis } Ble — Wat bet Seed 
— €12(C12 +4013 +4044 — 3066) — 4066 (2¢13+3¢44) |, 
(cut crat 2ce6— 4eu0— 2¢13) 
cute t2c0—2eu 
A; = —A_® =6 sing(C12+ 2ce6— 11) / (Ci2+ Coe). 


4,4) = 


A; = — A, =6 cos¢— 


IN SINGLE 


A= A) = 


CRYS PALS 


Trigonal System 
Propagation direction ~[.001]: S33; a=B=y= 


V1 =Vo= (Cag ‘p)}; > (€33/p)}, 


Av, OL cis? +Co5? |! 


Vy C44 


Av, OLe1?+c25"]}! 


C44 
(2644+ €13— C33) (C1s-+€33) 
e ; 
2€33(€33— C4 1) 


C25 Cas COS— Cus sind— Lex +¢o5" }! 


C14 cosé-}-cos sing 
(14a, 
= NTLENP, 
A," =0(cos@+N sing)[1+N?}3 
X (2¢4— 
;) =6(sing—N cosp)[1+N2} 3 
X (2¢44— C33+¢13)/ (Cs— C33), 


(C33—Caa), 


, 


A,Y=—A 


Css +13), (C44— C33), 


A,;®=6 cos¢ ( 2044—€33+€13) 
A,® =6 sing(2¢44— 334+ €13)/ (Ca3— Cas), 
A 3?) = 1 “ 


4. NUMERICAL RESULTS FOR SEVERAL 
CUBIC CRYSTALS 


It is appropriate to interrupt the theoretical dis- 
cussion at this point to give some numerical results for 
fractional velocity changes, in order that the reader 
gain insight to the order of magnitude of effects being 
discussed. 

The anisotropy factor A for cubic crystals is defined 
by"! 


(4.1) 


A= 2644, (€j1— C2). 


A crystal becomes elastically isotropic when A =1, so 
that pure transverse and longitudinal modes with fixed 
velocities will propagate in any direction. This is borne 
out in the preceding tabulation, as all fractional changes 
in velocity for cubic crystals are proportional to 
K,=cy—¢12—2c4s, and the condition for isotropy may 
be written as 


The elastic constants for several cubic crystals are 
listed in Table III. Zener!® has compiled a large share 
of the constants given. teen the elastic constants the 
K;, as defined in Sec. 3, are computed and tabulated, 
and from the K, fractional velocity changes for any 
propagation direction may be obtained easily. Specifi- 


4 Reference 11, p. 95. 
‘5 Reference 13, p. 17. 
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TaBLE ITI. A tabulation of the ¢;; and K; for several cubic crystals. K; and the ¢;, are in units of 10 dyne cm. The last three 
columns give the ratios of the maximum fractional difference velocities to the square of the polar misorientation angle 6 for the three 


quasi-pure modes which may be propagated nearly along the [001] direction. 
1 (— 1 (= 
ee "1 . 6 \ v2 a: 


—1.7 —0.32 
—0.41 —0.097 
—1.5 —0.32 
—2.58 —0.375 
—4.58 —0.443 
—1.0 —0.19 
—2.12 —0.342 
—2.0 —0.30 
— 1.83 —0.293 
—1.12 —0.197 
—3.54 —0.417 
+1.0 
+0.88 
— 0.434 
+0.23 
—0.372 








Ki 


—0.56 
—0.11 
—0.55 
— 1.08 
— 1.456 
—3.3 

— 1.03 
—0.80 
— 1.36 
—0.53 
—0.0439 
+0.20 
+0.22 
—0.0852 
+0.12 
—0.214 


Crystal Cu 

Ag* 

Al* 

Au* 
a-brass* 
B-brass» 

C (diamond )¢ 
Cu* 
Cu;Au4 
Fe(a ” 
Ge® 
Kt 
K Bre 
KCl« 

Nab 
NaCle 





0.436 
0.284 
0.420 
0.72 
0.822 
4.3 
0.753 
0.663 
1.16 
0.67 
0.0263 
0.050 
0.062 
0.0491 
0.126 
0.144 


Z3| 


> 


+2.95 
+0.48 
+0.933 
+0.60 
+0.895 
+0.579 
+2.03 
—0.38 
—0.37 
+10.7 
—0.17 


ty i o 
aI 
= 


wr aro 
eae om) 


Sapess 
n 


Oe ee ee DO 


Da wwwiseue 
SSB ww 
an 


w 
w 
oo 
—) 


Pbi 
Sid 
ws 


—0.56 
—0.01 


0.79 


1.98 1.51 


$2 


~ 


el | 


te Ge 
| $* 


40.44 
+0.002 


—0.17 
—0.001 


* E. Schmid and W. Boas, Kristallplastizitat (Verlag Julius Springer, Berlin, 1935), pp. 21, 200. 


> D. Lazarus, Phys. Rev. 74, 1726 (1948). 
eS. Bhagavantam and J. Bhimasenachar, Nature 154, 546 (1944). 
4S. Siegel, Phys. Rev. 57, 537 (1940). 
* Bond, Mason, McSkimin, Olsen, and Teal, Phys. Rev. 78, 176 (1950) 
‘QO. Bender, Ann. Physik 34, 359 (1939). 
«J. K. Galt, Phys. Rev. 73, 1460 (1948). 
+S. L. Quimby and S. Sigel, Phys. Rev. 54, 293 (1938). 
E. Goens and J. Weerts, Physik. Z. 37, 321 (1936). 
} McSkimin, Bond, Buehler, and Teal, Phys. Rev. 83, 1080 (1951). 


cally for propagation nearly in the [001] direction, one 
has 

Ay K€ 
. i {K.+[K2*—sin?2¢(2K.—1) }} (4.3) 
4044 


v 


from Sec. 3. For convenience in tabulating, we remove 
the dependence on the azimuthal misorientation angle 
by choosing ¢@ such that Av;/v; is maximum. Since 
K,>0.5 for all the crystals considered in Table ITI, 
this maximum occurs when ¢=0. This choice is made 
with an eye to presenting a table of some use to the 
experimenter interested in measuring velocities. Lacking 
explicit knowledge of the misorientation angles from 
x-ray measurements, he may have an order-of-mag- 
nitude estimate of the polar misorientation angle 6 from 
the technique employed to orient the specimen faces, 
whereas ¢ can be quite arbitrary. Using the estimated 
value of 0, he may obtain the maximum resulting 
fractional velocity change from Table III, and if this is 
not sufficiently large to influence his measurements, no 
correction is necessary. 
Setting ¢=0 and dividing through by @ gives 


1 (=) Kiko 
& ? max 


In like manner one obtains 


2044 
(~) 
i V2 max 


K, 


4c44 


for the other quasi-transverse mode. As the quasi- 
longitudinal mode is independent of ¢, one has 


1 Avy —KiKe 


? U3 


- (4.6) 
2¢1 


The three fractional velocity changes, defined in this 
manner, are tabulated in Table III. From the table we 
get for silicon, for example, 


(Av;/01) max = — 0.936. (4.7) 
For a polar misorientation angle 6= 1°=0.0174 rad, one 
obtains 

(Av,/01) max = — 2.8% 10-4, (4.8) 
which is significant in a velocity measurement of 0.01% 
desired accuracy. The choice confronting the experi- 
menter is obvious. He must either orient the specimen 
precisely enough that his measurements are not influ- 
enced by fractional velocity changes, or determine the 
degree of misorientation by x-ray or other methods 
and correct his measurements accordingly. 


5. ENERGY FLUX 


The energy flux vectors associated with plane elastic 
modes are of considerable interest both theoretically 
and experimentally. Those cases in which internal 
conical refraction arises present an intriguing problem 
in the nearly virgin field of diffraction effects in aniso- 
tropic media. The incidence of a plane wave on a 
stress-free surface gives rise to a rather peculiar law of 
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reflection. With regard to pulsed ultrasound experi- 
ments, when the specimen cross section is not appre- 
ciably larger than the cross section of the excited region 
or when for some reason it becomes necessary to excited 
the specimen near an edge, deviation of energy from 
the propagation direction may cause the wave to 
impinge on side walls, giving rise to mode conversion 
and deteriorating the echo train. It is hoped that the 
discussion to follow will serve the dual purpose of 
pointing out such difficulties, at the same time stimu- 
lating further experimental investigation of the energy 
flux itself. 

The derivation of the energy flux associated with an 
arbitrary excitation is discussed by Love.'* Briefly, the 
x; component of the energy flux vector is given by the 
scalar product — T“- (du/dt) of the stress vector T“ 
on the surface normal to the x, direction, having com- 
ponents 7;‘=¢;;, with the particle velocity du/dt. 
The minus sign arises from the convention used in 
defining the stress tensor. Averaging over one period, 
one then obtains for the 7th component of the energy 
flux vector P“ associated with mode 7 


° 
> (7) (pw)? ; (7) ) 
I ‘“? = “F imnsA m ’ A," . 


20; 


(5.1) 


Here p is the amplitude of elastic displacement, A “?’ 
the unit displacement vector, and v; the phase velocity. 
The displacement u« is as given in Eq. (2.6) but now 
multiplied by p. Note that the term propagation 
direction has become somewhat ambiguous. We shall 
use it to refer to the normal to surfaces of equal phase. 
Consider first the perfectly oriented case; that is, x; 
is a pure mode axis and FP, ;,.= Dj... One finds from 
Eq. (5.1) that the energy flux associated with a pure 
longitudinal mode may never deviate from the propa- 
gation direction—that is, the energy flux vector is 
parallel to the x3 axis. The same result holds for a pure 
transverse mode, provided the D;; have the form 


iy 72 t3- Oo 16 
iz 22 23 0 26 
45°" 23: 33- © 

0 U0 0 & 

0 0 oO 45 

16 26 36. O 


Inspection of the symmetry table of Sec. 3 reveals that 
this form is met if the propagation direction is a twofold, 
fourfold, or sixfold symmetry axis, or normal to a plane 
of reflection symmetry. If the propagation direction is 
not included in these four categories, then one may 
expect in general a deviation of energy flux from the 
propagation direction. 

Specifically for propagation along an axis of threefold 
symmetry, this deviation manifests itself in the form 
of internal conical refraction. A propagation axis of 


16 Reference 10, p. 177. 
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threefold symmetry is encountered twice in the explicit 
solutions considered in Sec. 3: first, the [111] direction 
of a cubic crystal, and second the [001] direction of a 
trigonal crystal. As a threefold symmetry propagation 
direction is degenerate, there are no preferred directions 
of particle vibration for a pure transverse mode and 
one may take 


A 1") = cosy, A,” =siny, A 3) =0, (5.3) 


as the components of the eigenvector A“) associated 
with eigenvalue yw}. Inserting A“ in Eq. (5.1) gives 


P,;@ = [ (pw)?/ 20; |LDius cos*y 
+ (D123 +Dy213) siny cos + D203 sin’y ]. 


To obtain the D;; for propagation in the [111] 
direction of a cubic crystal, one performs the coordinate 
transformation with a=tan~'v2, B=2/4, y=0. Ob- 
serving that the x2 and x; axes (x;=y,) are, respectively, 
twofold and threefold, by superposition of elements S22 
and S33 of the symmetry table one obtains for the form 
of the D,; the array 


11 12123 8 =2 
12 11 13 O 
13 13 33 O 0 
| 0 0 O 44 0 
-%3 2% 0 44 


(5.4) 





0 
0 & &D4 0 


(11-12) 
From Eq. (2.9) one may obtain 


Dug= 4(Ki+3c4s), Dos= (v2/6)K,, (5.6) 


where K,=¢ji:—¢i2—244 as defined in Sec. 3. Making 
use of these results, Eq. (5.4) gives for the components 
of energy flux 
2(pw)*Ky 
PyYO=-—— - cos2y, 
120, 


2(pw)*Ky 
Py = te anes 
122, 


(pw)?(K1+3¢44) 
P,Y=+-— = 4 
60; 


sin2y, 


Thus as the plane of particle vibration is rotated about 
the [111] direction through the angle 7, the energy flux 
vector rotates about the [111] direction in the opposite 
sense through the angle 27, generating a cone of possible 
directions for energy flow, as illustrated in Fig. 3. From 
Eqs. (5.7) one sees that the semiangle of this cone of 
refraction is given by tan™| K1/V2(K1+3c4) |. Similar 
results have also been given by deKlerk and Musgrave, 
omitting calculation of the sense of rotation.!” Using 
the values of Table III the semiangle is given for 


17 J. deKlerk and M. J. P. Musgrave, Proc. Phys. Soc. (London) 
B68, 81 (1955). 
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x3 [I ]= PROPAGATION 
' DIRECTION Fic. 3. The geom- 
etry of the cone of 
internal refraction 
for propagation of a 
pure transverse mode 
in the [111] direc- 
tion in a cubic crys- 
tal. The energy flux 
vector P® associated 
with polarization A 
of the elastic displace- 
ment is shown. 


x) [112] 


several cubic materials as follows: Al, 6 deg; Cu, 31; 
Ge, 14; KCl, 21; NaCl, 10; Si, 12. 

In the same manner, one obtains for propagation in 
the [001 ] direction of a trigonal crystal 


(pw)? (cr4?@+0257)! 
Py = ————_ — cos(2y+ B), 
20, 


( pw)? (cr4?+ 6057)! ‘ 
P,YO= -sin(2y+ B), 
or 


20) 


(pw)*Ca4 


Io 


2U} 


P,V= 


where tanB=c14/C25. In this case, shown in Fig. 4, the 
semiangle of the cone of refraction is given by 
tan cos? toi? |! C44. 

The diffraction effects arising due to the finite size 
of the source merit brief mention. At first glance one 
might guess that excitation is nearly confined to a 
cylindrical region with axis along the direction of energy 
flux, energy gradually spreading out of this region in 
much the same manner as it does with a sound source 
radiating into a semi-infinite perfect fluid.’* Such a 
picture is probably qualitatively correct for the per- 
turbed quasi-pure modes discussed below. 

In the internal conical refraction cases, 
degeneracy of the pure transverse modes introduces 
questions of superposition. Assume (in order to sketch 
a proof by contradiction) that a circular source generat- 
ing a pure transverse mode gives rise to a single beam 


however, 


of sound energy with axis along the energy flux direction 
appropriate to the elastic displacements involved. The 
necessary threefold symmetry under rotation of the 
displacement direction is met, as may be seen from a 
study of Fig. 3. Now imagine a second circular source 
placed at the same location as the first, but with a 
different direction of the associated (transverse) elastic 
displacements. Superposition of the sources yields an 
equivalent source generating, by assumption, a single 
beam of excitation, whereas superposition of the effects 
of the two sources gives two beams of excitation, clearly 
an impossible situation. 


18 Seki, Granato, and Truell, J. Acoust. Soc. Am. 28, 230 (1956). 
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This dilemma could be avoided if one adopted instead 
the assumption that a source capable of producing 
transverse waves with a given displacement direction 
actually excites a conical region in the medium, various 
azimuths having directions of transverse particle dis- 
placement in accord with the geometry of Fig. 3 for the 
case of propagation in the [111] direction in a cubic 
crystal. These remarks of course only apply to points 
sufficiently far removed from the source that their 
direction cosines relative to all points on the source vary 
little. 

If the superposition principle is to be satisfied, the 
magnitude of transverse particle displacement at various 
azimuths must be obtained from the displacement 
vector associated with the source by an operation which 
commutes with the operation of (vector) addition of 
the displacements associated with two sources. One 
suitable operation is that of projecting the displacement 
vector associated with the source on the line of particle 
motion appropriate to each azimuth. Since the sum of 
the projections of two vectors in a given direction 
equals the projection of the vector sum, the same 
resultant excitation is obtained regardless of whether 
sources or effects are superposed. The dependence of 
transverse amplitude on azimuth the form 
cos(@/2)|, with @ measured from the azimuth at 
which displacements are parallel to the displacement 
vector associated with the source. Threefold rotational 
symmetry is also preserved. When the displacement 
vector associated with the source is rotated through 
2r/3 about the [111] direction, the azimuth of maxi- 
mum response (¢=0) rotates through —42/3, so that 
an identical geometry is obtained. 

This scheme is illustrated in Fig. 5. In Fig. 5(a) the 
source, shown at the center, is beneath the page, with 
propagation up out of the page in the [111] direction. 
The remaining two crystallographic axes are indicated. 


has 


We are interested in the magnitude of transverse dis- 
placements on the large circle representing the inter- 
section of the cone of refraction with the plane of the 
figure. The lines of particle displacement at four azi- 
muths of the circle, determined from Fig. 3, are shown 


x3 [001]= PROPAGATION 
DIRECTION 
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x; [100] 


Fic. 4. The geometry of internal conical refraction occurring 
when a pure transverse mode is propagated along the threefold 
symmetry axis [001] of a trigonal crystal. The angle B is given 
by tanB=c,4/Co. 
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dashed. In Fig. 5(b) the displacements (solid arrows) 
associated with a source polarized in the [112 | direction 
are obtained by projecting the displacement vector of 
the source on the lines of particle motion. The magni- 
tude of displacement at each azimuth is given sche- 
matically by the radial distance between the two 
outermost circles. In Fig. 5(c) the same situation is 
indicated for a source polarized in the [110] direction. 
Finally, in Fig. 5(d) the displacements associated with 
the source resulting from superposition of sources 
Figs. 5(b) and 5(c) are obtained in the same manner. 
But these displacements are the same as one obtains 
by superposing those of the preceding two figures, as 
can be seen at a glance—therefore, superposition holds. 

Thus, apart from the detailed diffraction compu- 
tations required, the general features of the wave 
motion in cases of internal conical refraction appear to 
be rather well defined by the three considerations of 
symmetry, superposition, and geometrical relation 
between energy flux and direction of particle displace- 
ment. Further analysis and experimental work on this 
topic is warranted. The same approach also appears 
applicable to the analogous problem in optics, discussed 
in some detail by Wooster,’ but has not been con- 
sidered to the author’s knowledge. 

Consider next the misoriented case. One would expect 
the energy flux vector to be perturbed in direction to 
the order of the polar misorientation angle 6, and this is 
actually what occurs. As a first example, consider 
propagation of a quasi-longitudinal mode nearly along 
the [001 ] direction of a cubic crystal. From Sec. 3, one 
has for the components of the perturbed eigenvector 


A,®) = (K»—2)6 cosd¢, 
A,®)= (Ko—2)6 sing, 
A 3° = 1. 


(5.9) 


Keeping only terms of zeroth and first order in 6 due to 
contributions of the A; only, Eq. (5.1) becomes 


(pw)? 
P;® sca ——[(Friss+F i313). 1, 
203 


+ (Fi933+F i323) A 2 + F i333 |. (5.10) 


Keeping only terms of zeroth and first order in @ in 
Eqs. (5.10), one obtains 


—[ (Citas +4313) A 1 
203 
+ (C233 + Ci323)A2® +8 j3¢33+-fis'8]. (5.11) 


Inserting the ¢;; from Table II and the f;;' from Eqs. 


19 W. A. Wooster, Crystal Physics (Cambridge University Press, 


Cambridge, 1938), p. 148. 
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Fic. 5. The geometry of the projection rule for determining the 
amplitude of transverse particle displacements at various azimuths 
on the cone of internal refraction. Propagation is up out of the 
page in the [111] direction. In (a) the directions of particle 
motion appropriate to four azimuths on a cone with vertex at 
the center of the source (beneath the page) are shown as dashed 
lines. In (b) and (c) solid arrows indicate the displacements cor 
responding to sources polarized in the [112] and [110] directions, 
respectively. In (d) the situation is illustrated for a source con 
sisting of the superposition of the previous two. The displacements 
here may be obtained either by projection or by superposition of 
the displacements of the two preceding cases, thus verifying that 
the projection rule satisfies the principle of superposition. 


2.20), one gets finally 


(pw)? (C11 +¢12) (K2—2) 


203 


P,® = 


6 cosd, 


(pw)? (Cr+ 612) (Ke—2) 


P= # sing, (5.12) 


203 


(pw)?er 
P;®@ =—— . 
203 


Defining d4 and dp as the angles between the eigen- 
vector A? or the energy flux vector P®, respectively, 
and the x; axis, one obtains correct to lowest order 
in 6 from Eqs. (5.9) and (5.12) 


da= (K2—2)6, dp=[_(¢y:t+¢12) (K2—2) 1116. (5.13) 


From the values of Table III one obtains numerical 
results as follows: Ge, d4=0.840, dp=1.160; Cu, 
d4=1.086, dp=1.866. These results are illustrated in 
Figs. 6 and 7, with @ exaggerated for clarity. 

As a second example, consider propagation of a quasi- 
longitudinal mode nearly along the hexagonal axis of a 
hexagonal crystal. From Sec. 3, the components of the 
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perturbed eigenvector are given by 


A,;®=IT6 cos¢, A2®’=Lésingd, A3®=1, (5.14) 


where 
L = (2¢44—€33+€13)/ (Ca3— C44). 


Following the same procedure as above, one obtains 
correct to lowest order terms in @ 


\9 


(pw)? 
Py ® =———(¢13+€33) LO cos¢, 
20; 


(pws)? 
P,®= (Cis +¢33) LA sing, 
20; 


(pw)? 
P;®= 6S. 
2v 


The deviation angles for this case are given by 


da = LA, dp= [ (cist+c33)/c33 |L0. (5.16) 
Using Musgrave’s® values of the elastic constants for 
zinc, cu1>= 1.430, Cy2> 0.170, C13> 0.330, €33= 0.500, 
c44=0.400X 10" dynes/cm?, one obtains for the devia- 


tion angles 


d4= 6.38, dp= 10.48. (5.17) 
These results are shown in Fig. 8. 

The situation occurring when a plane wave is reflected 
from a stress-free surface (the back face of a specimen 
in pulsed ultrasound experiments) is also of interest. It 
is easily established that an arbitrary infinite plane wave 
incident normally on a stress-free plane is reflected 
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intact, with no mode conversion taking place. This may 
be verified by substituting the appropriate expressions 
for elastic displacements in the stress-strain law. 

With a finite source the role of the energy flux enters 
in. As mentioned above, we assume here that the ex- 
citation is reasonably well confined to a cylindrical 
region with axis along the direction of energy flux. 
Upon striking a stress-free plane surface with angle of 
beam incidence equal to the deviation angle of the energy 
flux (and with surfaces of equal phase parallel to the 
reflecting surface) the original mode is reflected. Sub- 
stituting the appropriately modified expressions for the 
displacements in the scalar product form of the energy 
flux vector which precedes Eq. (5.1), the modified 
energy flux vector is seen to be simply reversed in 
direction. Thus, regardless of the angle of incidence, the 
beam is seen to be reflected back on itself. 

Concerning the influence of energy flux on measure- 
ment of ultrasound losses, some comments seem appro- 
priate. First, no major difficulties should arise due to 
deviations of the energy flux from the propagation 
direction. Because of the peculiar law of reflection for 
such beams, the signal neglecting diffraction effects 
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should return exactly to the source, where it is observed, 
with no shift in position. Such deviations may, however, 
cause the beam to impinge on side walls in specimens 
of limited cross section, giving rise to mode conversion 
and general deterioration of the pattern. 

The propagation of a quasi-longitudinal mode nearly 
along the hexagonal axis of a zinc crystal gives a severe 
example of this, as from the second of Eqs. (5.17) one 
sees that a misorientation of the order of one degree 
gives rise to an energy flux deviation of the order of 
ten degrees. However, if the misorientation angles are 
known, one may compensate for this deviation by 
relocating the source. Figure 9(a) shows in cross section 
a slightly misoriented zinc specimen with quartz trans- 
ducer cemented on the top surface. The ultrasound beam 
thus generated impinges on one of the vertical walls of 
the specimen, resulting in mode conversion losses. In 
Fig. 9(b) the transducer has been placed so that the 
beam does not contact any side walls, thus eliminating 
side-wall interference. 

Finally, the combination of diffraction and refrac- 
tion appears capable of giving rise to severe beam 
spread in some crystallographic directions. Thus for 





ELASTIC WAVES IN 
propagation of a quasi-transverse mode in the neigh- 
borhood of a conically refracting direction, for example, 
one infers from the previous discussion of conical refrac- 
tion and from continuity arguments that the beam 
cross section would be crescent-shaped and _ rapidly 
increasing with distance. 

The speculative nature of much of the above dis- 
cussion is apparent. It is hoped, however, that such 
speculations will prove a stimulus to experimental in- 
vestigation of some of the points in question, thus 
leading in the end to a more complete picture of the 
entire situation. 


6. SUMMARY 


Starting with the equations of motion, the perturbed 
phase velocities and displacement vectors associated 
with nearly pure transverse and longitudinal elastic 
modes have been computed and tabulated for a large 
number of cases of physical interest. The tabulations 
are given directly in terms of the conventional crystal 
elastic constants and the misorientation angles of the 
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Fic. 9. A cross section of a misoriented zinc specimen, showing 
the beam geometry for propagation of a quasi-compressional mode 
nearly along the fo001 4 (hexagonal) axis. In (a) the quartz trans- 
ducer is centered on the top face of ‘he specimen, and due to 
deviation of energy flux the ultrasound beam impinges on a side 
wall of the specimen, giving rise to mode conversion losses. In (b) 
the transducer has been moved to one side, thus eliminating this 
difficultv. Observe that on striking the bottom face, the beam is 
reflected back in the original direction of incidence. 


specimen surface, thus facilitating the corrections neces- 
sary to obtain accurate values of the constants from 
measured phase velocities. 

Using the displacements, the components of strain 
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may then be computed from the defining equations. 
The stresses may next be computed from the generalized 
Hooke’s law, and the components of energy flux com- 
puted in the manner described in Sec. 5. In both the 
latter computations the expansion coefficients f,;* of 
the misoriented elastic constants, given in Sec. 2, will 
be indispensable. 

A unified approach to the properties of pure elastic 
modes is provided through the consideration of indi- 
vidual symmetries as discussed in Sec. 3. Such an 
approach appears convenient for application to situ- 
ations where lattice defects destroy a part of the crystal 
symmetry. 

There are other immediate applications to the field 
of ultrasonic measurements in solids. A small misorien- 
tation from a degenerate propagation direction splits 
the transverse phase velocities apart slightly, the vector 
nature of the two modes resulting giving rise to easily 
observable interference effects. Such observations have 
been reported previously by Teutonico and the author,” 
and may prove useful as a technique for fine orientation 
of specimens. 

Finally, the behavior of the energy flux associated 
with various pure and nearly pure modes was discussed. 
The influence of energy flux deviations on loss measure- 
ments was considered, and some speculations were given 
on the probable behavior of diffracted waves when 
conical refraction is present. 


ACKNOWLEDGMENTS 


The author is indebted to Professor Rohn Truell, 
whose guidance and support were invaluable to the 
writing of this paper. He would also like to thank 
Professor G. F. Newell, Professor H. B. Huntington, 
and Dr. A. V. Granato, all of whom were kind enough 
to offer valuable comments on the manuscript. 


” P. C. Waterman and L. J. Teutonico, J. Appl. Phys. 28, 266 
(1957). 





PHYSICAL REVIEW VOLUME 


3, NUMBER 5 MARCH 1, 1959 


Electron Interaction in Solids. Characteristic Energy Loss Spectrum 


P. Nozibres, Laboratoire de Physique, Ecole Normale Supérieure, Paris, France 


AND 


D. Pres, Institute for Advanced Study, Princeton, New Jersey 
(Received October 23, 1958) 


The characteristic energy loss spectrum of solids is analyzed 
with the aid of the dielectric formulation of the many-body 
problem developed by the authors. It is shown that a measure- 
ment of the angular distribution of inelastically scattered fast 
electrons is a direct measurement of the imaginary part of the 
inverse dielectric constant of the solid, at the frequency and 
momentum of the energy transfer to the electrons in the solid. 
The calculations of the dielectric constant by means of first-order 
perturbation theory and within the random phase approximation 
are discussed with regard to their implications for the character- 
istic energy loss spectrum. It is shown that plasmons provide the 
dominant excitation mode at low momentum transfer for the free 
electron gas and for most solids; an explicit calculation is given 
of the role of screening in reducing the role of the independent 
electron excitations in this region. A comparison is made between 
characteristic energy loss experiments and other techniques for 


I. INTRODUCTION 


E shall here be concerned with the information 
which experiments on the inelastic scattering 
of fast charged particles by thin solid foils can provide 
the solid-state physicist. Such characteristic energy 
loss experiments yield valuable information concerning 
the role played by the Coulomb interactions between 
electrons in solids. An analysis based on the Bohm- 
Pines formulation of the free electron gas! and its 
extension to electrons in solids? has been given previ- 
ously by one of us.’ In the present article we discuss 
the characteristic energy loss problem witi the aid of 
the recently developed dielectric formulation of the 
many-body problem.*° We also consider certain related 
experiments with which it is useful to correlate the 
information derived from a characteristic energy loss 
measurement. The present article is intended to sup- 
plement the treatment given in reference 3, and we 
refer the interested reader to that article for a detailed 
discussion of the observed characteristic energy loss 
spectra.® 
The dielectric formulation is well suited to the present 


problem because under the usual experimental con- 


1D. Bohm and D. Pines, Phys. Rev. 92, 608 (1953); D. Pines, 
in Solid State Physics, edited by F. Seitz and D. Turnbull (Aca- 
demic Press, Inc., New York, 1955), Vol. 1. 

*P. Noziéres and D. Pines, Phys. Rev. 109, 741 (1958); Phys. 
Rev. 109, 762 (1958); Phys. Rev. 109, 778 (1958), hereafter 
referred to as NP I, NP II, and NP III, respectively. 

’ DP. Pines, Revs. Modern Phys. 28, 184 (1956). 

‘J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957); 
A243, 336 (1958). 

5 P. Noziéres and D. Pines, Nuovo cimento 9, 470 (1958). 

® For a sucvey of the experimental methods and results in this 
field up until 1955, see Marton, Leder, and Mendlowitz, in Ad- 
vances in Electronics and Electron Physics, edited by L. Marton 
(Academic Press, Inc., New York, 1955), Vol. 7. 


exploring the energy level structure of solids, including the non- 
relativistic Compton effect, optical transmission and reflection 
experiments, and x-ray emission and absorption studies. An 
analogous formulation of the optical properties of solids is given, 
which shows that in general the transverse and longitudinal 
dielectric constants will not be equal. They are equal within the 
random phase approximation, so that a careful comparison of 
optical data with characteristic energy loss data permits a direct 
verification of the validity of the random phase approximation. 
Such a comparison likewise yields information on the magnitude 
of the screening of individual electron transitions and permits the 
unambiguous identification of plasmon excitations. Finally it is 
shown that to the extent that the random phase approximation 
is valid, the results of a characteristic energy loss experiment may 
be used for a direct experimental determination of the ground- 
state energy of the electrons in a solid. 


ditions (incident electrons in the kilovolt energy range 
scattered by foils of some hundreds of angstroms in 
thickness) it turns out that the maximum information 
obtainable concerning the electrons in the solid is 
contained in the imaginary part of [1/e(k,2)].’ Here 
€(k,Q) is the exact dielectric constant of the valence 
electrons in the solid, defined for the momentum 
transfer k, and energy transfer, #Q, involved in a single 
inelastic scattering event. A measurement of 
Im[1/e(k,2)] therefore requires the measurement of 
the angular distribution of the inelastically scattered 
electrons, of the kind first carried out by Watanabe.* 
The imaginary part of 1/e(k,2) is of considerable 
interest in itself, since it contains detailed information 
on the energy level structure of the valence electrons 
in the solid. Furthermore, in certain cases, one may then 
be able to calculate the ground-state energy of the solid, 
using the values of Im[1/e(k,2)] which are provided 
by experiment. Finally, Im[1/e(&,Q)] is a_ useful 
quantity by means of which to compare the charac- 
teristic energy loss experiments with other experimental 
techniques for probing the energy levels of solids. 
Thus far, detailed calculations of ¢(&,Q2) in which 
Coulomb interactions are taken fully into account have 
only been carried out for a particularly simple model 
of a metal, the free electron gas. In this model, the long 
wavelength behavior of e(&,2) may be calculated 
accurately for actual metallic electron densities. Two 
characteristically collective effects appear: 
(1) The matrix elements for individual 
excitation are strongly screened, corresponding to the 


electron 


? This fact has been recognized by J. Lindhard, Kgl. Danske 
Videnskab. Selskab, Mat. fys. Medd. 28, 8 (1954), and by U. 
Fano, Phys. Rev. 103, 1202 (1956). 

§H. Watanabe, J. Phys. Soc. Japan 11, 112 (1956). 
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fact that each electron repels the electrons in its 
immediate neighborhood. 

(2) There exists a new excitation mode consisting 
of plasmons, the quantized high-frequency collective 
oscillations of the electron gas, analogous to the plasma 
oscillations observed in gaseous discharges. 


At wavelengths which are long compared to the 
average electron spacing there is a clear distinction 
between the plasmon excitations and the individual 
electron excitations; the plasmons have an energy large 
compared to any individual electronic excitation and 
provide the dominant excitation mode. On the other 
hand, for wavelengths comparable or short compared 
to the interparticle spacing, the plasmon mode dis- 
appears, and one finds only individual electron ex- 
citation. These results are in harmony with the physical 
picture developed by Bohm and Pines,!' and with the 
detailed calculations based on the BP formuiation.* 

For the case of actual solids, there will always be 
some overlap between individual electron and plasmon 
excitations, even in the long wavelength region. 
However one still finds that for nearly all solids the 
concept of a collective excitation, the plasmon, is a 
meaningful one, as well as providing a useful tool for 
analyzing experimental results. 

It may be shown by methods identical to the fore- 
going, that when a beam of light traverses a thin solid 
foil, it is possible to measure directly Im[e.(k,2) ], 
where €,(k,Q) is the exact transverse dielectric constant 
for the electrons in the solid. A detailed comparison of 
optical data with characteristic energy loss data thus 
affords a direct experimental check on two questions 
of considerable interest : 


(1) The validity of the random phase approximation. 
Only if the random phase approximation is valid, will 
one expect the longitudinal and transverse dielectric 
constants to be identical for an isotropic solid. 

(2) The identification of a given excitation as being 
predominantly collective, or predominantly individual 
particle in character. The collective excitations, the 
plasmons, will not appear in the optical experiment. 


In Sec. II we give a general formulation of the 
problem, using the approach developed in reference 5. 
We define ¢(#,2) in terms of the exact many-body 
states of the system, establish the role which it plays 
in the characteristic energy loss measurement, and 
discuss its properties briefly. In Sec. III we summarize 
the calculations of ¢(,2) and the characteristic energy 
loss spectrum for the free electron gas. In Sec. IV we 
consider the modifications in these considerations 
brought about by the periodic potential of the ion 
cores encountered in actual solids. In Sec. V we discuss 
certain related experiments, and the extent to which 
the ground-state energy of the electron system may be 
obtained from a measurement of the characteristic 
energy loss spectrum. The related experiments include 
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the nonrelativistic Compton effect, the optical proper- 
ties, and x-ray emission and absorption spectra of the 
solid. In Sec. VI we summarize our ideas on the way 
in which information may be obtained in a characteristic 
energy loss experiment and compared with the above- 
mentioned related experiments on the same solid. 


II. GENERAL FORMULATION 


We begin with a brief review of the dielectric formu- 
lation of the characteristic energy loss problem.’ The 
interaction between a fast charged particle and the 
electrons in the solid may be described by means of 
the following schematic Hamiltonian: 


H= Ho+ Hint. 


Hy is the Hamiltonian for the electrons in the solid, 
including their Coulomb interaction; we have the 
eigenvalue equation 


HW ,=E,Y, (1) 


relating the exact eigenfunctions of the electrons, Vy, 
to the exact system energies, Ey». Hint describes the 
interaction between the particle and the electrons; for 
a nonrelativistic particle of charge —e, position R, it is 
e 4rre” 
Hin =>, — = >> — exp[7k- (r;—R) ] 
i |r—-R| « PB 


where we have Fourier-analyzed the law of interaction 
and introduced the kth density fluctuation of the 
electron system, px, defined by 


p= [ (x wrdn= [EC 5(x—x,)e~*B F=)> ek 8s, 


In the Born approximation description of an inelastic 
scattering event, the velocity of the incident charged 
particle is taken as a constant, Vo, and the response of 
the electron system to the particle is assumed to be 
linear. We may then write (2) as 


dre? 
Hin=>. - —p—Ke 


9 


k 4 


ik Vot (3) 


where by suitable choice of origin we have taken 
R= Vt. The probability per unit time dW/dt(k,Q) that 
the particle transfer momentum k and_ energy 
hQ=hk-V) to the electronic system may then be 
evaluated by ordinary time-dependent perturbation 
theory. One finds 


dW Qe (4me\? 
-(R,Q) = (= ) Q > | (px) no!?6(wno—2), (4) 
dt h\ k 


9 For a discussion based on a macroscopic dielectric formulation, 
see E. Fermi, Phys. Rev. 57, 485 (1940), J. Hubbard, Proc. Phys 
Soc. (London) A68, 441 (1955); A68, 916 (1955), and H. Frohlich 
and H, Pelzer, Proc. Phys. Soc. (London) A68, 525 (1955), 


n 
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where 
(pk) no= (Vn | px | Yo), 


in the matrix element of the density fluctuation between 
the ground-state wave function Wo and the excited 
state V,, and wro= (E,—£»)/h is the analogous exact 
excitation frequency. 

We have formulated the problem in this way in 
order to bring out the resemblance to a calculation of 
the exact dielectric constant of the electron system at 
wave vector k and frequency Q, ¢(&,2). To define and 
calculate e(k,2) one introduces an interaction between 
the system and an external oscillating test charge of 
density 

e[r,e**-29+4-¢,c, ]. 


This interaction may be described by adding to Ho a 
term 
4re* 
H,=—p_irre***+-c.c. Je", (5) 
Rk 


where 7 is a small constant (eventually set=0) which 
guarantees that the interaction is turned on adiabati- 
cally so that no energy transfer takes place between the 
system and the test charge. The dielectric constant 
e(k,Q) may be defined by analogy to the Fourier trans- 
forms of Poisson’s equations, 


ike(k,Q)Ex=4rerye—™, 
thE, = 4me[rxe~'™'+-(px) J. 


FE, is the longitudinal electric field and (p;) is the 
expectation value of the density fluctuation in the 
presence of the test charge. On dividing (6b) by (6a), 
we find 


(6a) 
(6b) 


Ly 


—_— = (7) 
€(k,Q) 


reine” 
which we use as our definition of €(&,2). The specifi- 
cation of ¢(R,Q) in terms of the exact states of the 
system may then be accomplished by means of a 
perturbation-theoretic calculation of (px), since by 
definition the response of the system to the test charge 
is linear. It is straightforward to show that 


1 4re* 


— 
hk® 


—= ( n . 
km) 2 Pr) no| 


1 1 
X aan serene | 
@no—-Q—1n wae t+Q+1n 
and hence, on letting n — 0, 


1 4re 
- > (px) no|?{6(@no—Q) 


n= 
(RQ) AR on 
—8(wnot)}. (9) 


Since the system has been assumed to be in its ground 
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state, all the wo are positive, so that we obtain, with 
the aid of (4), 
Sree? 


dw 1 
—(k,Q) =—_ Im——_, (10) 

dt R €(k,Q) 
which is our basic equation. 

The expression (10) agrees with the macroscopic 
formulations of the stopping power problem.’ This is 
not surprising for in the Born approximation the fast 
charged particle acts like a set of test-charges, one for 
each k, with density fluctuation, 7,=1, and frequency, 
Q=k-Vo, as may be seen by comparing (5) and (3). 
We should like to mention the connection between 
(10) and the time dependent correlation function 
approach of Van Hove.” The Fourier transform, 
S(k,2) of Van Hove’s pair correlation function G(r,t), 
is 


S(k,Q) _ Dd n(px) no (wno—2), 
so that, in general, 


1 4re® 
Im——=—[S(k, —9) —S(k,Q)]; 
&(k,Q) hk 


when the system is assumed to be in its ground state 
initially, one finds then simply 


1 
Im———= — (4me/hk*) S(k,0). 
€(R,Q 


The dielectric constant has many important proper- 
ties arising from causality requirements. First, the 
response (p) of the electronic charge must follow the 
onset of the test charge r. This implies that 1/€(&,Q) 
be analytic in the upper half plane. Furthermore, if we 
introduce a test charge with a complex frequency 
(Q: +722) [ (Q2>0), corresponding to a build up of the 
test charge with increasing /], the system must absorb 
energy, since it is originally in its ground state; detailed 
calculation shows that this implies Im(Q/e)>0. Con- 
sequently, 1/e cannot have zeros in the upper half- 
plane. Therefore €(k,2) is also analytic in the upper 
half-plane. The only singularities of « and 1/e lie on 
the real axis; from this fact one obtains the well-known 
Kramers-Kronig relations 


+® €(R,0’) 
—_—a0’, 
Q’ 


is) ab . 


imle(k,Q)—1]= Paf 


(11) 

+o 1/€(k,O’) 
im[1/e(k,Q)—1]= Pa f — dn’, 
Q’ 


—O 


In (11), the symbol Pg means that we must keep the 
principal part of the integral near 2’=Q. On the other 


© L. Van Hove, Phys. Rev. 95, 249 (1954). 
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hand, the integration contour must pass above any 
singularity of €(&,2’) or 1/€(k,Q’). 

The asymptotic behavior of e¢(k,Q) for large fre- 
quencies may be obtained from an expansion of (8) in 
powers of wno/Q; one finds 


Srre? 
€(R,Q) — 1- 


Nw 


ya @no(Pk) no ( 12) 


ARLE? n 


In the discussion of (12), and for some of our later 
discussion, it is convenient to introduce the oscillator 
strengths, fon, which characterize the transitions to 
excited states and which obey a simple sum rule" 


2m 
fon(R,Q) => —wno(pk)on’, (13a) 


n hk 


a fon(k,Q) =n, (13b) 


where m is the number of valence electrons per unit 
volume. Using (13b), we see that 


P 
Wp 
pay 


e(,2) —> 1— (14) 


where w,’=4ne?/m is the square of the plasma 
frequency. 

The asymptotic behavior of €(k,Q), combined with 
the analyticity properties of « and 1/e, enables one to 
derive the following sum rules, 


im f A2e(k,Q)Q= F2rw,”, (15) 
0 


Pe 
Im f dQ-= —}2w,’, 
0 € 


where again the contour must pass above any singu- 
larities of € or 1/e. The sum rule (16) is the well-known 
sum rule of Bethe for the stopping power, as may be 
seen by comparing (16) and (10). It may also be 
derived directly from the f-sum rule, (13b), using the 
definition, (8), of e. 


(16) 


III. THE FREE ELECTRON GAS 


The role that Coulomb correlations play in deter- 
mining the dielectric constant and the characteristic 
energy loss spectrum may be seen most directly by a 
study of the free electron gas. The free electron gas is a 
particularly simple model for a metal, in which the 
valence electrons are treated as free, and the ions are 
replaced by a uniform background of positive charge. 


1 To derive (13b), calculate the expectation value of the com- 
mutator, [[p:,{—x,/7]]oo directly, and in terms of the exact 
eigenstates of the system. (13b) follows because the relation, 
[o-z,H Jno= —Wno(p_x)no= —[ 2s (k- pi/m—k?/2m Je*K- 26], holds 
for the exact eigenstates, under the assumption of no velocity- 
dependent forces between the electrons [see NP I]. 
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The system Hamiltonian then reduces to 
p? dre 
HAo=> s+ 7: =, (PK* pe), 


i 2m k+0 


where the neglect of the term with k=0 corresponds to 
including the background of positive charge, and where 
n is the density of valence electrons. 

The simplest treatment of the free electron gas is 
the Hartree-Fock approximation. The electronic wave 
functions, ,, are Slater determinants of plane waves. 
The dielectric constant is determined from (8) by 
taking the appropriate free electron matrix elements, 
(px)4o, and free electron excitation energies, w,0. One 
thus finds 


1 

—— = 1—4ra(k,Q), (17) 
€(R,Q) 

where 47a is the Kramers-Heisenberg complex polar- 
izability. The calculation of 42a is straightforward for 
the free electron case, since the matrix element (px)o, 
is unity for any transition permitted by the Pauli 
principle; one finds for the real part, 42a, and imagi- 
nary part, 47a, 


8re? | (pk) ow | 2wyo 
4ra,=—— ), ———_——- 
hee wu ayo’? 


E(p+k)— E(p) 
oth, Lee +h) — El p) P-2 


(pk) ou 126(Q— Wyo) 


Ane? 
-— 


hk? = p<ko 
[p+k| >ko 


6(Q—LE(p+k)— E(p) ]/nh), (19) 


where E(p)=p?/2m, the free electron energy, and¥ky 
is the momentum of an electron at the top of the Fermi 
distribution. The result for Im(1/e) is just that of 
lowest order perturbation theory, 


> 46(Q2—-LE(pt+k)—E(p)]). (20) 


p <ko 
|p+k| >ko 
The characteristic energy loss spectrum corresponds to 
all possible one-electron transitions, consistent with 
momentum transfer k and the Pauli principle; the 
maximum-energy individual electron transition * is 
kpo/m-+ k?/2m. 


The influence of the Coulomb interaction between 
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Fic, 1. The general behavior of €; and ¢ calculated in the RPA 
for the free electron gas. 


the electrons may be calculated in straightforward 
fashion within the random phase approximation (RPA) 
of Bohm and Pines.’ In the RPA the different inter- 
action momenta, k, of the electron system are treated 
independently ; thus, the contribution to the dielectric 
constant €(&,Q) arising from the Coulomb interaction 
between the electrons is calculated by taking into 
account only the &th component of that interaction, 
(2are*/k*)p,*p,. The dielectric constant in the RPA is® 


erpa (RQ) = 1+42a(k,Q), (21) 


where a is again the Kramers-Heisenberg polarizability, 
(18) and (19). This result may be obtained by a simple 
physical argument.” Since in the RPA only one Fourier 
component, &, is taken into account in the calculation 
of €(k,Q), it is impossible to build wave packets which 
might take into account the field of localized charges 
in the calculation. The value obtained is therefore just 
that found neglecting local field corrections and static 
potential corrections, and corresponds to including, in 
the language of Lorentz, the field at the position of a 
particle which arises from the charges at the surface of 
the specimen. 

The general behavior of the real part, e,=1+ 47a, 
and the imaginary part, €2= 42a», of € as calculated in 
the RPA shown in Fig. 1. The stopping power is pro- 
portional to 

1 €2 
Im = ; 
(RQ e+ €2" 


and thus differs from the Hartree-Fock result in the 
presence of | enpa”| = €,°+ .” in the denominator of (22). 
It corresponds to the replacement of the free electron 
matrix elements, (px),0, by their RPA counterparts 


(px) uo 
—_—_— (23) 


RPA — ‘ 
€RPA (R,wy0) 


(px) wo 


2 See NP II for a more detailed presentation of this argument. 
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The physical origin of this change in the matrix elements 
of px is the screening of each density fluctuation by the 
remaining electrons. We shall see that the collective 
oscillations of the electron system are also contained 
in the replacement (23). 

The effect of the Coulomb correlations in the stopping 
power may be simply seen in the long wavelength limit 
(k&ko). For low excitation frequencies (QS w,0), one 
finds 

€2~ Ewk,?/k’, 


where k,, the Fermi-Thomas screening wave vector, is 
defined by 


k= 6nrne?/Er, 


Er being the energy of an electron at the top of the 
Fermi distribution. As a result, the probability of an 
individual electron transition at frequency w,o is reduced 
as compared to the Hartree-Fock value by the con- 
siderable factor, k*/k,', corresponding to the physical 
fact that the field of each electron is heavily screened 
by its neighbors. 

At high excitation frequencies (Q>wn0™*=kpo/m), 
one would at first sight expect no contribution to the 
stopping power in the RPA, since for these frequencies 
€2=0. However there will be frequencies, wo, for which 
€, likewise vanishes, from which one also gets a con- 
tribution to the stopping power. The relation 


(24) 


€1 (wo) =(0 


is the dispersion relation for plasma oscillations of the 
free electron gas and the wo thus represent the plasmon 
contribution to the stopping power. That €:(wo)=0 
should define the collective modes of the system follows 
very simply from the defining equations (6a) and (6b) ; 
we see that even in the absence of a test charge, if «=0, 
it is possible to have a solution of Poisson’s equations 
with nonvanishing p,; and longitudinal electric field Ey. 

The dispersion relation of the plasmons may be 
simply calculated in the present limit by carrying out 
the high-frequency expansion of €;; one finds 


-¥ | (on)oy ee (25) 


Wud Wyo 
ig Qs 
which may be written, with the introduction of the 
plane wave oscillator strengths defined in terms of the 
plane wave matrix elements (px)o, and excitation 
frequencies wo, as 


(26) 


e=1———-), — 
miu 


Are? Sou 
1 


Use of the f sum rule which the fo, satisfy and ele- 
mentary algebra then yields the high-frequency result 
(to order k?) 
w,* k*v¢" » 
qn i—-—-{1+-}-—7, (27) 
Q2 2 
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where 2% is the velocity of an electron at the top of the 
Fermi distribution. The plasmon dispersion relation is 
therefore 

(28) 


9 312 
wrSw," 5 x02. 


In the RPA, since €2 vanishes for the plasmon modes, 
there will be no damping of the plasmons; indeed, the 
contribution of the plasmons to Im1/e is not well 
defined. In a more accurate treatment of the electron 
gas, ¢€ will possess a small imaginary part at the 
plasmon frequency, and that furnishes the appropriate 
prescription for evaluating Im[1/e(k,w) ]. One thus 
finds, including terms of order ’, 


T ®t 
a, 6(Q—w 9) “9 
(de, AQ)a =w() 2a 


(29) 


6(Q—wo), 


which when substituted into (10) yields the appropriate 
probability for plasmon excitation.” 

In the long-wavelength limit we see on substitution 
of (29) in (16) that up to order k' the energy transfer 
sum rule (16) is completely exhausted by the plasmon 
excitations. This is to be expected, since the first con- 
tribution from individual electron excitations is, ac- 
cording to the above discussion, of order k*. Thus at 
long wavelengths the plasmons comprise the dominant 
excitation mode of the free electron gas. 

In the long-wavelength limit we have been con- 
sidering (and of course within the RPA) there is a 
complete separation of the individual electron and 
collective contributions to the characteristic energy 
losses. Not only are the energies involved quite dis- 
parate, but also the analytic behavior of Im[1/e(k,Q) ] 
is completely different for the two regimes. As we in- 
crease the momentum transfer, k, we are considering, 
this separation will persist until we reach a wave vector 
k, such that the maximum energy individual electron 
excitation is equal to the plasmon energy at that wave- 
length. Thus &, is defined by 


Wk? 


hk. po 
hu (k-) =- ~ +- 


m 2m 


(30) 


The detailed solution of (30) for the actual plasmon 
dispersion relation (24) has been discussed by Ferrell." 
For actual metallic densities we may obtain a suff- 
ciently accurate estimate of k, by considering the simple 
lowest order in &, expansion of this relation, 


hwp,=h*k Ro 
from which we find 


k. kyo=0.47r,}, (31) 
for the critical wave vector measured in units of the 
Fermi momentum, fo. 7, is the inter-electron spacing 

13 See reference 3 for a derivation of this quantity based on the 


BP formulation. 
4. Ferrell, Phys. Rev. 107, 450 (1957). 
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measured in units of the Bohr radius, as defined by 


(32) 


$rr2ae=1/n. 


For metals, r, varies from 2 to 5.5, so that k, is generally 
of the order of ko. In these same units, the Fermi- 
Thomas screening wave vector k, is given by 


k, ky=0.814r,}. 


We thus see that at the point that the plasmon spectrum 
merges with the individual electron excitation spectrum 
there is still appreciable screening of the individual 
electron contribution to Im(1/e). On the other hand, 
for k>k,, the excitation spectrum will have an essen- 
tially individual electron character; there may be a 
small regime of wave vectors for which there still exists 
a solution of the plasmon dispersion relation, (24), but 
such plasmons will be strongly damped by the individual 
electron excitations. Finally, for sufficiently large k 
(k>k,), Im[1/e(k,Q) ] will be well approximated by its 
Hartree-Fock value, (20). 

We conclude this section with a brief discussion of 
the validity of the RPA, and of the role that terms not 
included in the RPA will play in the determination of 
the low momentum excitation spectrum. As was 
emphasized by BP, the RPA is essentially a long wave- 
length approximation, which can be expected to succeed 
easily only for wavelengths long compared to the inter- 
electron spacing. Recently the authors have carried out 
a calculation which verifies that prediction in detail.'® 
The coupling between the long-wavelength and short- 
wavelength momentum transfers was treated to lowest 
order in the short-range part of the Coulomb inter- 
action. From an analysis of the contributions to the 
correlation energy arising in the breakdown of RPA, 
it was concluded that for actual metallic densities the 
RPA calculations may be trustworthy for k&k,. In 
other words, the maximum wave vector for which 
plasmons represent an independent excitation, and the 
maximum wave vector for which the RPA is applicable, 
are approximately the same. In the leading corrections 
to the RPA, for wave vectors k<k,, two effects of 
interest for the present problem emerge. First, the 
dispersion relation of the plasmons is altered by 
characteristic exchange terms of order k?; the new 
dispersion relation reads 


We may rewrite (33) as 


2.6 3 
sesidon (223) 
ke\ 7, 20 


Thus for metallic densities the exchange, non-RPA, 
contribution to plasmon dispersion is rather small. 


(34) 


16 P, Nozitres and D. Pines, Phys. Rev. 111, 442 (1958). 
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Second, the long wavelength plasmons will now be 
damped. An approximate estimate of that damping 
yields a plasmon lifetime, 7, which is 


1 Wp Re? 
ease feel (35) 
T (hko?/m) ke? 


IV. ELECTRONS IN SOLIDS 


In dealing with the quite complicated motion of 
electrons in solids, it is necessary that one make at the 
outset certain simplifying assumptions. We shall here 
assume that in the solid there exists a well-defined 
group of valence electrons (electrons outside the last 
closed shell of the atoms which make up the solid) 
which interact with each other and are acted on by a 
position-dependent periodic potential due to the ion 
cores. The Hamiltonian of the system is then 


p? 2re* 
A=) —+V (0) +2 > nnn (36) 


2m k 


where V(r,) is the periodic ion-core potential. In using 
(36) we are neglecting the polarizability of the ion 
cores and that part of the electron-ion interaction 
which may not be represented by a simple potential. 
We can then, as for the free electron gas, treat the 
interaction between the electrons in the RPA. However, 
it must be borne in mind that in the present case not 
only does the RPA involve the neglect of exchange 
terms which couple the interactions involving different 
momentum transfer, but also that it is equivalent to 
neglecting the effects associated with the nonuniform 
equilibrium distribution of the electrons in the solid. 
Thus the RPA will continue to be a reasonable approxi- 
mation for long wavelengths, but there is no valid 
reason for expecting it to apply to momentum transfers 
k of the order of the inverse unit-cell size, since for such 
momentum transfers the periodic character of the 
electron distribution will play an important role. 

The generalization of the free electron gas treatment 
is then straightforward, the prescription being that all 
one-electron plane wave matrix elements and excitation 
frequencies are replaced by Bloch function matrix 
elements and excitation frequencies appropriate to a 
single electron moving in the periodic potential V(r). 
Thus one finds, in the Hartree-Fock approximation, 
(37) 


1/ex ,;™= 1 —4ra?, 
while in the RPA, 

eppa= 1+ 410%. (38) 
Here a@® is the appropriate Bloch-function, Kramers- 
Heisenberg polarizability, with real and imaginary 
parts, a;” and a,* defined by 


Sre? | (px)ov|*w»0 4are” So 
eon scsctelne hie, see 
hk? » 


wy —? m * wre?—2? 


(39) 
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Ane? 
4raz® =—— ¥ | (px) o»|?6(Q—w0) 
nk? » 


2ne? fo 
=— F —(Q—w,»). 


m y Wy 


(40) 


We have introduced the Bloch function oscillator 


strengths, 
2m 


for= ——W 0 | (px)o» 
hk? 


l*, (41) 


which obey the sum rule, 


>» foo=n. 


The transitions characterized by fo, and w,o are of 
two kinds, intraband and interband. For the intraband 
transitions, in the long-wavelength limit, one finds 


kpo 
Wy = —. 
m 


(42) 


|(px)or|2=1 and 


Such transitions are essentially the same as those of 
the free electron gas. On the other hand, the interband 
transitions in the long-wavelength limit are charac- 
terized by 


| (px)o» |? R? 


The characteristic energy loss spectrum of a metal, as 
calculated in the Hartree-Fock approximation, will 
thus be expected to contain the two groups of indi- 
vidual-particle energy losses shown in Fig. 2: a strong 
low-energy peak associated with the intraband tran- 
sitions which cuts off at kpo/m; and a series of broad 
peaks associated with transitions to neighboring bands. 
In a semiconductor or insulator only the interband 
peaks would be expected. 

The influence of the Coulomb interaction between 
the electrons, as calculated in the RPA, again is 


and w,o independent of k. 
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---- HARTREE FOCK APPROXIMATION 
——- RANDOM PHASE APPROXIMATION 
Fic. 2. A schematic representation of the expected character- 


istic energy loss spectrum for a nontransition metal, as calculated 
in the Hartree-Fock approximation and in the RPA. 
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manifested through screening and collective oscillations. 
The resulting energy loss spectrum is indicated on Fig. 2. 
The intraband transitions are heavily screened, asin 
the free electron case, by a factor of order k*/k,4. The 
low-energy interband transitions of energy w,o are 
likewise screened by a constant factor of the order of 
(w,0*)/w,'. In addition there will appear a plasmon peak 
associated with the zeros of €,; the dispersion relation 
for the plasma oscillation of frequency wo reads, from 
(38) and (39), 
4re? fov 
1=——_ )> ———— (43) 


9 ° 
m y WO" Wyo” 


If the majority of the oscillator strengths, fo,, are 

associated with transitions such that wo“«w,, (43) 

may be expanded in powers of wno?/wo?; from the f-sum 

rule, (42), it follows that the plasma frequency w» is 
given by 

4re* Sorore 

oiee-+— 5 —, 


9 


eo - 


(44) 


and so will differ little from the free-electron value. As 
Mott, who first derived (43) has pointed out,'® one 
expects (44) to apply to most nontransition metals, 
since valence-electron plasmon energies are of the order 
of 15 electron volts, while the majority of the fo, go 
with interband transitions of the order of a few electron 
volts. In fact (44) applies equally well to semiconductors 
and insulators with a band gap of the order of 5 ev or 
less. Thus, in the RPA at low momentum transfers one 
expects nontransition metals, semiconductors, and 
insulators with a not-too-appreciable band gap to 
display essentially the same characteristic energy loss 
spectrum, consisting of a plasmon peak in the vicinity 
of the valence-electron free plasmon energy. This 
prediction is in good agreement with the experimental 
observations on plasmon excitation.!” 

We remark that there are three ways in which 
plasmons in solids differ from their free electron counter- 
parts. First, as a consequence of interband transitions, 
one may get a frequency different from w, in the limit 
of k— 0. Another factor which acts to alter the plasmon 
energy in this limit is the core polarizability, which for 
low-lying ion cores may be simply treated by gen- 
eralizing (43) to include ion-core transitions as well.'8 
Second, the k® term in the plasmon dispersion relation 
will in general be quite different from the value calcu- 
lated for the free electron gas. Third, even in the RPA, 
the plasmons will be damped, since there exist some 
interband transitions at the plasmon energy. For 


16N. F. Mott, Proceedings of the Tenth Solvay Congress (R. 
Stoops, Bruxelles, 1955). 

17 For a detailed comparison of theory and experiment on this 
point, see reference 3, and NP III. 

18See NP I for a derivation of this generalized dispersion 
relation. 
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isotropic solids, the plasmon mean life is given by” 
1/r=wnk, 


where and & are the usual optical constants.” 

Because there is some overlap of the plasmon 
energies and the individual electron excitation energies, 
the distinction between the collective plasmon modes 
and the individual particle modes cannot be as complete 
in the solid as in the free electron gas. However, for the 
solids which we have been considering, for which the 
majority of the fo, go with w,o small compared to wp, 
the distinction continues to be a valid and useful one. 
The dominant excitation mode at low momentum 
transfer is the plasmon mode, the damping of this 
mode is relatively small, and, as discussed in detail in 
NPI, one expects the RPA to provide an accurate 
description of the way in which Coulomb interactions 
affect the behavior of the valence electrons for small 
momentum transfer. 

The distinction between individual electron and 
collective behavior, and the validity of the RPA as 
well, is much less clear in the case of the transition 
metals. In these metals, the characteristic individual 
“core” electron excitation frequencies are comparable 
to the valence electron plasmon energies. As a result, 
not only are the plasmons severely damped, but there 
is a considerable shift in the plasmon energy. The 
distinction between the valence electrons and the core 
electrons is no longer clear, and one cannot easily write 
down a simple Hamiltonian formulation of the problem, 
analogous to (36), unless one treats the core electrons 
(the d shell) on essentially the same basis as the valence 
electrons (the s and p shells), by regarding all such 
electrons as “valence” electrons. Such a formulation 
brings problems of its own, since then many of the 
“valence” electrons will have binding frequencies, w,o, 
which are comparable to, or longer than, the new free 
“valence” electron plasma frequency. As a result, the 
influence of the Coulomb interaction is no longer 
obviously well approximated by the use of the RPA. 
Despite this, we believe that the treatment of Coulomb 
interactions within the RPA possesses many advantages 
over a Hartree-Fock treatment in which Coulomb 
interactions are neglected altogether. For example, it 
affords a qualitative guide to the position and width 
of the broad peaks observed in a characteristic energy 
loss experiment on the transition metals.?* Obviously 
further theoretical and experimental study of the 
transition metals is very much needed. 


V. OTHER METHODS FOR DETERMINING THE 
DIELECTRIC CONSTANT 


In the preceding sections, we have presented a 
theoretical discussion of the characteristic energy loss 
problem in terms of the system dielectric constant 


9 P, Wolff, Phys. Rev. 92, 18 (1953), and Sec. 7 of NP II. 
*®F. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 632. 
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e(k,Q). In practice, the calculation from first principles 
of «(k,Q) for a solid remains very difficult even when 
one makes simplifying assumptions like the RPA. It 
is therefore desirable to consider the properties of the 
system which are determined by ¢(&,2), and which may 
consequently be compared with the information 
derived from characteristic energy loss experiments. 

The effect most closely related to the stopping power 
is the Compton effect of photons in the 10-kev region, 
as Van Hove has shown.” The corresponding cross 
sections are entirely determined by the dielectric 
constant €(k,Q). The same ¢ determines also the inter- 
action energy Ejnt of the electrons in their ground state. 
Within certain approximations, it is possible to obtain 
the ground-state energy of the electrons, Eo, from E int. 
Finally all these effects are closely related to the 
transverse properties of solids, such as optical properties 
in the far ultraviolet and x-ray absorption and emission. 
We shall first discuss the calculation of the ground-state 
energy, and describe later the properties involving 
photons. 

The interaction energy in the ground state is defined 
by 


_ 2ré 
Ein= Vy Zz —( pp k— Nn) ¥), (45) 
k k 


9 


where the Y,, are the exact system wave functions. We 
may, however, rewrite (33) as 


2re* 


Eine= >, Piaiy 


k 


oe (onal, 
and using (9), we find 
2rne* 


af h ¢” 1 
En=> J iiie 
k 2r 0 €(R,Q) k? 


Thus Ejnt is likewise determined by the exact dielectric 
constant, €(&,2). The ground state energy may then 
be obtained from Ej, with the aid of the following 
relation”! 


(46) 


(47) 


dg’ 
Fale) = Fa(0)+ f —Eint(g’), 
0 g’ 


which assumes the energy to be characterized by a 
variable coupling constant g’ (in the present case, ¢’). 
From (46) and (47) we see that a knowledge of the 
stopping power, dW/dt, for all wave vectors k, fre- 
quencies 2, and coupling constants e? would permit the 
straightforward evaluation of the ground state energy. 
Of course one cannot measure the stopping power as a 
function of e*, so that any attempt to obtain a ground 
state energy from characteristic energy loss experiments 
requires a concrete assumption regarding the de- 


21 For a derivation of this relation, which is due first to W. 
Pauli, see K. Sawada, Phys. Rev. 106, 372 (1957). 
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pendence of ¢(&,2) on e*. Two approximations are 
available, Hartree-Fock or RPA. Both of them depend 
on the Kramers-Heisenberg polarizability a(k,Q), which 
is proportional to e?; we are thus provided with the e? 
dependence of «. As we have seen, lowest order per- 
turbation theory amounts to choosing for ¢ the value 


1/e=1—4na. 


This leads for the ground state Ep to the well known 
Hartree-Fock value. (This is just why we called the 
corresponding approximation the “Hartree-Fock”’ ap- 
proximation.) We see clearly that such an approxi- 
mation misses all correlation effects. 

Within RPA, the dielectric constant is e=1+ 4a. 
The quantity Im1/e is then an homographic function 
of e?, and the integration over g’ may be performed 
easily. We thus obtain: 


h ‘ €2 2rne* 
Ey (e) = Eo(0) +>} — f arc tan—dQ——— (48) 
k |2r Jo é1 R? 


Therefore, within RPA, the ground state energy (i.e., 
the cohesive energy of the system), depends solely on 
the complex dielectric constant ¢(,Q), and may thus be 
computed if €(&,2) has previously been obtained from 
other experiments, such as the characteristic energy 
losses. We remark that if we introduce in (48) the 
dielectric constant « computed in Sec. III for the free 
electron gas, we get for the ground state energy the 
value obtained by Gell-Mann and Brueckner et al.” 

Let us now turn to the interaction of the electron 
gas with the electromagnetic field. All properties, such 
as Compton cross section, optical properties, x-ray 
emission, etc., may be derived from the same Hamil- 
tonian describing the interaction of the electron with 
the electromagnetic field. Let Pi, Qix be the canonical 
variables for a photon with wave vector k and polari- 
zation unit vector m:,, (perpendicular to k). The 
Hamiltonian is given by* 


H=HotDd 3 Piu*Piyt (CR +w7?)Oin* Qiu} 
ku 


(4re*)} ' 
+> ——-(ig' pide ik-8i),, 
iku m 


9 


2re? 


+ Dan’ 2 Vin*Qivpi-t, 
k,lju,.y» M 
ku #lyv 


(49) 


where AH is the total Hamiltonian of the electron gas, 
including Coulomb interactions. The first effect of the 
electron-photon interaction is to shift the photon 
frequency from ¢k* to c?k’+w,". The linear interaction 
terms gives rise to a further shift of the photon fre- 
quency and to photon absorption or emission. The 
Compton scattering arises from the last term of (49). 

*® M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957). 

°3 See, for instance, NP II. 
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Let us first consider the Compton effect in the 
nonrelativistic limit. In the usual experimental situ- 
ation, one uses photons in the x-ray region (~10 kev), 
and measures the number of photons scattered as a 
function of angle #, summing over all possible energy 
transfers and polarizations. Let 1 be the momentum of 
the incident photon and I—k be the momentum after 
scattering. Since the photon velocity ¢ is much larger 
than the electron velocities (~v), the momentum 
transfer k is approximately perpendicular to I, so that 
k~l6. Let us assume that in a given scattering event, 
the electron system goes from the state Wo to the state 
V,. From (49), we see that the only way the electrons 
enter the matrix element is through the factor (px)on. 
Now, the total cross section o(k) for the scattering of a 
photon involves the sum over all states WV, available 
to the electrons. We may thus write 

o(k)=a0(k) Don | (px)on|?, (50) 
where oo() is the usual Thompson cross section for the 
scattering of a photon by a single electron. Using (9), 
we easily write o(k) in terms of the rigorous dielectric 
constant €(k,Q), defined in Sec. IT: 


(51) 


hk* ‘ 1 
a(k) =00(k)- f Im-dQ. 
4re? 0 € 


We thus see that the Compton cross sections depend 
only on Im(1/e), just as do the cross sections for 
inelastic scattering of electrons. It is therefore possible 
to establish a rigorous correspondence between the two 
experiments. 

The result (51) yields the influence of electron cor- 
relations on the Compton effect. Let us consider for 
simplicity a gas of free electrons. If there were no 
correlations at all, }°, | (px)on|? would be equal to n. 
In other words, each electron would yield a Thompson 
scattering, independently of the others. The exclusion 
principle already reduces the cross section by a factor 
k/Ro, due to the statistical correlations between electrons 
of parallel spin. If we take the Coulomb correlations into 
account using RPA, the matrix elements | (px)on|? for 
individual electron excitations V, are heavily screened, 
by a factor ~k*/k,4. The main contribution to the 
Compton cross section then arises from the process in 
which a plasmon is emitted. This contributes a matrix 
element 


(px)on|?= NV (hk?/2mw,). (52) 


Thus, the Coulomb correlations change the cross section 
behavior from a k dependence to a k? dependence. This 
effect should be easily observable on a metal. For an 
insulator, however, the situation is less striking; there 
are only interband transitions for which (px)on is pro- 
portional to k, so that, even in the absence of Coulomb 
correlations, we expect a k? dependence of o(). 

Until now, we have been only considering phenomena 
involving longitudinal excitations of the electron gas, 
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with matrix elements (px)on. The fact that we are 
dealing with longitudinal properties may be seen 
clearly by remarking that 


[Ho,px lon =hy no( px) On 


hk 
={E me: (pit Fak)e**4}0,, 


m 


(53) 


when »; is a unit vector in the direction of &. (53) may 
be expressed simply if we define a particle current 
density operator 


Pi Pi 
1(x)=>— i o(x—n) +6(-x)] (54) 
i Lm 


m 
If we Fourier expand j(x), we obtain for the Fourier 
component jx 


1 
j= XL —(pit- fake ™, 


+m 


(55) 


Using (55), we can rewrite the oscillator strength fon(k) 
as 

2m | (mpe-Je)on|? 

iu) — ——————, 


h WOn 


(56) 


where we have added a subscript || to emphasize the 
fact that fon; involves matrix elements of the longi- 
tudinal part of the current 7. In what follows, we shall 
be interested in the opposite case of transverse excita- 
tions, of the sort which arise in the absorption of light 
in the system. Our hope is to express the corresponding 
properties in terms of the transverse analog of the 
dielectric constant €(k,Q). 

The propagation of light in the electron gas is 
governed by the linear interaction term of (49). It is 
possible to perform a quantum mechanical treatment 
of this problem, working directly with the general 
Hamiltonian (49), and eliminating the interaction by 
a suitable canonical transformation.“ This leads to a 
shift of the photon frequency, and to a damping of the 
photons. From these results, one may then compute 
the macroscopic quantities which enter the Maxwell 
equations. Such a treatment is however unnecessarily 
complicated. Since optical experiments are always 
conducted at high intensities, we may very well treat 
the electromagnetic field classically, thus emphasizing 
the close relation with the treatment of stopping power 
which we presented in the preceding sections. This is 
done in the appendix. In this section, we only sum- 
marize the results of this study. 

We are interested in the response of the system to a 
small transverse external electromagnetic field, which 
may be characterized by an oscillating transverse 
electric field E, with the frequency 2 and wave vector 
k. The response can be characterized by a complex 


24 See Sec. 8 of NP II. 
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conductivity tensor @, relating the average electric 
current density J to E: 


J=a-E. 


The dielectric constant tensor e is defined by the 
relation 


(57) 


dE d(e-E) 
fig pa me, 
ot at 


which yields immediately 


e=1— (4rie/2). (58) 


In the Appendix we give a rigorous calculation of this 
dielectric constant, using a representation in terms of 
the exact eigenstates VY, of the total electron Hamil- 
tonian Hy. We obtain the following result for the 
component ¢(k,2),, of the e tensor: 


ag © _ 
Wno—Q+in 


P ; dre? Ciu(k) JonLjx(—&) Jno 
poo pf eonancon 
nh? n 
Cjx(—) Jonl ju (2) Jno 
pH) 
wnotQ+in 


where j is the particle current density operator defined 
in (55), and where » is a small positive quantity which 
guarantees that the field is switched on adiabatically, 
and which we shall eventually set equal to zero. 

Note that (59) is exact. In order to simplify the 
discussion, however, we shall only consider the case of 
an isotropic system, with a transverse electric field 
pointing in the direction »., perpendicular to k. For 
reasons of symmetry, ¢ is then a scalar quantity, given 
by”5 


wp 4re’ F 
€.(k,Q) = 1——+— | [en (2) Jon |? 
© Aa 


Wn 
x 2P— tind (on) - (60) 


(won — 


(P denotes principal part and we have added a sub- 
script | to emphasize the fact that we are dealing with 
transverse excitations.) 

Once we know the dielectric constant, it is straight- 
forward to solve Maxwell’s equations 


1 0(cE) 
vxH=- 


25 In deriving (60), we make use of the reflection invariance of 
the system. (The detailed argument is given in NP I.) 
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to obtain the well-known dispersion equation 


R= €,(k,0)0?. (61) 


In practice, 2 is fixed by experiment, and one solves 
(61) to obtain the propagation vector & of the electro- 
magnetic wave in the electron gas. One thus can 
interpret any optical property of the system. 

The expression (60) for ¢, bears no resemblance to 
Eq. (8) yielding the longitudinal dielectric constant 
e:, which we used in the preceding sections. There is 
therefore no rigorous relation between the character- 
istic energy losses and optical properties. However, to 
the extent that the RPA is valid, «, and €, are closely 
related. In what follows, we discuss the resulting 
relationship. It should, however, be kept in mind that 
the similarities which we shall find depend on the RPA, 
and therefore do not exist if the latter breaks down. 

The calculation of ¢, within RPA can be performed 
using canonical transformation techniques, similar to 
those used in reference 5. In fact, the result may be 
foreseen very simply: within RPA, the matrix element 
[ju(R) Jon depends only on the &th component of the 
Coulomb interaction, i.e., on an electrostatic field EF, 
in the direction of k. Now, a longitudinal electric field 
E, cannot affect the transverse component j,(k) of the 
current. Consequently, within RPA, the transverse 
dielectric constant €, is not affected by the Coulomb 
interaction. We obtain it simply by replacing the 
representation in terms of the exact states VY, used in 
(50) by the representation in terms of Bloch waves 
states ®,, corresponding to a set of independent par- 
ticles. We thus get 


wy? 4re 
eBPA(RO)=1 pasion > | Dew 5 (2) Joo? 
Se AF >» 


) 


xX {2P— —+i5(wy—Q)}. (62) 


(wo? a 0") 


This is to be compared with the longitudinal dielectric 
constant ¢,, given by (38), (39), and (40). Using the 
expression (56) for the longitudinal oscillator strengths 
fon, and the f sum rule which these satisfy, we may 
write €; as 


wp 4re , 
e;PPA(k,Q) = 1 -—+— > | [mj (A) Jo |? 
OQ nO? » 


Wy0 
X | 2P——+ in (wo) }. (63) 


®y»o" — Q? 


Thus we see that within RPA, «, is very closely related 
to €, differing only by the replacement of 9% by miu. 
As we mentioned in Sec. IV, the excited states %, 
correspond to either intraband or interband transitions. 
At a frequency 2>ck, the intraband terms always give 
a negligible contribution to both e, and e,, since the 
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Fermi velocity is always much smaller than c. The only 
contributions arise from interband transitions, for 
which one may let |k| go to zero in both wo and 
[j(k) Jo. The dielectric constant ¢, then depends only 
on the polarization direction 7;,, and no longer on the 
propagation direction n,. From (62) and (63), we see 
at once that the transverse dielectric-constant €,(k,Q) 
for a wave propagating along and polarized along 
Ny is the same as the dielectric constant ¢€,(&,Q) for a 
longitudinal wave propagating along 7,4. Consequently, 
¢, has the same analytical properties as ¢€,, and the 
same asymptotic behavior when Q— «©. One may 
define transverse oscillator strengths 


fovs(R) = for (| R| een), 
which satisfy the usual f sum rule, and recombine the 


last two terms of (62) to obtain finally the well-known 
result 


(64) 


dre? 
€,RPA (R,Q) _ 1+-- as _ fork) 
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b—theigfl } (65) 
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Again, let us remark that these results are only valid 
within RPA. 

These results show how interesting it is to compare 
the dielectric constant ¢«, determined from optical 
properties with its longitudinal analog e¢,,, obtained 
from the characteristic-energy loss experiments. If one 
works with anistropic single crystals, one must take 
care to compare dielectric constants for the same 
direction of polarization. In fact, most experiments are 
conducted with polycrystalline materials, for which 
both e, and ¢,, are averaged over all directions; in such 
a case, a direct comparison is easy to perform. Most of 
the optical data now available have been obtained by 
reflection experiments, which yield directly the complex 
index of refraction n+7k, hence the dielectric constant 
€.=(n+1k)?. From this, one may compute Im(1/e«) 
and compare it with the observed characteristic energy 
loss spectrum. Such studies are now in progress, and 
seem to yield satisfactory results.”® 

We should like to point out another kind of experi- 
ment, much more closely related to the characteristic 
energy losses, namely, transmission through very thin 
films. If the thickness d of the film is much smaller than 
the wavelength (kd<1), the percentage of energy 
absorbed by the electron gas is 


(1—T) = (Qd/c) Ime, (66) 


(the reflected power is one order of magnitude smaller). 
Therefore, a study of optical absorption by the film as 
a function of frequency yields directly e. (If one 
obtains only the relative variation with Q of the 


26 Private communication of Dr. U. Fano and Dr. L. B. Leder, 
at the 1958 Gatlinburg Conference on Stopping Power 
(unpublished). 
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absorption, one can scale the dielectric constant €: 
using the f sum rule.) 

This experiment is equivalent to the characteristic 
energy loss measurement. The only difference is that 
electrons are replaced by photons. We remark that in 
the transverse case, the absorption is proportional to 
€2, while in the longitudinal case it involves €2/(€;?+ €:”) : 
the difference arises from the fact that a transverse 
probe is not screened, while a longitudinal one is. 
Notice that the ratio of the optical absorption to the 
characteristic energy loss cross section yields directly 
e+ «= | e|?. The zeros of this quantity determine the 
frequency of the collective modes. In fact, one may 
decide at once which lines of the characteristic energy 
loss spectrum arise from collective properties; they are 
simply those which arise from a zero of ¢; rather than 
from a peak of 2, i.e., those which do not appear in the 
optical absorption spectrum. 

There is one more piece of information which may be 
usefully compared with the characteristic energy losses, 
namely the collective Auger effect in x-ray absorption 
and emission spectra. As first discussed by Ferrell,?’ 
an x-ray transition could be accompanied by the 
emission of a plasmon: this is just the collective counter- 
part of the usual Auger effect, in which the primary 
x-ray transition induces the excitation of a secondary 
electron. The corresponding transition probability has 
been computed by Noziéres,* and turns out to be 
different from the value quoted by Ferrell. It is never- 
theless rather small, the physical reason being that an 
x-ray transition usually does not involve a large dis- 
tortion of the electric-charge distribution. 

In an emission process, the collective Auger effect 
leads to a satellite emission band edge, at a distance 
hw, from the main edge on the low-energy side. There 
is some evidence for this effect in Mg and Al, as Ferrell 
pointed out. A systematic investigation of these satellite 
bands seems desirable. In an absorption process, one 
should observe a satellite band edge at a distance hw, 
from the main edge on the high-energy side. In this 
case, however, the effect is hidden by the Kronig 
structure, and is probably not observable, although it 
might explain certain similarities between the x-ray- 
absorption and characteristic-energy losses. In any 
event, when such effects are observable, they give a 
measure of the plasma frequency which may be com- 
pared with that obtained from the characteristic energy 
losses. 


VI. CONCLUSION 


In conclusion, let us summarize some of the ways in 
which the data in a characteristic energy loss experiment 
may be analyzed and compared with other experimental 
information concerning a given solid. First, a measure- 
ment of the angular distribution of the inelastic scat- 
tered electrons is essentially a determination of 


TR, Ferrell, Revs. Modern Phys. 28, 308 (1956). 
28 P, Noziéres, doctoral thesis, Paris, 957 (unpublished). 
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Im[1/e(&,2) ]. Because of the energy loss sum rule, 
(16), it is not necessary that an absolute measurement 
of the intensity of the scattered beam be carried out, 
since a measurement of the relative intensities of the 
scattered electrons, combined with (16), suffices to 
obtain Im[1/e(&,2) ]. It should be remarked, however, 
that in such a determination it is necessary to correct 
for multiple scattering of the incident electrons, that is, 
for successive energy loss acts. In general, such a cor- 
rection is quite complicated, involving the careful 
measurement of intensities as a function of foil thick- 
ness. However, because of the discrete nature of the 
plasmon lines such corrections may be considerably 
simplified. 

The application of the Kramers-Kronig relations, 
(11), permits the determination of Re(1/e) from the 
measurement of Im(1/e). These values may then be 
checked against other experiments. A simple check is 
with the nonrelativistic Compton effect, in which, as 
we have remarked in the preceding section, one meas- 
ures usually the quantity 


1 
f Im-dQ. 
€ 


Another useful comparison is with the optical measure- 
ments of €(k,Q). If the RPA is valid, in the case of 
polycrystalline samples the longitudinal and transverse 
dielectric constants should be identical. For single 
crystals, one can compare the longitudinal and trans- 
verse dielectric constants for a given propagation 
direction; again, they should agree. Thus the com- 
parison of optical data with characteristic energy loss 
data furnishes a direct experimental check on the 
validity of the RPA. Finally, where information is 
available from x-ray omission and absorption experi- 
ments, one can compare the values of the plasmon 
energies so obtained with the characteristic energy loss 
and the optical experiments. 

To the extent that the RPA is valid, it is possible to 
extend the range of information provided by the char- 
acteristic energy loss experiments. As discussed in the 
preceding section, a measurement of Im(1/e), combined 
with the RPA, yields a determination of the correlation 
energy of the electrons in the solid. Finally, from Ime 
it is then possible to obtain information concerning the 
one-electron energy level distribution, that is, the band 
structure, of the solid. Since the scattering of electrons 
by thin foils yields Im(1/e), while the scattering of light 
by thin foils yields Ime, a comparison of the two experi- 
ments permits the unambiguous identification of 
collection plasmon losses, and furnishes the desired 
experimental distinction between a collective excitation 
and an individual electronic excitation. 
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APPENDIX 


In Sec. II, we discussed the response of the system 
to a longitudinal perturbation. We here wish to gen- 
eralize this argument to the case of the most general 
applied field, longitudinal or transverse. Let us therefore 
introduce an external electromagnetic perturbation, 
which we shall describe by a vector potential A(x,?). 
For simplicity, we shall assume A to be periodic in space 
and time: 


A(x,t)= Axe i(k-x+20) 4 A peti xt2t) | (A1) 


At the moment, we assume 2 and & to be independent 
variables although they will be related later by the 
equations of motion of the electromagnetic field. From 
A, we obtain E and H by the well-known relations 


10A 
E=—-—, H=y~xA. 
c Ol 


(A2) 


When we apply the perturbation A, we induce in the 
system an electric current J. The electric current density 
operator in the presence of A is given by 


J(x)=>. ev,6(x—x,) 


1 


e€ é 
=> “9.- A(x) |6(—x). (A3) 
7 im 


mc 


The Fourier component J; of J(x) is 


e 
Ji=Chr-—— D Avprve™, (A4) 


mc k’ 


where jx is the particle current density operator defined 
in (55), and A, the Fourier component of A(x). In 
what follows, we shall only be interested in the linear 
response of J, so that we can neglect the nondiagonal 
part of the linear term in (A4), and write 


(AS) 


When A;=0, the expectation value (J;) is zero because 
of translational invariance. However, when the periodic 
perturbation is applied, (J;.) is no longer zero, and is 
given by 


Ji=ejn— (ne?/mc) Aye. 


(Ji) = K(k) Ape“, (A6) 


where the kernel K(&,Q) is a second-rank tensor. The 
problem is to evaluate K(z,Q). 

To do this, we remark that the interaction between 
the applied potential and the electrons is described by 
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the following perturbation in the Hamiltonian 


e 
Hy= —-[jn- A-xe*®*+-j_p- Ape]. (A7) 
c 


Since we are only interested in the linear response of 
the system, it is enough to treat H, by first-order time- 
dependent perturbation theory, using a representation 
in terms of the eigenstate V, of the total electron 
Hamiltonian Ho. As in reference 5, we have to switch 
on H, adiabatically in order to avoid heating up the 
system. Let W be the ground-state perturbed wave 
function: then 


} eV | (jx)ul¥) ne 
K (k,Q) v=- iain ———$ yy. 
(Ax)se7*@* =—soamce 


(A8) 


The calculation is quite similar to that of reference 5, 
and yields the following result: 
é Ciu(R) JonLjx(—k) Jno 
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(A9) 


Remark that the last term of (A9) corresponds to the 
diamagnetic current which at high frequency Q is the 
leading term.” 

The problem is now to define a dielectric constant 
e(k,Q) in terms of the kernel K(&,2); we then have to 
treat separately the case of longitudinal and transverse 
excitation. In the transverse case (A, being perpen- 
dicular to k), the dielectric constant e is defined by the 
following equation: 

10E 4r_ 10(eE) 
Bee ie, 
col s< c ot 


(A10) 


Using (A2) and (A6), we obtain immediately 


(A11) 


4c 
e(k,Q) = 1+—K(&,Q). 
0? 


(A9) and (A11) lead us to the result (59) given in Sec. 
V. As discussed there, Maxwell’s equations then allow 
us to write the dispersion relation (61) relating k and Q. 


In a superconductor, the first term of (A9) vanishes when 
q— 0 because of the energy gap for single-particle excitations: 
this leads to the Meissner effect. 
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The situation is completely different for a longi- 

tudinal A. In Sec. II we defined the longitudinal 

dielectric constant €,,;(4,2) by means of a test charge 

with density er(x,t). By analogy with the macroscopic 

case, we wrote 

1 (px) 

1 


= = (A12) 
€); (RQ) 


reine 


Now, a test charge is equivalent to a longitudinal 
electric field E given by the Poisson equation, and 
therefore to an applied longitudinal vector potential 
with the following Fourier component 


A,=ryArec/kQ. (A13) 


In the same way the charge distribution e(p,) generates 
a longitudinal electric current density (J;,) given by the 
continuity equation 


(Jt) = — (€Q/R) (px). (A14) 


Using (A13) and (A14), we may rewrite (A11) in the 
following form: 


1 4c 
——=1-—K (9), (A15) 
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€\} (R,Q 


where K,,(&,Q) is the longitudinal part of the kernel K. 
[Using the f sum rule and the expression (56) for the 
oscillator strength, it is easy to see that Eqs. (A9) and 
(A16) reduce to the previous definition (8) of €,,(%,Q). ] 

We therefore see that the rigorous definition of the 
longitudinal dielectric constant ¢,, is quite different 
from that of the transverse one, ¢,. The reason for this 
difference is the following: In the longitudinal case, we 
have already included in the basic representation V,, 
the collective modes of the system, namely the plasmons 
(which in fact are just the longitudinal photons). In 
the transverse case, on the contrary, the collective 
modes (the usual transverse photons), are not included 
as part of the unperturbed system. In other words, we 
choose our basic representation in terms of the eigen- 
states of the system “‘electrons+ longitudinal photons.” 
This leads to (A11) and (A15), which look different 
because transverse and longitudinal photons are not 
treated on the same basis. If we had worked with a 
representation in terms of the eigenstates of the system 
“electrons+ longitudinal and transverse photons,” both 
e,, and e, would have had the behavior of (A15). This 
difference is rather formal, since, within RPA, the 
kernels K,, and K, have very different behaviors, 
leading in fact to dielectric constants €,, and €, which 
are very similar, as is shown in Sec. V. 
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Electron Recombination in Atomic Hydrogen* 


R. G. FowLer AND W. R. ATKINSON 
Department of Physics, University of Oklahoma, Norman, Oklahoma 
(Received October 28, 1958) 


The absolute intensity of radiation of the continuum associated with the Balmer lines has been measured 
in a region of zero electric field by observing the expanding plasma in a shock tube. It is shown that the 
corresponding continuum energy can be explained by assuming that it is composed of the recombination 
and affinity spectrum of atomic hydrogen at a certain electron temperature. Values of the electron recombi- 
nation coefficients can be derived which agree with those calculated by Cillie and disagree with those ob- 


tained from other measurements. 


EW experiments described below have led to elec- 

tron recombination coefficients for atomic hydro- 

gen in reasonable agreement with conventional theory. 

They were carried out in the field-free region of an 

expanding plasma produced by an electrically energized 

shock tube filled with hydrogen at a pressure of 4.5 mm 
Hg as previously described by us.' 

Measurements were made of both monochromatic 
radiation intensity in the continuum associated with 
the Balmer spectrum at a particular point of the tube 
and of the positive-ion concentration at the same point. 

The light intensity was measured with a photomulti- 
plier attached to a Bausch & Lomb monochromator; 
the pulse of luminosity was recorded on a Tektronix 
514D oscilloscope when the moving plasma passed the 
point of observation. Absolute intensity values were 
obtained by comparison with the radiation from the 
anode crater of a pure graphite arc of known current, 
using the luminosity data of MacPherson.? A compari- 
son method was employed to eliminate steric factors: 
the arc was placed at the same distance from the photo- 
multiplier as the shock tube, and a mechanical shutter 
was used to convert the radiation from the arc into a 
pulse of ~10~ sec duration to make the standard elec- 
tronically comparable with the 10~*-second pulse from 
the shock tube. The results obtained are given in Fig. 1 
showing .V, the number of photons per cm’ and sec in 
unit wavelength range, as a function of the wavelength 
\ for the continuum radiation of highly ionized hydrogen. 

Ion concentrations were derived from the Stark 
broadening of the Balmer line Hg. Owing to the photo- 
graphic method employed, these concentrations are at 
best peak values, appropriately corresponding to the 
peak values of radiation obtained in the continuum 
measurements. The latter have been discussed in detail 
previously,’ the main results being that the discharge 
was found to occur in atomic hydrogen and that the 
bulk of the radiation was caused by electron-ion 
recombination. 

Two considerations have delayed the publication of 


* Supported in part by the Office of Naval Research. 

1 Fowler, Atkinson, Compton, and Lee, Phys. Rev. 88, 137 
(1952). 

2H. MacPherson, J. Opt. Soc. Am. 30, 189 (1940). 

3 Fowler, Atkinson, and Marks, Phys. Rev. 87, 966 (1952). 


our results heretofore. Firstly, doubt existed that Stark 
broadening could be trusted to give correct ion concen- 
trations within factors of order two or three until the 
Holtsmark theory was modified.*:> Secondly, the con- 
tinuum beyond the Balmer series may not be wholly 
due to electron recombination; there is evidence’ that 
presumably about half originates from this process. The 
rest of the radiation is probably the affinity spectrum 
of H produced by electron attachment.® If the H- 
absorption coefficient calculated by Chandrasekhar’ is 
used to calculate electron temperatures in the plasma 
needed to produce the observed radiation, they are 
found to increase from 4200°K to 5400°K as the wave- 
length changes from 4200 A to 2600 A. If, however, 
Kramer’s theory of recombination is used, the corre- 
sponding temperatures decrease from 4400°K to 3900°K. 
An appropriate value of temperature could certainly be 
found which would make the sum of these two radia- 
tions explain the observed spectrum. 

In the light of these considerations, use of these data 
to derive a recombination coefficient was only of inci- 
dental interest until recent developments made it evi- 
dent that even an order-of-magnitude estimate by a 
new technique would be of importance. The values 
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Fic. 1. Total radiation from the continuum associated with the 
Balmer lines; hence p, follows from f>” Nd\=|p.N.N*|. 


*H. Griem, Z. Physik 137, 280 (1954). 

5H. Hoffman and O. Theimer, Astrophys. J. 127, 477 (1958). 
® W. Lochte-Holtgreven, Z. Physik 133, 124 (1952). 

7S. Chandrasekhar, Revs. Modern Phys. 16, 301 (1944). 
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derived from our experiments, assuming that all the 
photons are caused by recombination, lie between 
pe=1X10-" and 2X 10~-” cm/sec for ion concentrations 
of ~6X10'*/cm*® and an electron temperature of 
= 4500°K. It compares favorably with the calculated 
values by Cillie® of p-=710-" to 1X10-" cm?/sec; 
the precise value would depend sensitively on the elec- 
tron temperature. 

These results disagree with those of Olsen and 
Huxford’® obtained with a similar apparatus. However, 
their measurements were not made in a field-free region, 
but between the electrodes of a tube very similar to our 
shock discharge chamber. The effect of the field is 
illustrated by experiments by Miller” in our laboratory. 
When a voltage pulse is applied to the electrodes at 
certain intervals after the beginning of the discharge, it 

8 G. Cillie, Monthly Notices Roy. Astron. Soc. 92, 820 (1931/2). 

*H. Olsen and W. Huxford, Phys. Rev. 87, 927 (1952). 


F, Miller, M. S. thesis, University of Oklahoma, 1956 
(unpublished). 


PHYSICAL REVIEW VOLUME 


RECOMBINATION IN 


a33. 


ATOMIC H 1269 
is found that, during the first ten microseconds, pro- 
duction exceeds recombination in the discharge 
chamber, because the pulse makes the discharge more 
intense. 

Ifa pulse is applied later, the intensity drops because 
the rate of recombination decreases owing to the in- 
creasing electron temperature. Thus the low values of 
recombination coefficient observed in “active” dis- 
charges are probably a result of the continuing processes 
of production which maintains the ion concentration 
during a time interval in which it was presumed to be 
decaying freely. 

It is planned to exploit the method outlined above to 
obtain data for a larger range of ion concentrations and 
temperatures. 
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Halogen Delayed-Neutron Activities* 


GILBERT J. PERLOW AND ANDREW F, STEHNEY 
Argonne National Laboratory, Lemont, Illinois 
(Received August 8, 1958) 


A gas-flow technique has been developed to make rapid chemical separations of bromine and of iodine fission 
products from a solution of U*** irradiated with thermal neutrons. The active bromine or iodine is observed 
by its delayed neutron emission. Analysis of the decay curves so obtained has been made by graphical and by 
computer methods. Four delayed-neutron periods have been found in the bromine fraction and three in the 
iodine. Including several already well known, the half-lives and probable mass assignments are as follows: 
54.5-sec Br8’, 16.3-sec Br®*, 4.4-sec Br®, and 1.6-sec Br®; 24.4-sec I'87, 6.3-sec I'8, and 2.0-sec I". Shorter- 
lived halogens would not have been detected. The relative yields of each neutron activity in the order of 
decreasing half-life are, for bromine, 0.37:1.0:1.9:1.5; while for iodine they are 1.0:0.47:0.38 in the same 
order. If we assume that there are no other important contributors of delayed neutrons in this half-life range, 
the numerical values of yields for bromine may be compared directly with those for iodine with an un- 


certainty of a factor of 2. 


I. INTRODUCTION 


FTER U** or similar material undergoes fission, 

a neutron radioactivity may be observed. The 
total number of these “‘delayed’”’ neutrons is about 1% 
of the number emitted promptly. The process has long 
been understood! in principle. The delayed neutrons are 
actually emitted promptly from a suitably excited 
nuclide, but the latter is formed by the 8 decay of a 
precursor, whose decay period thus characterizes the 
neutron activity. If chemical separation of fission 
products is made, the neutron activity follows the 
chemistry of the precursor. In the present work, rapid 
chemical separations of bromine and of iodine have been 


* Work performed under the auspices of the U. S. Atomic 


Energy Commission. 
1N,. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 


made from fission products of U?** which was bombarded 
by thermal neutrons. The neutrons are emitted from 
krypton and xenon isotopes, for which the bromine and 
iodine isotopes respectively are the delayed-neutron 
precursors. 

Because of their importance in the control of reactors, 
delayed neutrons have been extensively studied? 
chiefly by examining the “gross” neutron activity, 
i.e., that which is emitted by an activated sample of 
fissionable material not subjected to chemical process- 
ing. The time behavior of the gross activity usually has 
been described by a sum of six exponentials decaying 

2 An extensive bibliography of work to 1956 is contained in the 
article by G. R. Keepin, in Progress in Nuclear Energy (Pergamon 
Press, Inc., New York, 1956), Vol. I, Ser. 1, p. 201. 

3 Keepin, Wimett, and Zeigler, Phys. Rev. 107, 1044 (1957); 
iss McVicar, Thorne, and Rose, J. Nuclear Energy 4, 133 
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with appropriate time-constants and coefficients. The 
coefficients vary with the type of bombardment and 
with the target material, but the time-constants show 
only small variations.‘ Although there have been 
suggestions that the number of delayed-neutron pre- 
cursors might number considerably more than six,® 
until recently there has been no direct experimental 
support for this point of view. It has therefore been 
more usual to assume that there are indeed just six 
beta-active nuclides whose mean lives are just the six 
time-constants of the fit to the gross decay data. Such 
work as had been done on chemical separation®-* was 
not in obvious disagreement with this point of view. 
This situation changed, however, with the discovery® 
that Br** is a delayed-neutron precursor, for Br®* has a 
half-life of about 16 sec for which there is no place in 
the scheme of six. Its delayed-neutron yield was given 
in I as 3.51.5 times that of 54-sec Br*’, and this is too 
large to be considered a minor contaminant. From this 
one must conclude that there are at least seven major 
delayed neutron activities. We shall show, however, 
that there are at least nine. We have investigated 
halogen activities with half-lives longer than about one 
second, and find four due to bromine and three due to 
iodine. The gross activities whose half-lives are approxi- 
mately 22, 6, and 2 sec are each shown to contain one 
bromine and one iodine activity. We were not able with 
the techniques presently available to investigate the 
remaining two shorter-lived groups. 

The chemical technique used in the present work is a 
refinement of that described in I. The uranium is in an 
appropriate solution and is irradiated momentarily by 
a thermal neutron beam, after which a burst of air 
containing inert halogen of the species of interest 
passes through the vessel and carries the activity to 
remote neutron counting equipment. It is clear that if 
one wishes to examine short-lived activities by such a 
method, he must use a small solution volume V and 
high flow rate f. In the course of this work, methods 
were devised for increasing f/V and at each such stage 
evidence for shorter-lived halogen delayed-neutron pre- 
cursors was obtained and reported in preliminary form.” 
In this paper we shall describe only experiments done 
with the latest version of the apparatus. 


II. EXPERIMENTAL METHOD 
The main features of the apparatus are represented 
schematically in Fig. 1. When the valve V2 is opened 


*Typical values of half-life and relative abundance: Keepin 
et al., reference 3 (thermal fission of U**); 56 sec, 0.03; 22.7 sec, 
0.22; 6.2 sec, 0.20; 2.3 sec, 0.40; 0.61 sec, 0.12; 0.23 sec, 0.04. 

5 We are indebted to C. D. Coryell and A. C. Pappas for corre 
spondence expressing this point of view. 

6 Snell, Levinger, Meiners, Sampson, and Wilkinson, Phys. Rev. 
72, 545 (1947). 

7N. Sugarman, J. Chem. Phys. 15, 544 (1947). 

8 N. Sugarman, J. Chem. Phys. 17, 11 (1949). 

*G. J. Perlow and A. F. Stehney, Phys. Rev. 107, 776 (1957). 
This paper will be referred to as I in the subsequent text. 

10 G, J. Perlow and A. F. Stehney, Bull. Am. Phys. Soc. Ser. I, 
2, 309 (1957), and 3, 6 (1958). 
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(typically for 1.2 sec) a burst of air and halogen mixture, 
contained in the 3-liter flask R, is sucked through the 
cell Q containing the uranium solution, which was just 
previously irradiated with thermal neutrons. It then 
passes through C and into the evacuated bottle B. 
About 0.4 liter flows during the burst. If bromine 
activities are being studied, R contains about 20 mg 
Bre per liter of air, while for studies of iodine it contains 
air saturated with iodine vapor at room temperature. 
The two small vessels flanking Q are safety traps to 
guard against the active solution being drawn acci- 
dentally into the room. Q is made of quartz with an 
empty volume of 50 cm? and filled about two-thirds full 
of soft glass beads of 5-mm diameter. A tamper on top 
of the beads keeps them in place during the air-flow 
interval. The solution (4.5 ml) initially wets only the 
lower balls, and during the air burst is disrupted 
violently over these and filtered out by the upper ones. 
The amount of liquid transported out of the cell, for 
example as droplets, is very slight and was not detected 
in our experiments. The vessel C also contains glass 
balls. Prior to each run, these are wet with carbon 
tetrachloride and the excess drained off. The halogen 
dissolves in the wet surface and the emitted neutrons 
may be counted. The remaining gas, which contains a 
good deal of beta and gamma activity and may contain 
a small amount of rare-gas neutron activity,'! continues 
to B and is pumped out between runs. A ball joint at T 
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Fic. 1. Schematic diagram of gas-flow system for rapid 
chemical separation of fission-product halogens. 


We have done experiments to search for delayed-neutron 
precursors among the rare gas fission fragments. A weak activity 
was found, but because of the possibility of inadequate trapping 
of halogens, and of the D(y,m) reaction in the paraffin moderator 
of the neutron counter, it is not yet certain that the rare gases were 
responsible. 
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may be opened to permit the insertion of a trap for 
chemistry external to the pile. 

The irradiation cell and its safety vessels are im- 
bedded in paraffin except for an entrance window for 
neutrons, and the unit is contained in a boral box 
(B4C sandwiched in aluminum) with a boral shutter 
(S in Fig. 1) which is operated rapidly by an air 
cylinder. The latter, in turn, is actuated by compressed 
air admitted by an electric valve controlled by a master 
sequence timer. The latter controls V2 and also valve 
V;, which is used to equalize pressures across the 
irradiated solution immediately after the air burst. The 
boral box is set into an opening in the thermal column 
of the Argonne Research Reactor CP-5 just outside of 
the massive and slow-moving reactor shutter, whose 
aperture is adjusted to regulate the initial counting rate. 
A thick shield isolates the box from the experimental 
area, and no delayed neutrons emitted from the irradia- 
tion cell are observable at the neutron counter. The 
neutron beam is well thermalized and has an intensity 
~10" neutrons/cm? sec. The combined fission rate 
due to thermal neutrons leaking past the shutter and 
to fast neutrons going through the shutter was measured 
to be 0.3% of the rate with the shutter open. Although 
small, this number leads to a sizable correction to the 
values of the initial activity of the weak 54-sec bromine 
for very short irradiations. As a consequence, conclu- 
sions about this initial activity are drawn only from 
longer irradiations. 

Counting is done by means of two BF; proportional 
counters connected in parallel and imbedded in paraffin 
inside a cadmium shield. The counter is adequately flat 
in response over the energy range from 40 kev to 1 Mev, 
which contains most of the delayed neutrons.” The 
counts are scaled and recorded on a Brush paper-tape 
recorder along with time marks from a spring-controlled 
clock, and a set of marks derived from the timer, valves, 
and shutter, which characterizes the times of the various 
functions. The counting system has a dead-time of one 
microsecond. The counter, the cell C, and a minimum of 
the piping into the latter, are enclosed in a neutron 
shield of borated paraffin to minimize background. The 
latter was generally about one count per second. The 
counting rates at the start of counting were usually 
several thousand per sec. 

The solution for the bromine work was made with 
2.1 g of U?** dissolved in a solution 0.5M in NaBrO3; and 
1M in HNO; The acid bromate solution oxidized 
iodine fission products to the nonvolatile IO;~ form and 
prevented accumulation of Br-, which would have 
decreased the fraction of radioactivity removable as 
Bro. For the iodine fission products, the solution to be 
irradiated consisted of 1.4 g of U**® dissolved in 5.0 ml 
of a solution 0.3M in Fe**, 0.2M in Fe**, and 0.1M in 
H.SO,. In addition, 7 mg of Br~ was present as a hold- 


2, Batchelor and H. R. McK. Hyder, J. Nuclear Energy 3, 7 
(1956). 
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back carrier. The combination of iron compounds served 
to oxidize I- to volatile I, and to reduce Bre to Br-. 

Data were taken after first equilibrating the con- 
centration of carrier halogen in the solution by passing 
a few liters of the gas mixture through it with the 
shutter closed. The shutter was then opened and an 
irradiation made for times varying between 0.8 sec and 
8 min. The usual case was then to pull a burst of gas for 
perhaps 1.2 sec with a waiting interval between the end 
of irradiation and the operation of the valves of about 
0.2 sec. This interval was increased progressively in 
some of the runs to test for the existence of an earlier 
generation of the bromine precursors. 

The IBM 650 digital computer was used extensively 
in this work—first for the reduction and correction of 
the original data, and second, for the fitting of the 
corrected data by sums of exponentials. In addition, a 
certain amount of graphical analysis was done by the 
standard method of “peeling off” of successively 
shorter-lived activities. The fitting process done by the 
computer is a least-squares method based on a minimi- 
zation procedure due to Davidon'® and modified and 
adapted for the IBM 650 by Peshkin.'4 Where com- 
parison has been made, the graphical and machine 
methods give similar answers, but the machine has 
always been able to effect an “improvement” over 
the graphical in the sense of least squares. The machine 
typically gives a wider spectrum of answers since it is 
less burdened by prejudice. However, if the data are 
equivocal from the standpoint of graphical analysis, the 
machine has similar difficulty and may, in fact, give 
nonsensical answers. 

The machine calculation consists of finding values of 
the a; and \; which minimize 


N ™m 
M(a;r\) =D (¥i—D aje-")?/0?. 


i=1 7=1 


Here y; is the measured counting rate at the mean time 
t;, 0; is its standard deviation as determined by counting 
statistics, and the A; and a; are the decay constants and 
initial rates respectively of the various activities, of 
which it is assumed that there are m. The quantity 


x? = M nin 


is immediately obtained when the correct a’s and X’s are 
found and may be used to judge the reliability of the 
data or of m. Defining the number of degrees of freedom 
k as the number JV of experimental points minus the 
number of parameters (< 2m) being varied, it may be 
shown" that x?/k has a theoretical expectation of unity 
and variance o?= 2/k, provided that the assumed func- 
tion truly represents the phenomenon, and that the a, 
are the correct standard errors. 


18 W. C. Davidon, Argonne National Laboratory Topical Report 
ANL 5990 (to be published). 

14M. Peshkin (private communication). 

15H, Cramér, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, New Jersey, 1946), p. 233. 
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30 "180 "240 300 360 a8 
SECONDS AFTER END OF IRRADIATION 
Fic. 2. Decay of the neutron activity of fission-product bromine 
from the fission of U** by thermal neutrons following an 8-min 
irradiation. Circles—original counting rates; triangles—counting 


rates after subtraction of 54.8-sec activity. 


III. THE BROMINE DELAYED-NEUTRON 
PRECURSORS 


Figure 2 is a logarithmic plot of data from a run 
using bromine chemistry and an irradiation of 8 min. 
The zero of time on the plot, as in all data to be dis- 
cussed, is the time of the end of irradiation. One may 
observe the graphical resolution into a component 
having a half-life of 54.8 sec, one of 15.4 sec and a 
shorter-lived remainder. Figure 3 is a similar plot of 
data from a shorter irradiation, 0.76 sec. Here the 54-sec 
and 16-sec groups are relatively weak, and are sub- 
tracted off to show that the remaining neutron activity 
is to be decomposed into a group having a half-life of 
4.4 sec and one of 1.6 sec. Because 2 seconds transpired 
between the end of irradiation and the first experi- 
mental point, any component of appreciably shorter 
lifetime will not be apparent in the plots, but may result 
in introducing some error into the determination of the 
shortest-lived component displayed. Our data give no 
evidence either way on the existence of a shorter-lived 
bromine activity. 

Table I is a summary of results from a number of runs 
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with bromine chemistry. They have various irradiation 
times, but all are characterized by a very short wait 
(~0.2 sec) between the end of irradiation and the 
onset of the air burst. Counting commenced about 2 sec 
from the end of irradiation. Since the shutter opening 
was varied from run to run, the counting rates are only 
to be compared on a relative basis. The main tabulation 
consists of half-lives, 7;(sec), and their corresponding 
counting rates, a;(sec~') referred to the end of irradia- 
tion. All of these results were obtained by the machine 
calculation. In many cases initial guesses of the values 
were obtained by graphical means. The Davidon 
process of minimization does not, at least in principle, 
require good guesses, but there are practical limitations 
associated with the size of numbers which may be 
handled by the IBM 650 during the course of a calcula- 
tion, and these prevent complete freedom of choice of 
the initial values. The number of parameters being 
varied was seven. The value of 54 or 54.5 sec for 7, was 
assumed and not permitted to vary. The tabulated a’s 
have been corrected for the effect of the radiation which 
leaks through the shutter. The correction is serious only 
for a, and only in runs 1, 2, and 3. As a consequence, the 
yield ratios involving a, in those runs are disregarded. 

The shortest-lived component, being the most difficult 
to measure, emerges from the machine calculation with 
the greatest spread in half-lives, varying between 1.0 
and 2.2 sec at the extremes. The mean is 1.60.6 sec. 
We have assumed equal weighting for all runs because 
we have not been able to obtain probable errors with 
assurance from the machine calculations. The quoted 
limit of error attempts to take possible systematic 
effects into account. The same procedure is used for the 
errors quoted for all half-lives measured in the present 
work. 

The next longer-lived component shows a smaller 
spread. The average half-life is 4.40.5 sec. The third 
group is characterized by a half-life of 16.30.8 sec, 
somewhat higher than the value 15.5+0.4 quoted in 


TaBLE I. Half-lives and initial activities obtained by least-squares analysis for bromine isotopes. 


Length 
irradiation 
(sec) 


Q2 
(sec™) 


Run 1 a1 
No. (sec) (sec™) 


nN 
NR 


0.76 
0.76 
0.77 
1.25 
1.26 
1.28 
1.30 
4.2 
15.9 
55.8 
480 
480 
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Average 


a3 
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2 
(sec) 


E 
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16.5 170 
16.1 
16.6 
16.7 
16.1 
17.9 
15.2 
15.8 
15.8 
16.5 
16.0 
15.9 
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16.340.8 Xtotal®/Ftotai = 1.14 


+ (2/Rtow1)! = +0.09 
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I. The longest group has the assumed value of 54 or 
54.4 sec. 

The values of x?/k cluster around 1.0, for the most 
part within the standard deviation of about 0.3. Con- 
sidering all of the data as part of one experiment, we 
obtain (x?) totai/Rtotai= 1.14, slightly higher than expec- 
tation (10.09). 

The relative fission yields of the neutron activities 
may be obtained by extrapolating each activity to the 
case of irradiation to saturation. The average half-lives 
of Table I were used in this way to obtain the contents 
of Table II, which displays yields relative to that of the 
16 second group. The average values of the yields are in 
the ratios 1.5:1.9:1:0.37 in order of increasing half-life. 
The limits of error indicated in the table are the 
statistical ones. The spread in the individual values 
arises from several causes; first, the statistical un- 
certainties in the data; second, an uncertainty in the 
duration of the shortest irradiations; third, the possi- 
bility that the bromine activities might have precursors 
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Fic. 3. Decay of neutron activity in bromine fraction after an 
irradiation of 0.76 sec. Graphical analysis into four components. 


with appropriate lifetimes; and finally, a possible 
chemical effect in the solution. The latter may arise in 
the following way. Our chemical procedure extracts, 
either directly or by exchange, only those radio- 
bromine atoms which had valence 0 or —1 while in 
solution. The considerable propulation of +5 pre- 
sumably remains behind because of its long exchange 
time.? The number of fissions per second in our solution 
is ~10" which produces ~5000 r/sec. During a run 
of several minutes with such intense local irradiation, it 
is possible to have a building up of chemical effects 
which could affect the distribution of bromine among 
its valence states. The effect would be more pronounced 
for the longer lived bromine isotopes which have a 
longer history of immersion in the solution. Whatever 
the cause, however, we consistently observe a reduced 
yield ratio Y,/Y; for the longest irradiations. 

We attempted to ascertain whether 54-sec Br itself 
had a precursor of lifetime great enough to be detected 
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TABLE IT. Ratios of initial activities of bromine isotopes corrected 
to the case of irradiation to saturation (relative yields). 


Length of 
irradiation 
(sec) ¥i/Ys 
0.76 
0.76 
0.77 
1.25 
1.26 
1.28 
1.30 

4.2 
9 
8 


0.33 
0.46 
0.30 
0.44 
0.41 
0.44 
0.27 
0.25 


ROKK S | 


-~ 
— 


15. 
55. 
480 
480 


NHK ERNNKE NEE 
SCOWR CW NIOWUNH 


WHR Re ee RR Re 
Rb Oo Pi 


Average 1.5+0.6 19404 0.37+0.08 


* Subscripts 1, 2, 3, 4 refer to 1.6-, 4.4-, 16.3-, 
respectively. 


and 54.5-sec activities, 


by the present techniques.'® This was done by making a 
series of successive runs with identical short irradiation 
intervals but longer and longer delays between the end 
of irradiation and the air burst. The effect of such a 
precursor would then appear as a growth in the initial 
rate of the 54-sec activity. The uncertainty in the values 
has thus far prevented us from drawing any conclusions. 


IV. IODINE DELAYED-NEUTRON PRECURSORS 


A series of runs was made using iodine chemistry and 
various irradiation times. The time interval between 
the end of irradiation and the start of each burst, 
the duration of the burst, and the time at which count- 
ing started, were similar to the bromine runs. A log- 
arithmic plot of data from an irradiation of 4-min 
duration shows a prominent group with a half-life of 
24.4 sec, and some activity of shorter life. From about 
40 to 370 sec the data follow a simple exponential de- 
crease over a range of greater than 4 decades in counting 

SECONDS AFTER END OF “- 2 


48 2 16 20 24 2 


RUN 4 


COUNTS PER SECOND 


\y —20 406080100 120-140-160 180-260-240 “B40 2é0- Bho 
SECONDS AFTER END OF IRRADIATION, I 


Fic. 4. Decay of neutron activity in iodine fraction after an irradia- 
tion of 2.8 sec. Graphical decomposition into three components. 


16 Sattizahn, Kahn, and Knight, Bull. Am. Phys. Soc. Ser. II, 
2, 197 (1957). 
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TABLE III. Half-lives and initial activities obtained by least-squares analysis for iodine isotopes. 


Length of 
irradiation 
(s 


CONIA Um wre | 


Average 2.0+0.5 6.3+0.7 


rate. From the absence of 54-sec activity it is clear that 
bromine contamination is very small. 

Figure 4 is a plot of data following an irradiation of 
2.6 sec. The shorter lived group is now more prominent 
and is graphically resolved into two components, one 
of 5.8 sec and one of 1.8 sec. 

Table III summarizes a set of eight runs as analyzed 
by the machine technique. These data were taken with 
the pile shutter opened the same amount and should be 
roughly comparable from run to run when the different 
irradiation intervals are taken into account. The 
average values of the half-lives are 2.0+0.5, 6.30.7, 
and 24.4+0.4 sec. The values of x?/k fluctuate in the 
neighborhood of 1.0, mostly within the theoretical error 
limits of about +0.25. Treating all eight runs as a 
single experiment, we have (x”)totai/Rtotai= 1.10. The 
standard error is + (2/Rtotai)*= 0.09. 

The counting rates of Table III are corrected for 
finite irradiation time to obtain the relative yields given 
in Table IV. The values are reasonably consistent and 
we obtain for the relative yields Y,: Y2: ¥3=0.38:0.47: 1, 
in order of increasing half-life. The errors in yield quoted 
in the table are the statistical ones. 


V. VALIDITY OF THE RESULTS 


Since the bromine and iodine lifetimes are somewhat 
similar, it is necessary to consider both the completeness 
of the chemical separation of the halogens from each 


TABLE IV. Initial activities of iodine isotopes corrected to the 
case of saturation irradiation (relative yields). 


Length of 

Run irradiation a;st 

‘ (sec) (sec™!) 
11 300 
10 200 
11 900 
10 600 
11 700 
11 200 
10 800 
10 600 


Yi/Ya* ¥o/¥s 


0.30 0.48 
0.35 0.50 
0.37 0.46 
0.37 0.45 
0.42 0.51 
0.47 0.52 
0.44 0.46 
0.35 0.36 


COND US wre 
me OUI hd bt 
¢ - t 


Nm 
ro 


Average 0.38+0.05 0.47+0.05 


® Subscripts 1, 2, and 3 refer to 2.0-, 6.3-, and 24.4-sec activities, re 
spectively. 








23.2 
26.1 
23.8 
24.0 
24.6 
24.8 
24.5 
24.4 


ual ell ell — 2 ell el al 
SHUMOSOWOm 


24.4+0.4 Xtotal®/Rtotal = 1.10 








other and the question of the validity of the particular 
number of components chosen for the analysis. 

In I there is a description of a series of tests to detect 
the presence of fission product iodine in the air stream 
following bromine chemistry. The chemical procedure 
in the present work is the same as that of I. Since no 
iodine was found at that time, the tests have not been 
repeated. In the case of iodine chemistry, however, the 
data for the 4-min irradiation, already mentioned, may 
be used to deduce an upper limit of 4% for the count- 
wise contamination of all bromine isotopes at /=0, if 
one ascribes all of the activity at 370 sec to 54-sec 
bromine. A considerably lower value may be deduced 
from the result of a test with an external trap. A column 
having an empty volume of 0.8 liter was filled with glass 
balls and inserted in the active side of the gas line at 
position T. For the first run, a “blank,” the glass beads 
were wet with a 1M nitric acid solution, the excess 
liquid being drained off. A typical iodine type of run was 
then made with a 60-second irradiation, except that 
the air flow was allowed to persist for about 5 sec, 
rather than the customary 1 to 2 sec, because of the 
larger volume through which it had to flow. The earliest 
point plotted is at 7 sec after the end of irradiation. The 
decay plot was analyzed graphically into a 24.2-sec 
group with initial rate 1400 counts/sec, and a group of 
5.7-sec half-life and initial rate 740 counts/sec. The 
run was then repeated with the solution changed to 
0.5M NaBrO; in 1M HNO). This passes bromine freely 
but stops iodine. The points now fell on a line indicating 
about 25-sec half-life and an initial activity of only 10 
counts/sec. The short-lived activity was statistically un- 
resolvable. It was suspected that the neutrons observed 
here actually originated in the trap containing the 
BrO;~ and leaked through the shield. To show that this 
was so, another run was made with the same arrange- 
ment, except that the counting vessel C was bypassed 
by the gas stream. The data obtained were identical 
with those from the previous run within statistical 
fluctuation. We conclude that the iodine fraction does 
not contain a contamination of bromine as largeas0.2%. 

The separation of a complex activity into the correct 
number of components is always open to some doubt. 
No statistical test such as the “‘chi square” test we have 
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TABLE V. Results of least squares analysis of decay of iodine activity when two components were assumed to be present. 





Length of 
irradiation 





adopted can detect the existence of a very weak activity 
or resolve two activities of similar lifetimes. In our 
case, however, we are strongly helped by the knowledge 
that each fraction counted can contain only a few 
neutron-active nuclides, and that the half-lives may be 
compared with those obtained by radiochemical 
methods. We cannot say with certainty that there are 
not five bromine delayed-neutron precursors with half- 
lives between 55 and 1.5 sec, although it is not likely. 
We can say with assurance that there are not less than 
four. We have, for example, subtracted off the weak 
54-sec group and fitted the remaining activity with two 
periods by the machine techniques. Inspection of the 
fit and of x?/k causes immediate rejection of this 
possibility. Unfortunately the situation is by no means 
as clear-cut in the case of iodine. The reason is that the 
24-sec group has higher yield than the combined 
shorter-lived groups studied, and the statistics are 
thereby less favorable for their resolution than was 
the case for the short-lived bromines. 

In Table V we show the result of least-squares 
analysis of the iodine runs using only two components. 
The data are actually fitted reasonably well. The half- 
lives have average values of 4.2 and 23.5 sec. The 
former does not correspond to any known iodine 
isotope, but this is not necessarily ground for rejection, 
the lifetime measurements are 


since radiochemical 
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Fic. 5. Comparison of residuals (measured in units of standard 
error) of two-component (lower plot) and three-component least 
squares fits to iodine data. Composite of runs 1-5. 


x? 
39 
35 
62 
59 
51 
65 
52 


a ee 
—mOMnT00UMN | > 


Xtotal”/Ftotai = 1.53 
+ (2/ktotar)#= +0.09 


difficult to make and could be in error. However, the 
calculated values of the half-lives are observed to 
increase with the length of irradiation, as they must if 
there are actually three components. A stronger argu- 
ment for three components may be made by scrutiny of 
the values of x?/k and their comparison with the corre- 
sponding values in Table III where the fit is with three 
components. Only two of the eight runs qualify within 
the expected limit of error. The value of (x?) totai/Rtotat is 
objectionably high and would imply systematic error 
sources which we consider unreasonably large. 

Further judgments concerning the number of com- 
ponents may be gotten by examining the fits in detail. 
In Fig. 5 we plot the “weighted residual” ['y;— f(¢;) ]/o;, 
where f(¢;) is the machine value of the counting rate 
at /;. This is done separately for the fits with three 
components and those with two, and includes all points 
up to 25 sec for the first 5 runs. Whereas the three- 
component plot shows the expected scatter of the 
points about zero, the plot for two components shows 
the data points characteristically too high at early 
times, then mostly too low, and then too high again. 
This is what would be expected if the data truly 
represent three components rather than two. This is 
what we conclude. 


VI. DISCUSSION 


With the exception of 1.6-sec bromine, all of the 
neutron activities reported here may be identified with 
known fission products. Among the bromines, the 54-sec 
activity is well known to be Br*’ and has been studied 
by chemical separation and neutron counting,® and by 
extraction of the Kr*’ daughter from an AgBr pre- 
cipitate.’ In addition, a study has been made of its 
decay scheme.!’ The 16.3-sec bromine has been dis- 
cussed in I, It is Br’, and is especially interesting for 
being of odd Z-odd N character. The 4.4-sec bromine 
was observed by Sugarman’ by neutron-counting after 
chemical separation, but the half-life assignment in 
that work was open to some question because the 
delayed-neutron character of Br** was not known at 
that time. The present work corroborates its existence 
and furnishes a good measurement of the lifetime. This 


17 A. F. Stehney and N. Sugarman, Phys. Rev. 89, 194 (1953). 





G. J. PERLOW AND 


MASS NUMBER FOR 2 +35 
ec ey sig 


BROMINE 


\\ 
\ 


tODINE 


137 38° 139 
MASS NUMBER FOR 2 =§3 


Fic. 6. Half-lives of bromine and iodine isotopes having 
neutron numbers in excess of closed-shell values. 


isotope is frequently assigned to mass 89, although a 
search for mass 89 descendents following AgBr pre- 
cipitation was not successful.* The 1.6-sec bromine has 
not been observed previously. It is likely to be Br®, 
which like Br® is also odd-odd. 

Among the iodine activities, the 24-sec group is well 
known®® to be I'*’. It is interesting to note that the 
half-life we measure (24.4+0.4) is close to the value that 
Snell ef al. obtained by neutron counting after chemical 
separation, and higher than the 22 sec usually found in 
the gross activity. The difference is, of course, due to the 
unresolved 16-sec bromine in the latter. The 6.3-sec 
iodine is to be identified with I'**, whose half-life 
measured radiochemically® is 5.6 sec. I'** bears the 
same relationship to the closed shell of 82 neutrons that 
Br** does to that of 50. Both contain three open-shell 
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neutrons. The 2.0-sec iodine is to be identified with 
I'** whose half-life has been determined radiochemically® 
to be 2.7 sec. 

If one examines the half-lives of all known bromine 
and iodine isotopes having more neutrons than a closed 
shell, a curious regularity is apparent when the mass 
assignments above are used. This is seen in Fig. 6. As 
neutron number is increased by one unit, the half-lives 
decrease by nearly the same factor for iodine and for 
bromine isotopes, i.e., 3.5 and 3.4, respectively.'* While 
this by no means proves the correctness of the mass 
assignments of 4.4-sec and 1.6-sec bromine, it lends 
support to the conjecture. 

Considering the relationship between the six periods 
of the gross activity and the present results, it is 
apparent that the ‘22-sec,” ‘‘6-sec,” and ‘“‘2-sec” 
groups each contain one bromine and one iodine 
activity. It would be interesting to extend the separa- 
tion techniques to shorter times and see whether the 
duality holds for the two gross periods which are as 
yet unexplored chemically. 

The experiment to fix the ratio of bromine to iodine 
neutron activities has not yet been done. However, by 
assuming that there are no significant delayed-neutron 
activities other than bromine and iodine, and by fitting 
a combination of these to the gross data, one finds that 
24-sec I'*’ and 16-sec Br** have equal neutron yields 
within a factor of two. 
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18 The regularity is perhaps not so puzzling when it is considered 
that for these nuclei, the 8-decay is presumed to proceed via a 
high multiplicity of branches. It is thereby characterized more by 
the statistics of the distribution of final allowed states than by 
the properties of the final ground state. 
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The heavy-particle stripping mode has been included in the Born-approximation stripping theory of 
n-y angular correlations for the B"(d,n)C"*(y)C® first excited state reaction. Because of the dependence 
of the relative contributions from the deuteron and heavy-particle stripping modes on neutron angle and 
the variation of the relative orientation of their preferred axes of quantization with neutron angle, the total 
correlation function is a function of neutron angle. The correlation functions for each mode depend on the 
coupling scheme assumed for the angular momenta involved in the reaction. 





I. INTRODUCTION 


ECENT analyses! of the angular distributions of 

the outgoing particles in some (d,n) and (d,p) 
stripping reactions and inelastic scattering processes 
have shown that direct interactions do not in general 
go by a single mode of reaction. Levinson and Banerjee? 
have included the exchange mode in the theory of 
angular correlations for inelastic scattering processes, 
and Owen and Madansky* have suggested that the 
observed variation‘ of the correlation functions with 
out-going particle angle for stripping reactions might 
be accounted for by including the heavy-particle 
stripping mode in the correlation theory for these 
processes. In this paper the simple Born approximation 
theory for correlations following stripping reactions® is 
extended to include the heavy-particle stripping mode. 

The reaction B"(d,n)C"*(y)C” for the first excited 
state of C” is considered. It is found that the dependence 
of the n-y correlation function on neutron angle results 
from the variation of the relative contributions from 
the two modes and of the relative orientation of their 
preferred axes of quantization with neutron angle. 
Although in general each mode can have two preferred 
axes of quantization, in this case there is only one such 
axis for each, since the D-state admixture of the deuteron 
ground state is neglected and the B"™ core is captured 
into an § state in C”. The correlation function for each 
mode is sensitive to the coupling scheme used for the 
angular momenta involved in the reaction. 

The n-y correlation function is given by the average 
over initial and sum over final states of the square of 
the product of the amplitude of y-ray intensities, 
A,(M.,0,¢), resulting from the radiative transition 

* Supported in part by the U. S. Atomic Energy Commission. 

t General Motors Fellow. 

1G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957); 
O. Ames and G. E. Owen, Phys. Rev. 109, 1639 (1958); H. 
Yoshiki and R. Sherr, Bull. Am. Phys. Soc. Ser. II, 3, 200 (1958). 

2C, A. Levinson and M. K. Banerjee, Ann. Phys. N. Y. 2, 508 
CE. Owen and L. Madansky (private communication). 

4 Rask, Ames, Edwards, Madansky, and Owen, Bull. Am. Phys. 
Soc. Ser. II, 2, 351 (1957). 

5 Biedenharn, Boyer, and Charpie, Phys. Rev. 88, 517 (1952); 
L. J. Gallaher and W. B. Cheston, Phys. Rev. 88, 684 (1952); 
and G. R. Satchelor (Satchler) and J. A. Spiers, Proc. Phys. Soc. 
(London) A65, 980 (1952). 


from the substate characterized by the projection M, 
of the excited state total angular momentum J, to the 
ground state characterized by total angular momentum 
J; and the probability amplitude that the stripping 
process will leave C”* in that substate summed over 
M.. Satchler® has pointed out that although the Falkoff- 
Uhlenbeck method’ can be used for the correlation 
function for each stripping mode taken separately, it 
cannot be used for the combined process since the choice 
of axis that makes the sum over M, incoherent for one 
mode does not do so for the other. Thus the correlation 
function is given by the matrix product of the stripping 
and radiative amplitudes rather than that of their 
probabilities. 
The y-ray amplitude is given by® 


A,(M.0,¢)=(J-J,L|MM;M)Xiu(0,9), (1) 


where M, is the projection of J;, LZ is the angular 
momentum or multipolarity with projection M of the 
multipole field, J.=J;+L with M.=M,+M, @ and @ 
are measured from the axis of quantization of the 
angular momentum vectors, and Xz(0,f) is the vector 
spherical harmonic. Since C”*(y)C” is a pure electric 
quadrupole transition, the assumption of a pure multi- 
pole transition made in the derivation of (1) is valid 
in this case. 

As shown in the next section, the stripping matrix 
element must be evaluated for a process which goes 
by two modes. This evaluation is given in the following 
sections. 


Il. HEAVY-PARTICLE STRIPPING MODE 


The heavy-particle stripping mode arises when the 
B"” core is stripped from the B"™ nucleus and can be 
introduced into the theory by antisymmetrization of 
neutron wave functions. Since exchange with inner 
neutrons is assumed to be much less probable, only 
those in the outer shell of B" or C” are considered. The 
antisymmetrization can be done in either the initial 


6G. R. Satchler (private communication). 

7L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

8 Throughout this paper the symbol (Jjij2|Mmymz2) will be 
used for the Clebsch-Gordan coefficient corresponding to the 
vector addition J=j,-+j2 with M=m,+m2. 
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or the final state, and in the present case it is more con- 
venient to treat the former. Thus the initial-state wave 
function is antisymmetrized under the exchange of any 
pair of five neutrons. 

The wave function of the bound neutrons forms a 
factor in that of the total system, which is itself antisy- 
metric under the exchange of any pair of its arguments. 
By making use of this property, the initial state wave 
function can be written as 


| t123454) = | i1(2845))— | t2¢1345)) 
— | i3,2145))— | 44¢2315})— | ispesany), (2) 


where in each term the index outside the brackets 
represents the deuteron neutron, and those in brackets, 
the B" bound neutrons. Each term of (2) corresponds 
to a different neutron in the deuteron. 

The final state wave function can be written as 
| fi2a45)), Where the index outside the brackets repre- 
sents the outgoing neutron and those inside, the 
neutrons in the C” outer shell. It is antisymmetric 
under exchange of any pair of the indices in brackets. 

As discussed by Fulton and Owen,’ the matrix 
element can be expressed in terms of a set of initial 
state Green’s functions, each of which, corresponding 
to the terms in (2), emphasizes a different neutron as 
leading term. When the stripping approximations are 
made, only the factors arising from the leading terms in 
these functions survive, giving rise to a nonexchange 
interaction V,q~)n, where p(1) is the deuteron’s proton 
and B the B" target, and exchange interactions V a;i)c, 
i= 2, 3, 4, 5, where d is the deuteron and 7 its neutron 
and C is the B™ core of B". The matrix element is then 


T= (f1p2345) | V pay | t1p2345)) — (f1p2345) | Vac2ye | 42(1345)) 
sand (fifesss) | V acsyc| is(2145)) — (f 112345) | V acaye| 14[2315] ) 


—(fipesas) | Vacsyc| tsps). (3) 


If the exchange terms in (3) are relabeled so that the 
neutron of the deuteron is always labeled 1 and the 
outgoing neutron 2 and the antisymmetry of the 
functions under exchange of the bracketed indices is 
made use of, the matrix element reduces to” 


T= (fip2345) | V pays! t1(2348)) 
—A( foirsas)| Vacaryc| t1posas)). (4) 


The first term of (4) is the contribution from the deu- 
teron stripping mode, and the second is that from the 
heavy-particle stripping mode. 

The radial parts of the matrix elements in (4) have 
been evaluated in the theory for the neutron angular 
distribution." The angular parts are evaluated by 
expanding the initial state wave functions in terms of 
those of the final state, using the semiclassical picture 
of the process as a guide in making the expansions. 
The manner in which these expansions are made depends 


®T. Fulton and G. E. Owen, Phys. Rev. 108, 789 (1957). 
© This result was developed in discussion with Dr. L. Rodberg. 
110. Ames and G. E. Owen, reference 1. 
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on the coupling scheme used for the angular momenta 
involved. The development will be given for J-J 
coupling, and the results for other coupling schemes 
will be given in a later section. 

Velocity and coordinate transformations which must 
be made in the integration of the radial functions” 
give rise to certain wave vectors which can be inter- 
preted in Born approximation in terms of plane-wave 
propagation of the nucleons in the system which 
breaks up. These wave vectors serve to define preferred 
axes of quantization for the expansions of the angular 
functions if the nucleons have nonzero orbital angular 
momenta relative to the centers to or from which they 
propagate. 


III. DEUTERON STRIPPING MATRIX ELEMENT 


Figure 1 shows the wave-vector diagram for the 
reaction for neutrons coming out at an angle of 45° to 
the beam. All vectors lie in the plane of the reaction. 
The right side of the diagram represents the deuteron 
stripping mode. The momentum of the neutron relative 
to the deuteron is given by 


AK, =h(k,— (M,/Ma)ka], (5) 


where k,, and kg are the wave vectors of the neutron 
and deuteron in the center-of-mass system, and M, 
and M, are their masses. hK, is the momentum gained 
by the neutron from the internal motion of the deuteron 
and represents its plane-wave propagation away from 
the center to which it was initially bound. Neglecting 
the D state admixture of the deuteron ground state, 
the neutron plane wave propagates along K, with zero 
orbital angular momentum relative to the deuteron, 
and K, does not define a preferred axis of quantization. 


k 





ft 


Fic. 1. B'(d,n)C*(y7)C” wave vector diagram for 1-Mev 
deuterons with neutrons coming out at 45° to the beam. B, D, n, 
and f refer to B", the deuteron, the out-going neutron, and C®, 
respectively. The wave vectors are defined in the text, e.g., 
Eqs. (5), (6), (24), and (25). 


2G. E. Owen and L. Madansky, Am. J. Phys. 26, 260 (1958). 





EFFECT OF MODE 


The capture momentum of the proton relative to the 
final C” nucleus is given by 


hk, =h[k.—(M2/M,)kn], (6) 


where Mx and My; are the masses of B" and C”. It 
represents the plane-wave propagation of the proton 
toward its capturing center. Since the proton is captured 
into a P state, k; defines a preferred axis of quantization. 
Thus the expansion of angular functions for the deu- 
teron stripping mode is carried out with k; as axis of 
quantization. 

Using the shell model, the asymptotic initial wave 
function for the system can be written as 


Wr=exp{ika- Ra}a(r)Sa(ja,ua) 
Xexp{ike-Rs}I'p(o)és(Jn,Mp), (7) 


where the coordinates are defined in Fig. 2, kg is the 
wave vector of B", wWa(r) is the internal radial wave 
function of the deuteron and Sa(jajua) its angular 
function for spin ja with projection wa, and I'p(p) is 
the radial wave function of B" and £§(Jp,Mx,) its 
angular function for total angular momentum J» with 
projection My. The asymptotic final state wave func- 
tion for the deuteron stripping mode can be written as 


Wir, a= exp{ikn- Ri} Sn(jnun) 
Xexp{ ik,-R;}T., a( | R,—Rs| )E(J eM), (8) 


where S;,(jn,“n) is the angular function for the neutron 
for spin jn with projection yu», ky is the wave vector of 
C®*, and I’, a(|R,—Rs|) is the radial function of C” 
formed from B" and the captured proton and £,(/.,M.) 
its angular function. 

The breakup of the deuteron into neutron and 
proton is expressed in the expansion of its plane-wave 
propagation function and internal radial wave function 
into neutron plane-wave states" 


exp{ika: Raja(r) => exp{ik,-R,}*,(k,,R,), (9) 
Kn 


where ®,(k,,R,) is the proton function corresponding to 
the neutron plane wave exp{7k,-R,,}, and the expansion 
of its angular function into neutron and proton spin 
functions 


Sa( jaa) => (jajnj p|Mabnita— Un) 
Bn 


XSn(jngbn)Sp(Jpytp) (10) 
corresponding to the vector addition ja=jn+jp with 
Ma=Mntu,y. Since the neutron counter remains fixed 
during the measurement of the n-y correlation function, 
k, assumes only one value, and the sum in (9) is 
unnecessary. 


18 This development is essentially that given by Satchelor and 
Spiers (reference 5), although the velocity and coordinate trans- 
formations are used here for clarification and give rise to different 
expressions for some of the functions, e.g., (11) below. 


MIXTURES ON 


n-y CORRELATIONS 


B”° CORE 


Fic. 2. Coordinate system for the deuteron stripping mode. 
nm, and pf; form the deuteron, and m2 and the B” core form 
Bu, Rz=R,—1rMp/ Ma, Rs=R,-—rp, R;=Rs+r,M,/M;, and 
R,=R,+r. 


After making velocity and coordinate transformations 
which refer the neutron to the center to which it was 
originally bound and the proton to its capturing center, 
the proton function in (9) can be written as 


,(k,,R,)=exp{iki-r,}Ga(K1) 
Xexp{i(ky-R;—kp-Rs)}, (11) 


where 


GAky)= f exp{iKi-r}yu(r)dr (12) 


is the momentum transform of the deuteron wave 
function. The plane-wave propagation function of the 
proton is then expanded into spherical waves about the 
propagation axis k; 


exp{ik,-rp} oT Be 8u(p)° (1p) Vicpy"(Op' bp), (13) 


U(p) 


where /(p) is the orbital angular momentum of the 
proton relative to its capturing center, V1,p)°(0' oy’) is 
the spherical harmonic of order [/(p),0], 0,’ and ,’ are 
measured from kj, and 


g1cn%s) = f Vac %Or' sb) 
Xexp{ik,-r,} sind,'d0,'do,’. 


(14) 


The zero projection of /(p) on the plane-wave direction 
of motion causes k; to define a preferred axis of quantiza- 
tion. In the stripping approximation it is assumed that 
only one value of /(p) contributes to the reaction, and 
the sum over /(p) in (13) is unnecessary. 

In the next section it will be seen that the axis of 
quantization for the heavy-particle stripping mode is 
that defined by the vector Ky in Fig. 1. Since a single 
axis must be chosen for the entire matrix element, the 
functions for one mode must be transformed to the axis 
for the other. It is most convenient to transform 
V 1p) (8p py ) to the Ke axis. Using the addition theorem 
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for spherical harmonics," one has 
V icp)°(Op' by’) 
= LD Pup (cos) Vip)” (0p,05), 


m(p) 


(15) 


where m(p) is the projection of /(p) on Ko, Pip)" 
(cos8) is the associated Legendre function of order 
[l(p),m(p) ], 8 is the angle between k, and K, in the 
plane of the reaction, and 6, and ¢, are measured 
from Kz. 

For J-J coupling the proton spin and orbital angular 
momentum functions are combined to form a proton 
total angular momentum function £,(J,,M,): 


V icp)” (Opp) Sp(j pttn) 
=> (Jl (p)jp|m(p)+upm(p)up)tEp(J pM >»), (16) 
Jp 


where J,=I(p)+j, is the total angular momentum of 
the proton with M,=m(p)+ u,. Assuming a specific 
proton mode of excitation for C* limits J, to one value, 
eliminating the sum in (16). The C* total angular 
momentum function is then formed from those of B™ 
and the proton: 


t,(Jp,M ,)&p(JB,M p) 
=> VUJ,J3|MM.—MsMp)é-(J-,M.), 


JeMe 


(17) 


where J.=J,+Jy and even though M.=M,+Mzs, the 
sum over M, is retained in order that the matrix element 
will be expressed as a function of M,. Since C* has a 
given total angular momentum, the sum over J, in 
(17) is eliminated. 

Combining Eqs. (9) through (17), the initial state 
wave function is expressed in terms of that of the final 
state, except for radial factors. Ames and Owen" define 
the functions fa(k,R:) and A; such that 


Ai fa(RiR:) 
= (T’., a(|R,—Rs|)| V pay | 8p)’ (%p)'B(p)), (18) 


where R; is the cutoff radius for the integration over rp, 
and the radial matrix element 


ha=AyGa( Ki) fa(RiR:). (19) 


Plane wave expansion of the function g;:p)°(r,) reduces 
ha to the form 

ha= (i)'NA\D(@,), (20) 
where 


D(©,)=Ga(K1) jp) (Ar Ri). (21) 


©,, is the angle made by the outgoing neutron with the 
beam in the plane of the reaction, V4 is a normalization 
constant, j1,p)(R:R:) is the spherical Bessel function of 
order /(p), and A; and D(@,) are real functions. The 


4 FE. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1953), p. 53. 
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dependence of D(@,,) on O, is a result of the dependence 
of K; and k;, on k,. 

The angular matrix element is given by the coeffi- 
cients in (10), (16), and (17). The coefficient in (10) 
requires that 4»=a—MMn, and that in (17) requires that 
M ,=m(p)+u,=M.—Mzs. Making these substitutions 
in the other coefficients, the angular matrix element for 
J-J coupling is 


Ta? (ua,M Byun, M e) 


= DL Picp)™) (cosB){jajnj p|Mabintta— Mn) 


m(p) 


X (Jol (p)jp| Me—Mm(p)ua—un) 


X (JJ pJn|MM.—MsM.), (22) 
where M,—My=m(p)+pua—un. Thus the total J-J 
coupling matrix element for the deuteron stripping 
mode is 


(fipesss) | V pays | i1(2345)) 


= (i) NgA;D(On)T27 (ua,M B,un,M), (23) 


with quantization along the axis defined by Ke. 


IV. HEAVY-PARTICLE STRIPPING 
MATRIX ELEMENT 


The evaluation of the matrix element for the heavy- 
particle stripping mode is analogous to that for the 
deuteron stripping matrix element. In this case the B™ 
nucleus breaks up into a neutron and a B” core. The 








Fic. 3. B'(d,n)C*(y)C” wave vector diagram for 1-Mev deu- 
terons with neutrons coming out at 90° to the beam. 





EFFECT 


core is captured by the deuteron to form C!*, and the 
neutron is the outgoing particle. 

Figure 3 shows the wave vector diagram for neutrons 
coming out at an angle of 90° to the beam in the plane 
of the reaction. The left side of the diagram represents 
the heavy-particle stripping mode. The plane-wave 
propagation of the neutron away from the B"™ nucleus 
corresponds to the wave vector 


K,=k,— (M,/Mpz)ks, (24) 


and that of the B"” core towards its capturing center 
corresponds to the wave vector 


k.=kp— (Ma/M,)kn. (25) 
The asymptotic final-state wave function for this 
mode can be written as 


Wu, v= exp{itky- Ra} Sn (jn,un) 


Xexp{ik,-R;} rs u(|Rc—R,| )Ee(J-M-), (26) 


where the coordinates are defined in Fig. 4 and 
I’.,#(|Rc—Ra|) is the radial function of C”* formed 
from the deuteron and the captured B"” core. Although 
the assumption that a point deuteron enters into the 
C”* configuration is probably quite far from reality, 
it greatly simplifies the calculation of the matrix 
element. The resulting development can be easily 
modified to include more realistic assumptions if 
necessary. 

Since the B" neutron is in a P state, both K, and ky 
define preferred axes of quantization for this mode. 
Thus one of the functions defining a preferred axis 
must be transformed to the other axis. The spherical- 
wave expansion of the core plane-wave propaga- 
tion function exp{ik,-oc} introduces the function 
Yc)" (8c' 6c’), where 1(C) is the orbital angular momen- 
tum of the core relative to the deuteron and @¢’ and 
gc’ are measured from ke, and this causes ke to define a 
preferred axis. It is convenient to transform this func- 
tion to the K; axis: 


8° CORE 


Fic. 4. Coordinate system for the heavy-particle stripping 
mode. Ra= Rc—0c, Rs= R,—0Mc/Mp, R;= Rut+ocMc/My, and 
R,=Rc+to. 


OF MODE MIXTURES ON 


n-y CORRELATIONS 


Vi¢c)°(9c' oc’) 
=D Pxuey™© (cosa) ¥iccy™(8c,6c), (27) 
m(C) 


where m(C) is the projection of /(C) on Kg, @ is the 
angle between k, and K, in the plane of the reaction, 
and @¢ and ¢¢ are measured from Ko. 
The radial matrix element is given by 
hy=AcGu(K2) fu (RoR2), (28) 
where 


Aofu(k2R2) 
= (I. #(|Re—Ra})| Vaaye| alr) grce)*(pe)), 


in which R¢ is the cutoff radius; 


(29) 


gucy’(pc) = J VacosOe'sbe’) 


Xexp{iky-oc} sindc’d0c'ddc’; 
and 


Gu(K2)= f exp{ —iK2-o}l'n(p)én(J5,M p)do. 


This reduces to 


hy= (—1)!™ (i)"ON wAoH(@,), (32) 


where /(m) is the orbital angular momentum of the 
neutron relative to B", Ny is a normalization constant, 
and 


H(9,)=Gu( Ke) jue) (k2Re), (33) 


in which ji,c)(k2R2) is the spherical Bessel function of 
order /(C), is a real function. 
The angular matrix element for J-J coupling is 


Ta?” (ua,M p,un,M-) 


=D Prucy™© (cosa)(I J nje|M puinM p— pn) 
m(C) 


X(T nb (2) jin| bnOpn)S cl(C) jc| Me—wam(C)M p— pn) 
x (J ejaJc| M aM .—a), (34) 


corresponding to the vector additions Jp=J,+jc with 
M,=M,+u0, J,=I(n)+)jn with M n=Un, Jc=I(C) +c 
with Mc=m(C)+uc, andJ,.=jat+ Je with M.=yatMc, 
and M.—pa=m(C)+Mp—pmn. J» is the total angular 
momentum of the B" neutron in its bound state, and 
Jc is the total angular momentum of the B"” core 
when captured by the deuteron. The core is treated 
as a single particle, and its “spin” j¢ is the total angular 
momentum of its constituents. 

Thus the total J-J coupling matrix element for the 
heavy-particle stripping mode is 


{ fop1s45} | Vaae | 1112346) ) 


= (—1)'™ (1) “ON pAoH (On)TH! (ua,M Bun,M.), (35) 


with quantization along the Kz axis. 
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V. n-y CORRELATION FUNCTION 


The probability amplitude that the stripping process 
will leave C* in the substate M, is found by expressing 
T in terms of (23) and (35). The B" neutron is in a P 
state, /(n)=1, and from parity considerations /(p) 
must be an odd number and /(C) an even number or 
zero such that (i)! =+7 and (—i)!™ ()"\O= Fi, 

Although in principle it should be possible to estimate 
A; and A», they are taken as adjustable parameters in 
the neutron angular distribution. To facilitate adjust- 
ment to the data, A; is factored out of both terms, and 
Na and Ny are redefined. The stripping amplitude can 
then be written as 


A sw I(M, ) and NW(O, 1h ed (ua,M Bn, M . ) 


+aN nH (O,)TH! 7% (ua,Mpun,M.), (36) 


where x= A-2/A, and +i has been factored out. The J-J 
coupling neutron angular distribution is then given by 
|Ag’%(M.)|* summed over wa, Mpg, wn, and M,, and the 
corresponding m-y angular correlation is 


W2~ (82,62) 


= > Asl4(M,)A +(M 02,62) |?, (37) 


ud. MB,un, My Me 


where 62 and ¢2 are measured from Ko. If 6, is measured 
from k,, then B=@.—6, and (37) can be written as a 
function of 6, by direct substitution. It is apparent 
from Figs. 1 and 3 that 8 is a function of ©,. 

Values of x which include radial normalization con- 
stants have been determined for adjustment of the 
neutron angular distribution to data for various 
incident deuteron energies. In order that these values 
can be used for the m-y correlation, Ng and Ny are 
chosen such that 


fe o.00) sinOodbodds 
- x 


ud MB un. Me 


|As’4(M,)|?, (38) 


and the correlation function is normalized to the angular 
distribution. 


VI. L-S AND CHANNEL SPIN COUPLING 


The correlation functions for other couling schemes 
can be obtained by performing a recoupling transforma- 
tion’® of the function for J-J coupling or by rederiving 
the angular matrix elements. As in the J-/ coupling case, 
values for the intermediate quantum numbers intro- 
duced are determined by assuming a specific mode of 
excitation for C®*. 

Intermediate angular momentum vectors for the 
deuteron stripping mode in the L-S or Russel-Saunders 
coupling scheme are I,=I(p)+I(m) and j.=j,+jn, 


16M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley and Sons, Inc., New York, 1957), p. 187. 


where jp=Jpn—I(n), which give J-=1.+-j.. The corre- 
sponding angular matrix element is 


TaS (ua,M Byun, Me) 


= DY Prup™®”(cos8)jajnjp| Maltna— bn) 


m(p) m(n) 

X (Jsl(n)jz|Mpm(n)Mp—m(n)) 

X (ld(p)l(n) | m(p) +m (n)m(p)m(n)) 

X (jejrjp|Me—m(p)—m(n)ua— nM y—m(n)) 
XJ deje|Mem(p)+m(n)M.—m(p)—m/(n)), (39) 
where M.—m(p)=ua—un+Mz. For the heavy-particle 
stripping mode the vectors are t.=jatjc and I(C), 
which give J,=1(C)+t,. The angular matrix element is 
TH”8 (ua,M pyun,M.) 


= Zz: Puc) m(©) (cosa) (J pl (n) jp | M;0M3) 
m(C) 
Xx (jpjnjc| M pynM p— Un) 
X (tejajc| M.—m(C)uaM »— bn) 
X(Jd(C)te| M.em(C)M.—m(C)), (40) 


where M,.—m(C)=yat+Mp—un. The L-S coupling cor- 
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_ Fic. 5. B'(d,n)C** (y)C® J-J coupling neutron angular distribu- 
tion in arbitrary units for 1-Mev deuterons from the data of Ames 
and Owen (reference 1). @, is the angle between the beam and 
the neutron counter. 
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relation function is then found as in (37) from (39) 
and (40). 

For channel-spin coupling, the intermediate vector 
for the deuteron stripping mode is the channel spin 
i-=jpt+Jp, giving J-=I(p)+i., and the angular matrix 
element is 


T4°5 (ua, M B,M ny A 


= DL Piupy™”? (cosB)( jajnJp| Mabtntta— Mn) 
m(p) 


XiejrJp | M.— m(p)ta—pnM gp) 


X (Jd (p)ie| Mem(p)M.—m/(p)), (41) 
where M.—m(p)=ua—untMp. The channel spin and 
L-S coupling schemes are identical for the heavy- 
particle stripping mode, and Ty°S(ua,Mpjun,M-.) is 
given by (40). The channel-spin coupling correlation 
function is then found from (41) and (40). 


VII. RESULTS AND DISCUSSION 


Ames and Owen! give the values of the parameters 
necessary to fit the neutron angular distribution for 


1-Mev incident deuterons. They find for the assignment - 
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Fic. 6. B"(d,n)C"* (-y)C® J-J coupling n-y correlation functions 
in arbitrary units for 1-Mev deuterons. 0, is the angle between 
the beam and the y-ray counter. The arrows indicate the relative 
orientations of the preferred axes of quantization and the position 
of the outgoing neutron. 
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Fic. 7. B'(dn)C#*(y)C® L-S and channel spin coupling 
neutron angular distribution in arbitrary units for 1-Mev deu- 
terons from the data of Ames and Owen (reference 1). 


of 2+ to C®* that 1(p)=1, 1(C)=0, and je=Jce=1. 
Since /(C)=0, ke does not define a preferred axis of 
quantization and the n-y correlation is not a function 
of a. Single-proton excitation is assumed from the P; 
to the P; shell, and thus J,=3. The B" neutron is in 
the P; shell, so Jp=3, /(n)=1, and jp=}3. Also ja=1, 
jn=jJo=}, Je=2, Js=0, and L=2. Using a semi- 
classical picture of the process, the L-S and channel- 
spin coupling intermediate quantum numbers corre- 
sponding to the P; proton excitation are found to be 
1.=2, j7-=0, ¢.=2, and i,=1. 
For J-J coupling, the angular distribution is 


> Agsl4(M,)|?=|D(O,) |?+27| H(On) |? 
ud, MB.un. Me 


+0.4216x cos8D(0,)H(©,), (42) 


where the factor cos@ in the interference term arises 
from the axis of quantization transformation, 


D(@n)=Ga( Ki) ji(ki Ry), (43) 
and 


H(On)=Gu (Ke) jo(koRe). (44) 


The parameters R,;=6.80X10-" cm, R2=2.65X 10-" 
cm, and «=0.36 give the fit to the data of Ames and 
Owen shown in Fig. 5. The corresponding normalized 
correlation function in arbitrary units is 
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Fic. 8. B"(d,n)C** (y)C® L-S and channel spin coupling n-y corre- 
lation functions in arbitrary units for 1-Mev deuterons. 


W!~ (82,62) = | D(©,,)|*{3+-sin8 cos@ sin6, cosbe 
X (8 cos*@2—3) cosds} 
+0.152?| 1(@,) |?(22—6 cos*2) 
+0.6831*%D(0,)H(©,){cosB(1—cos*é2) 
—sin@ sin6, cos@, cos@2}. (45) 
Figure 6 shows this function in the plane of the reaction 
(¢2=0°) plotted for @,=0°, 45°, 90°, and 135°. 
L-S and channel spin coupling give identical results 
for this case. The angular distribution, 


> | Ag*5:C8(M,) | 2 


ud. MB.un.Me 
= |D(@,)|?+27|H(0,)|?, (46) 


gives the fit shown in Fig. 7 for Ri=6.8X10-" cm, 
R.=1.0X10-" cm, and x=0.29. The corresponding 
normalized correlation function, 


W=-S.CS(Qy ho) 
= | D(@,)|?{3[3—cos*#2+cos*B (3 cos*2—1) ] 
+sin8[cos@ sin#, cos,(12—16 cos’) cosde 


+sin@ sin’, cos2¢2 |}+8x2|H(O,)|%, (47) 


is plotted for the plane of the reaction in Fig. 8 for 
0,=0°, 45°, 90°, and 135°. It is interesting to note that 
the interference term is zero for this case. 

Since distorted wave functions have not been used 
in this development, the results can be expected to have 
only qualitative agreement with experiment at energies 
below the Coulomb barrier. The distorted waves should 
cause a slight shifting and broadening of the peaks in 
the functions. It is apparent from (45) and (47), how- 
ever, that the m-y correlations can be expected to be 
different in the forward and backward directions because 
of the dependence of D(O,), H(©,), and 8 on O,. 

In general it might be expected that the reactions 
should be described by a mixed coupling scheme. In that 
case the angular distribution must be fitted by a linear 
combination of (42) and (46), and the n-y correlation 
is a linear combination of the expressions corresponding 
to (45) and (47). The coefficients then give a measure 
of the amount of mixing of the coupling schemes when 
they are adjusted to fit the experimental results. 
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t Note added in proof.—Recent experiments of Rask, Ames, and 
Owen (reference 1) for 1-Mev incident deuterons require that 
1(C)=2 rather than /(C)=1 as used in the foregoing sample 
calculation, Eqs. (45) and (47). The corresponding theoretical 
functions can be obtained from the general expressions given 


above. 
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The absolute neutron fission cross section of U** at 0.0253 ev has been determined by measuring (o:/c,) 
at 5.3 A and combining this with scattering, absorption, and relative fission cross section measurements. 
Two multiplate ionization chambers, one containing B' and the other U**, were constructed. The flux is 
determined by making the two chambers as alike as possible and comparing counting rates in the same neu- 
tron beam. The amounts of U*** and B" in the beam are determined by transmission measurements. After 
corrections for chamber efficiencies, residual differences between chambers, and incoherent scattering, a 
value for (1+a)=1.171+0.009 at 5.3 A was obtained. This leads to a value of 580-+7 barns as the absolute 
fission cross section at 0.0253 ev. These results are independent of the absolute neutron cross section of B". 


I. INTRODUCTION 


NE of the basic problems that exists in the analysis 

of the slow-neutron cross sections of U** (as well 
as for other fissionable isotopes) is the normalization 
of the observed relative fission cross section to an 
absolute value at a standard energy, usually taken as 
0.0253 ev. In the determination of resonance parameters 
of the energy levels of the compound nucleus, an error 
in the absolute value of the fission cross section leads 
to an error in I’y and also in I’, when the latter is 
obtained from the difference between IT and T'y. An 
accurately normalized relative cross section curve is 
also needed to provide correct quantitative information 
on (a) the large fission cross section of U™* in the thermal 
region and its possible explanation on the basis of one 
or more negative energy resonances; (b) the need of a 
multilevel formula to fit the observed variation of the 
fission cross section with energy in the presence of 
interference between levels, and (c) the distribution of 
fission level widths and the number of degrees of 
freedom of the generalized chi-square distribution 
needed to fit the observed distribution. The details of 
the above considerations are discussed in a paper by 
Havens and Melkonian.' 

Existing values of the absolute fission cross section 
of U*> are based on two types of measurement: (a) 
a combination of the absorption cross section with a 
value of (1+-a) = (cabs)/(Ctission), the latter being deter- 
mined by measuring the fission yield and the yield of 
U** in a sample of U™* irradiated in a thermal reactor 
for a sufficiently long period of time; and (b) a measure- 
ment of the fission rate of a foil of U* of known com- 
position and weight in a neutron flux whose intensity 
is measured by other means. The first method gave 
580+7 barns at 0.0253 ev? at the time this work was 

{ This work was partially supported by the U. S. Atomic 
Energy Commission. 

1W. W. Havens, Jr., and E. Melkonian, Proceedings of the 
Second United Nations International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, 1958 (United Nations, Geneva, 
1958), Paper No. 396. 

2 Neutron Cross Sections, compiled by D. J. Hughes and R. 
Schwartz, Brookhaven National Laboratory Report BNL-325, 


Suppl. No. 1 (Superintendent of Documents, U. S. Government 
Printing Office, Washington, D. C., 1957), p. vii. The U. S. value 


begun. There have been no measurements by the second 
method which are entirely consistent with this value. 
The spread of recent values is indicated by the extremes 
of 556+6°* and 638+20.° The latest values by 
Bollinger®:’? and Tunnicliffe* are 60646 and 568+7 
barns, respectively. The need for clarification of this 
situation is obvious. 

The main difficulties encountered in the second 
method for determination of the absolute fission cross 
section are (1) the determination of the thickness, 
composition, and uniformity of the specimen of fission- 
able material, which is difficult because in most cases 
very thin films are used; (2) the determination of the 
absolute intensity of the neutron flux; (3) corrections 
for the pile spectrum to obtain a, at a given energy 
when monochromatic neutrons are not used, and (4) 
the determination of the efficiencies of the fission 
counter and of the flux measuring counter. Bollinger’s 
value was obtained by a new method which obviates 
some of these difficulties. 

It is the purpose of this paper to present a new 
method of measuring (¢totai/@fissio) Which eliminates 
or minimizes these difficulties. (1+a@) can then be 
determined for U*® by making a small correction for 
incoherent scattering, and then oy can be computed 
from the combination with an independently measured 
value of the absorption cross section. The relative 


is based on og=689+7 and 1+a=1.188+0.008. An unclassified 
description of the first method is given by Kanne, Stewart, and 
White, Proceedings of the International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, 1955 (United Nations, New York, 
1956), Vol. 4, Paper No. 595. 

3B. R. Leonard, Atomic Energy Research Establishment 
Report NP/R 2076 TNCC(UK)-9 (unpublished). 

‘Friesen, Leonard, Seppi, and White, Bull. Am. Phys. Soc. Ser. 
IT, 1, 249 (1956). 

5 J. F. Raffle, Atomic Energy Research Establishment Report 
NRDC-51, 1954 (unpublished). 

‘LL. M. Bollinger, Report to Atomic Energy Commission 
Nuclear Cross Sections Advisory Group, Idaho Falls, Idaho, 
WASH-194 (unpublished). 

7 Bollinger, Saplakoglu, Coceva, Cote, and Thomas, Bull. Am. 
Phys. Soc. Ser. II, 2, 196 (1957). 

8’ Bigham, Hanna, Tunnicliffe, Campion, Lounsbury, and 
MacKenzie, Proceedings of the Second United Nations International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1958 
(United Nations, Geneva, 1958), Paper A/Conf. 15/P/204. 
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fission cross section curve can then be used to obtain 
the absolute fission cross section at any desired energy. 


Il. EXPERIMENTAL METHOD 


The present method is similar to the other methods 
in which the fission rate of thin films of U*** is measured. 
However, the first three of the major difficulties 
indicated above are circumvented by (1) determination 
of the amount of U** in the beam by neutron trans- 
mission instead of by weighing and/or a-particle 
counting, (2) determination of the neutron flux by 
measurements on B” in an almost identical geometrical 
arrangement, and (3) use of monochromatic neutron 


beams. The determination of ionization chamber 


efficiency remains as a major correction term in this 
experiment and has been extensively investigated. The 
main precision requirements are thus placed on (a) 


neutron transmission measurements which, in the 
thermal region, have reached a high degree of refine- 
ment, and (b) a balanced arrangement of fission rate 
and flux measuring devices which tends to cancel out 
many possible sources of error. 

For these measurements, three nearly 
multiple plate ionization chambers were constructed. 
The plates in the first chamber (or dummy) were 
uncoated, the second contained plates coated with B”, 
and the third contained U*® coated plates. The trans- 
missions of the B” and U*® oxide layers and the 
counting rates for the fission and B"(n,a)Li’ reactions 
were measured. (o7r)/(o/)v2* was then computed from 
the following expression, in which the flux has cancelled 
out and which depends on measured quantities and on 
(On,a)/(Ctotat)B'* and not upon a knowledge of the B” 


cross section. 
*) eee) 
_ uts (C.R.) p25 1—Ts, 
Torass U?** f Ftotal 
 oomenaa ( ) KE, 
Tras B® \ Ona / B® 

where (a) C.R.p'e and C.R.v:* are the counting rates 
of the B” and U** ionization chambers, respectively, in 
the same neutron beam; (b) Ty and 73 are the measured 
transmissions of the uranium and boron layers, respec- 
tively; (C) Tirass u2* and Thrass p'° are the respective 
transmissions of the windows in the brass cover plates 
of the fission and B” chambers; (d) K is a correction 
term which takes into account the exact distribution 
of the coated plates in each chamber and variations of 
amount of the coated material from plate to plate; (e) 
2 is the ratio of the efficiencies of the two chambers and 
corrects for counting losses arising from particles 
completely stopped in the foil as well as from the 
biasing against noise in the B” chamber and a-particle 
background in the U*** chamber. It includes a correction 


identical 
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for the backscattering of a particles in the case of the 
B® chamber. 


Ill. EXPERIMENTAL APPARATUS 
Neutron Crystal Spectrometer 


The Columbia University neutron crystal spec- 
trometer at the Brookhaven National Laboratory 
reactor (Fig. 1) was used as the source of mono- 
chromatic neutrons for these measurements. Similar 
types of high-resolution spectrometers have been de- 
scribed in numerous references.’ Table I gives the 
pertinent information at the neutron energies at which 
measurements were taken. 

Measurements were not made at 0.0253 ev, the usual 
standard energy, because methods of eliminating the 
large higher order effects have not yet been developed 
at this energy for this spectrometer. 


FIRST 
COLLIMATOR 





SHIELDING 


CHAMBER 
*1,2,0R3 


COUNTER 
AND SHIELDING 


SPECTROMETER 
ARM 


Fic. 1. Schematic diagram of spectrometer (not to scale). The 
sample changer is mounted on the arm and positions the chambers 
in the beam one at a time. Slit No. 1 was (1-1/18 in.X} in.) 
formed of LiF plastic. Slit No. 2 was (3 in. X2 in.) LiF. The filters 
on the monochromator described in the text were located on the 
arm between slit No. 1 and the crystal shield. 


Background corrections were made by subtracting 
from the counting rate with the crystal set at maximum 
intensity, the counting rate with the crystal turned 2° 
off peak. This was done for open beam, sample in, 
fission rate and B(v,a@) rate measurements. A correction 
for counting losses based on a 3.0-usec dead time was 
made and was never more than 0.2%. 

Errors arising from the spectrometer operation, such 
as energy determination, resolution, order effects, back- 
grounds, and dead time have been found to be 
negligible. 

Ionization Chambers 

The B”, U*, and dummy chambers are of standard 
design, having the following features: 

(a) Each chamber contains 120 aluminum foils 
0.015 in. thick with 1 in.X2 in. coated area and a 


® Sailor, Foote, Landon, and Wood, Rev. Sci. Instr. 27, 26 
(1956). 
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0.5-cm separation between the plates. The number of 
grams/cm? of aluminum foils in each chamber was 
matched to within 1% for the three chambers. 

(b) The fission chamber had 48 of its foils coated on 
each side with approximately 0.5 mg/cm? of highly 
enriched U*® in the form 2U03+1UO: by a procedure 
given by Cohen and Hull.” An isotopic analysis of the 
uranium showed the following results: 

% Weight 

0.06% 

99.76% 
0.06% 
0.09% 


Isotope 
us 
35 
oe 


238 


The boron chamber had 24 of its plates coated on one 
side with ~15 ywg/cm? of evaporated B” using a process 
described by Safford.’ Arc spectrographic analysis of 
the evaporated boron showed the absence of any large 
impurities or high neutron cross section impurities. The 
large number of coated surfaces was necessary to 
reduce the B' and U*** total transmissions sufficiently 
for accurate measurement. 


TABLE I. Information on spectrometer operation. 


Method of accounting for or 
eliminating higher order 
neutrons 


Wave- 
Energy length A 
ev inA Crystal 


1218 NaCl [(200) planes] 
Mica 


Calculation (small correction) 

Be filter at liquid nitrogen 
temperature® 

Be filter at liquid nitrogen 
temperature® 

Be + BeO filter at liquid 
nitrogen temperature or 
mechanical monochromator> 


0.065 
0.00464 
0.00291 Mica 


0.00113 Mica 





Gould, Rustad, 
(unpublished). 
>N. Holt, Rev. Sci. Instr. 28, 1 (1957). 


and Taylor, Columbia University Report CU-154 


(c) Since both the transmission measurements and 
the efficiency correction depend upon the assumption 
that the coatings are uniform, electron microscope 
studies of the B and U**® coatings were made with a 
maximum magnification of 26960 and a 45° shadow 
angle for the electrons. The size of the small-scale 
inhomogeneities was found to be sufficiently small so 
as to produce a negligible effect in the present 
experiment. 

(d) The fission chamber was divided electrically into 
six units and counting rate measurements were made 
separately on each to reduce a-particle pile-up. In like 
manner the B"” chamber was divided into two units 
to preserve signal-to-noise ratio. Within a unit, the 
coated plates were grounded through a 5-megohm 
resistor across which the signal was taken. The un- 
coated plates were electrically connected together and 
held at 600 volts through a z filter. 

1B. Cohen and D. E. Hull, Columbia University Report 


Cu-A-1235, 1944 (unpublished). 
1G, J. Safford, Rev. Sci. Instr. 27, 972 (1956). 
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Fic. 2. Block diagram of the electronics for the counting rate 
measurements. A similar arrangement with a BF; proportional 
counter replacing the ion chambers was used for the transmission 
measurements. 


The chambers were evacuated to 10-* mm of Hg 
when transmission measurements were made, and filled 
to 30 psi with 95% A+5% CO» when counting reaction 
events. Provision was made for the three chambers to be 
evacuated and filled simultaneously. This procedure 
insured that there were no differences in pressure 
between the three chambers which could affect trans- 
mission and counting rate measurements. The following 
experimental tests were made on the ion chambers: 


(a) Monitoring the pulse height over a period of two 
weeks gave no indication of any decrease in pulse 
height due to poisoning of the counting gas. 

(b) The chamber gas was found to saturate at 600 
volts. 

(c) The chambers were exposed to 5 r of Cd capture 
y’s and showed no detectable y sensitivity. 


Figure 2 shows a block diagram of the electronics 
used. The only nonstandard element was the pre- 
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Fic. 3. Differential bias curve for B° chamber. @=direct beam; 
O= (direct beam—B.G.). The four dashed curves are the Gaus- 
sian curves chosen as described in the text. The solid line is the 
sum of these and represents the best fit to the data. 
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amplifier which had a minimum input signal of 10 
microvolts. 

Vertical and horizontal profiles of the neutron beam 
were measured before and after the ion chamber. These 
measurements were then used to line up the axis of 
each chamber to the center of the beam to 4 in. and to 
insure that the beam did not become larger than the 
coated area of the foils. The profile measurements were 
also used to adjust the collimating slits between the ion 
chamber and the neutron detector so that the entire 
neutron beam reached the detector. This made sure 
that the same coated areas were “‘seen’’ in the trans- 
mission as in the reaction measurements, negating the 
effects of any variations in coating thickness over the 
individual plates. 

The three chambers were cycled in and out of the 
neutron beam by means of an automatic sample 
changer capable of reproducing the position of the 
chamber in the beam to 0.001 in. This procedure insured 
that the chambers saw the same effective reactor flux. 





IV. TRANSMISSION AND COUNTING RATE 
MEASUREMENTS 


points. The dashed curve is the Gaussian fit to the light fragment peak 
used to estimate the efficiency by measuring the area under the curve. 


Data were taken in the series open, sample, sample, 
open for transmission measurements and C.R.p", 
C.R.y2s, C.R.y2, C.R.p, for the counting rate 
measurements to minimize reactor drifts. Many 
(~300) such cycles were taken in obtaining the required 
statistics at each energy. 

The Remington Rand 409.2R computer at Brook- 
haven National Laboratory was used to calculate the 
transmissions and ratios of fission and B!°(n,a)Li’ rates 
for each cycle and also the standard deviation based on 
the counting statistics. A recalculation was made after 
discarding the few cycles differing by more than 2.50 
standard deviations from the mean in the first calcu- 
lation. All sets of data were satisfactory on the basis 
of Pearson’s chi-squared test. All errors quoted are one 
standard deviation. 

The results of the transmission and counting rate 
measurements are listed in Table II. The following 
points should be noted: 
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(a) The no’s for the Al foils and for the uranium 
oxide coatings pass through a Bragg break at a wave- 
length slightly shorter than A= 5.3 A. Therefore, for the 
5.3A and the 8.5A wavelengths, only incoherent 
scattering need be considered. 

(b) The quantity (no/A)p:» does not change with 
energy as expected. As mo/X was measured simul- 
taneously for the B” and uranium layers, the constant 
behavior of (no/X)p1* serves as an over-all check on 
both the B” and U™5 measurements. 


(b) rep 


[OPERATING] 
IBIAS OF 16) 
| 


° 











V. CORRECTION FACTORS 
Efficiency 


To determine the efficiency, integral and differential 
bias curves were measured for each chamber with good 


Fic. 4. Fission chamber differential bias curve. 


as described in the text. The dashed line 
The solid line is the self-absorption functio 
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TABLE II. Results of transmission measurements. 








0.065 ev 


4.2A 


5.3 A 


8.5A 





Transmissions of coatings* 


boron 
Ty 


(no/)boron 
(no/d)u%* 


( Counting rate boron od 





Counting rate U5 chamber 


Transmissions of brass cover plates 
Tbrass for B® chamber 
Tprass for fission chamber 


Transmissions of Al plates> 
Ta: plates in B® chamber 


0.95629+-0.00047 
0.95231+0.00047 


0.03984+0.00044 
0.04356+-0.00044 


1.3385+0.0049 


0.81102+-0.00022 
0.81627 +0.00022 


0.61590+0.00027 
0.61686+0.00027 


0.84648 + 0.00064 
0.83857 +0.00063 


0.03968 +-0.00018 
0.04192+-0.00018 


1.1813+0.0041 


0.78238 +0.00043 
0.78629 +0.00043 


0.50231 +0.00071 
0.50298+0.0007 1 


0.81120+.0.00049 
0.80456-0.00044 


0.03948+0.00011 
0.04103+0.00010 


1.1849+0.0023 


0.78597 +0.00041 
0.79206+0.00041 


0.74444+.0.00084 


0.71637+0.00176 
0.70449+0,.00172 


0.03924+-0.00029 
0.04121+0.00029 


1.1538+0.0053 


0.68953 +0.00072 
0.69638+0.00072 


0.63978+0.00168 
0.64223+0.00168 


Ta: plates in U5 chamber 


® Tooating = (transmission of chamber with coated plates) /(transmission of chamber with uncoated plates). 


0.74742 +0.00085 


> Tai = (transmission of chamber with uncoated Al plates) / (transmission of chamber without plates). 


statistical accuracy as shown in Figs. 3, 4, 5, and 6. The 
observed differential bias curves were than fitted by 
theoretical curves for the region about the operating 
bias point. The theoretical fits took into account 
self-absorption of the material, the Gaussian smearing 
of the spectrum due to noise or a-particle background, 
and the decrease in pulse height due to the variation 
in the distance from the collecting plate at which the 
ionization is formed. A correction for backscattering of 
a particles by the Al foils was also made. Using the 
fitted theoretical curves, the efficiency as a function of 
bias for each chamber was determined. The expression 
thus obtained for efficiency vs bias was checked by 
using it to correct the observed integral bias curve for 
the fraction of pulses lost in a region about the operating 
bias point. These are included in Figs. 5 and 6. It was 


found that for both chambers the efficiency corrected 
the integral bias curve to a constant value, to 0.5%, 
over a region of 40 bias units. 

As the ratio of efficiencies constitutes a major 
correction in the present experiment, a detailed de- 
scription of how the theoretical fit is obtained is given 
in Appendix I. 


Uniformity and Distribution of Coated 
Foils in the Chambers 


In calculating K, the exact distribution of Al plates 
and coated surfaces in each chamber has been con- 
sidered. The variation of the coatings from section to 
section was obtained from the ratios of the observed 
counting rates for the six sections in the case of the 





12000 


Fic. 5. Integral bias curves for 
Secs. 1 and 2 of the B' chamber. 
O=Experimental points’ with 
background subtracted. A=Ex- 
perimental points corrected as 
described in the text for counts 
lost at a given bias. 
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TABLE III. Correction factors and measured results. 


Energy or 
wavelength 


0.065 ev 
4. 
5. 
8. 


(@nq/Ctotal) Bo * 


0.99823 
2A : 0.99940 
3A 00: 0.99950 
5A 0.99963 


* Errors in (ona/or)pi0 and K factor were found to be negligible. 


fission chamber and for the two sections for the B” 
chamber. Table III shows that K is close to 1 through- 
out the measured region. The small variation of K with 
energy reflects the variation of the aluminum cross 
section as a function of energy by the degree to which 
the Al plates shield the nonuniformity in the coatings 
in a chamber. 


Scattering Corrections 


The following types of scattering corrections have 
been investigated : 


(1) Single and double inscattering. A neutron is 
scattered once or twice in the chamber and enters the 
detector during a transmission measurement. Both 
types of inscattering were small because of the good 
geometry, the corrections being <0.05% for single 
inscattering and <0.0002% for double inscattering, 
and were therefore negligible. 

(2) A neutron is scattered in a chamber and causes 
a fission or B(n,a)Li’ event which is counted with 
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Fic. 6. Integral bias curve for the fission chamber. O =direct 
beam; @=a background; O=(direct beam—background); 
* =bias curve corrected for self-absorption loss as described in 
the text. The dashed line is the bias ‘curve computed using the 
self-absorption correction. 
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Net efficiency 
correction 


0.9431+.0.63% 
0.9431+0.63% 
0.9431+0.63% 
0.9431+0.63% 


MELKONIAN 


(nvues/d)/(nBoB/d) 
(arbitrary normalization) 


0.7365-+0.38% 
0.8354-+0.40% 
0.8377 40.27% 
0.8614-40.63% 





1.17140.75% 


direct neutron reactions. The corresponding correction 
is about 1.5% for the counting rate of one chamber. 
However, as only the ratio of counting rates enters the 
expression for (or/os)u2** and as the B” and fission 
chambers had (no)4; matched to 1% and (no), and 
(no) fission Matched to 5%, this correction cancels, on 
taking the ratio, to within a negligible 0.07%. 


VI. RESULTS AND CONCLUSIONS 


The specific results of these measurements, which are 
the value of (1+a)=1.171+0.009 at 5.3A and the 
relative values of o\/E at the four energies involved, 
are summarized in Table III. In deriving (1+a) from 
the observed o,/c;, only the incoherent scattering cross 
section of 2.9 barns/U™* atom for U;,Os has been 
subtracted from the total cross section, as 5.3A is a 
longer wavelength than the wavelength of the Bragg 
break in U;,Os. This subtraction introduces a negligible 
error. 

To determine the absolute fission cross section, a 
value for the absorption cross section at 5.3 A is needed. 
Table IV shows the calculation of a; at 5.3 A using 
the values of oq. from two sources. To obtain oy at 
0.0253 ev, the ratio 


(Eos) 0.0253 ev/ (Eos) 5.3 a 


is needed. Values of this ratio from the same two sources 
as well as a value obtained by a linear interpolation 
between the values of E'o,; at 5.3 A and 0.065 ev of this 
report are listed in Table IV. The three values for the 
ratio agrees very well so that the calculation of the 
0.0253 ev value of oy from the 5.3 A value is subject 
to little error. The two derived values of oy at 0.0253 ev 
yield a final weighted average value of 58047 barns. 
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TABLE IV. Data used to obtain a at 0.0253 ev from measured value of (1+a) at 5.3 A. 


Value of oa VE Value of os at Value of 


Source of value 


B.N.L.> 

H.L.0.¢ 

Straight line interpolation 
of present data 


used at 5.3 A 
115.24+1.5% 
112.040.7% 


5.3 A obtained 


1824-4 1.68% 
17734.1.03% 


® Based on (1 +a) =1.171+0.75%. 
> Neutron Cross Sections, compiled by D. J. Hughes and R. B. Schwartz, 


dent of Documents, U. S. Government Printing Office, Washington, D. C. 


¢ Seppi, Friesen, and Leonard, Jr. (private communications). 
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APPENDIX I. DETERMINATION OF EFFICIENCIES 
OF THE B” AND U** FISSION CHAMBERS 


In order to fit the observed differential bias curves 
for the fission and B" chamber, the following sources 
of pulse-height smearing were considered : 

(a) Pulses corresponding to a monoenergetic particle 
group will have their amplitudes increased or decreased 
at random by amplifier noise. The contour of the 
spectrum produced follows a Gaussian curve centered 
about the pulse height of the original group.” The 
Gaussian is given by 


1 


exp[ —}(x/v)*], 
(2a) by 
where v=rms noise. 

(b) For a monoenergetic particle group of energy Eo 
and range Ro emitted from a plane foil of thickness ¢, a 
fraction of the particles will be completely stopped in 
the foil. Others on leaving the foil will not be energetic 
enough to produce a pulse lying above the bias B. The 
net fraction of the pulses thus lost at a bias B is 


i 
—_—_—— for R(B)<(Ro—)d), 
2[ Ro— R(B)] 
where R(B) is the range corresponding to the bias B 
and all ranges are to be expressed in equivalent ranges 
of the foil material. The fraction of pulses lying between 
2A. B. Gillespie, Signal, Noise, and Resolution in Nuclear 
Counter Amplifiers (Pergamon Press, New York, 1953), p. 49. 
18B. Rossi and H. Staub, Jonization Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949), p. 227. 


of VE at 5.3 A*® 


98.41+1.68% 
95.67-+1.03% 


Brookhaven National Laboratory 
1957). 


of VE at 0.0253 ev os /E at 0.065 ev ) 
osVEat5.3A os at 0.0253 ev ( osVEat5.3A 

0.9530 

0.9579+0.76% 


589,9-+2.0% 
576.2+1.28% 


0.8793 
0.8719+0.7% 


0.9565 +0.40% 0.8792-+0.47% 


&; =580.041.16% 


Report BNL-325, Suppl. No. 1 (Superinten 


E(B) and E(B)+AE(B) is then 
t OR(B) 


~~ — 


2[ Ro— R(B) } 9E(B) 


(c) In order to calibrate the bias scale of the differ- 
ential spectrum in terms of energy, it is necessary to 
know the amount by which the observed intensity 
maximum of the pulse spectrum has been shifted from 
the position that the line spectrum corresponding to a 
monoenergetic group would occupy. Upon determining 
this bias position of the unsmeared group and knowing 
the energy of the group, a bias-energy calibration is 
obtained and effects (a) and (b) above can be computed 
at each bias point. Effects (a) and (b) do not produce 
such a shift, but the variation in the distance from the 
collecting electrode at which the ionization is formed 
does produce a shift which is computed as follows." Let 
(P.H.)min=pulse height of particles emitted perpen- 
dicular to the coated surface, (P.H.)max=pulse height 
of particles emitted parallel to the coated surface, 
D= the electrode separation in mg/cm? of counting gas, 
(pRo)=range in mg/cm? of particles in the counting 
gas, and F= fraction of range in the counting gas in 
which the particle loses half its energy. Then 


(P.H.) min/(P.H.) max=1—X, 


X=(pRo)F/D for (pRo) <D. 


The observed intensity maximum will lie about halfway 
between (P.H.)max and (P.H.)min. If the observed 
maximum occurs at bias NV, the bias position that the 
maximum would have in the absence of such a shift is 
N/(1—3X). Knowing this bias position and the energy 
of the group, the desired calibration is obtained. 

(d) The correction for the fraction of the B® a- 
particles which were backscattered by the Al plates!®-16 
was based upon (1) data for multiple backscattering 
of 3.68 cm range a-particles in NTP air from Pt and 
Au foils, (2) the scattering power of Al relative to Au, 
and (3) the variation of the percentage of backscattering 


14 See reference 13, p. 124. 

16 J. A. Crawford, The Transuranium Elements: Research Papers 
(McGraw-Hill Book Company, Inc., New York, 1949), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 14B, 
Part IT, p. 1307. 

16 Reference 13, pp. 127-129, 240. 
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TABLE V. Energies and bias positions of the 
Li and a@ groups. 


Bias at which 
unsmeared group 
would appear 


Energy of 
monoenergetic 
group* 


42.40 
20.84 


54.33 
27.22 


94.2% group a 1.477+0.013 
Li 0.837 +-0.008 

5.8% group a 1.778+0.017 
Li 1.015+0.10 


G. C. Hanna, Phys. Rev. 80, 530 (1950). 


with the range of the a particles. This gives the total 
fraction of a particles backscattering as 1.0+0.1%. 
Finally, under the assumption that the backscattered 
a particles have a uniform energy distribution and that 
their pulses add to the complementary Li pulses, the 
fraction of backscattered a pulses above the bias point 
was estimated to be 0.75+0.3%. 

In general, at a given bias, effects (a) through (d) 
above must be applied simultaneously to obtain the 
shape of the differential bias curve. However, in certain 
bias regions one or more of these effects may pre- 
dominate and control the shape of the bias curve, as 
will be seen in the following comparison between the 
observed B” and fission spectra. 


B"” Chamber 


Figure 3 shows that the main a@ peak is symmetric 
while the main Li peak has a pronounced asymmetry 
due to the increased effect of the self-absorption in the 
foils for the lower energy lithium fragments. As com- 
plete Li range-energy curves were not available at very 
low energies, the operating bias was chosen between 
the Li and a peak so that essentially only the a-particle 
spectrum was detected. Upon correcting the observed 
counting rate in the B” chamber for the fraction of a 
pulses lost and the Li fragment pulses gained and 
doubling this rate, the true B" disintegration rate was 
obtained. The following procedure was used : 


(1) The main a and Li peaks were fitted by Gaussians 
normalized to the observed height of each with a width 
v=3.4 channels. 

(2) Using the known branching ratio of 5.8% and 
v=3.4, the Gaussian peaks corresponding to the high- 
energy a and Li peaks were positioned so that the best 
over-all fit of the experimental points would be obtained 
when the four Gaussians are added. 

(3) Using known a" and Li'® ranges in air and con- 
verting to equivalent ranges in argon by the Bragg- 
Kleeman rule, the true position of each of the four 
groups was computed as described in (c) above. 

The true positions thus obtained were found to be in 
reasonable agreement with the relative positions 

17H, A. Bethe, Brookhaven National Laboratory Report 
BNL-T-7, 1949 (unpublished). 

18 J. M. Bégglid, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd, 23, 4 (1945). 


AND E. 


MELKONIAN 


obtained from the known energies and ev/ion pair 
values for the four groups. The results obtained are 
shown in Table V. 

(4) For a range of bias between 22 and 30, the 
fraction of the area of the main a peak lying below a 
given bias was computed plus the contribution from 
the long-range a group. From this was subtracted the 
sum of the fractions of the areas of the Li groups lying 
above the given bias. To this was added the fraction of 
the pulses lost due to self-absorption using an average 
thickness of 15 wg/cm* of B™ obtained from trans- 
mission measurements. Thus, the net fraction of a 
pulses lost as a function of bias was obtained. The net 
fraction of a’s lost at 26.25 (including backscattering) 
was 1.01+0.46%. The sensitivity of this result was 
tested by observing the net change in the fraction of 
the pulses lost if an error of 1 channel was made in each 
peak position. The net variation was found to be 
about 0.7%. 


U** Efficiency 


In Fig. 4, the differential bias curve for the fission 
chamber, the high-energy (light fragment) peak was 
fitted with a Gaussian of width v=8.5 bias units. 
However, the low-energy peak cannot be fitted with a 
Gaussian and the asymmetry of the low-energy side of 
this peak indicates in the region of bias 16 that the self- 
absorption will be the dominant consideration. Using 
the energy of the light and heavy fragments given by 
Brunton and Hanna,'® and the average ranges of 2.2 
and 1.4 cm in argon,” we compute the true positions 
of the peaks. The results are given in Table VI. 

The differential bias curve was fitted between 16 to 
34 bias units, assuming self-absorption to be the 
dominant effect in this region. Range-energy curves”! 
for the average light and heavy fragments in NTP air 
were used as well as the energies and unsmeared bias 
positions for the fragments as given above. The com- 
puted curve was normalized to the experimental curve 
at a bias of 25 units. For a bias higher than 36 units, 
the calculated curve departs from the observed curve 


TABLE VI. Energies and bias position of the average 
heavy and light fission fragment peaks. 


Average 
heavy fragment 


Average 
light fragment 


60.2 Mev 
63.8 bias units 
70.8 bias units 


94.5 Mev 
94.8 bias units 
115.2 bias units 


Energy 
Observed peak position 
True peak positions 


9 FP. C. Brunton and G. C. Hanna, Can. J. Research 28A, 498 
(1950). 

2 N. O. Lassen, On the Total Charges and the Ionizing Power of 
Fission Fragments (Kgbenhaven Ejnar Munks-Gaards Forlag, 
1953). 

21 Bggglid, Brostroem, and Lauritsen, Phys. Rev. 59, 275 (1941). 
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as would be expected from the smoothing effect of the 
noise Gaussian upon the rapidly increasing self- 
absorption curve in this region. However, in the 
computation of the efficiency of the fission chamber, 
this calculated curve is used only to extrapolate from 
the bias point of 16 to zero bias, and to confirm that in 
the neighborhood of the bias point self-absorption is 
indeed the major effect which determines the behavior 
of the curve. 

The area under the differential curve between 16 and 
zero bias units obtained by integration in Fig. 4, was 
3.46% of the total area. ¢/2Ro, the fraction of the frag- 
ments that never leave the foil, was 3.18%, yielding a 
net loss of (6.64+0.40)%. In the above, a value of 
t=0.492 mg/cm’ as obtained from neutron transmission 
measurements was used. Ro was obtained by the follow- 
ing procedure : 

(Atomic stopping power)/\/A vs »/A was plotted 
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using an average value from several sources™:?2-*8 for 
the average of the heavy- and light-fragment atomic 
stopping power (A.S.P.) in He, air, Al, A, Cu, Ag, Xe, 
and Au. For \/A >8, A.S.P./\/A rapidly approaches 
a constant value. This is consistent with the results of 
Segré and Wiegand* and of Suzor®* that the stopping 
powers of all substances except those containing 
hydrogen are, for U** fission fragments, nearly equal 
to those for 4.5-4.6 Mev a particles. The value of 
Ry=7.74+0.25 mg/cm?® for the mean fragment range 
in U;03 was obtained using that constant value for 
which A.S.P./\/A for \/A >8 was consistent with the 
experimental data. 


* Katkoff, Miskell, and Stanley, Phys. Rev. 74, 631 (1948). 

3 Béggild, Arrge, and Sigurgeirsson, Phys. Rev. 71, 281 (1947). 
*%4 Béggild, Minnhagen, and Nielsen, Phys. Rev. 76, 988 (1949). 
25 FE. Segre and C. Wiegand, Phys. Rev. 70, 808 (1946). 

26 F. Suzor, Ann. Physik 4, 269 (1949). 

27 N. Sugarman, J. Chem. Phys. 15, 544 (1947). 

28W. M. Good and E. O. Wollan, Phys. Rev. 101, 249 (1956). 
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Proton-Gamma Angular Correlation Studies of Be® and Ca‘’(d,p y) 
Stripping Reactions* 


R. T. Taytort 
Department of Physics, University of Michigan, Ann Arbor, Michigan 
(Received October 23, 1958) 


To investigate the applicability of the Butler stripping theory, the angular correlations have been meas- 
ured between the protons and y rays from the reactions Be*(d,py)Be!* (3.37 Mev) and Ca(d,py)Ca*!* 
(1.95 Mev), using 7.78-Mev deuterons. Both correlations in the (d,p) plane are of the form 1+ A 2P2(cos@), 
where 6 is the angle between the y ray and the recoil nucleus, as predicted by theory. For Be’ the coefficient 
A,=—0.33+0.04, in reasonable agreement with the previously reported value of —0.40+0.05 for a deu- 
teron energy of 4 Mev, and hence confirming the theoretically expected energy independence. This value 
of Az is close to that of —0.40 predicted on the assumption of Z-S coupling with the assignment of a *P»2 
state for the first excited level of Be. For Ca®, 42=+0.17+0.04, in satisfactory agreement with the pre- 
dicted value of 0.143 obtained by using the reasonable assumption of j-7 coupling with less than 10°°% M3 
in the predominantly E2 y transition. Both transitions showed less than 6% effect in the correlation in the 
plane perpendicular to the recoil axis, in agreement with the isotropy expected from the simplified stripping 


theory. 


INTRODUCTION 

OMPARISON between the simplified stripping 
theory of Butler! and the measured angular dis- 
tribution of the protons from the (d,p) reaction has 
provided parities and, in certain cases, spins of nuclear 
levels which agree with those deduced by other methods. 
Since the experimental data are fitted to a theoretical 
curve by a suitable choice of the nuclear radius (within 
limits an adjustable parameter), it is difficult to estimate 
exactly to what degree the theory is valid. However, 


* This research was supported in part by the U. S. Atomic 
Energy Commission. 

t Now at the Nuclear Physics Research Laboratory, University 
of Liverpool, Liverpool, England. 

1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 


several authors (see for example, Satchler and Spiers?) 
have pointed out that simple stripping implies in the 
(d,p) reaction that only the neutron from the deuteron 
interacts with the nucleus, and therefore the reaction is 
formally analogous to resonant capture of the neutron 
with a unique orbital angular momentum, /,. Hence the 
resulting y-ray distribution should be correlated with 
the direction of the captured neutron, which is the same 
as that of the recoiling product nucleus, and depend 
only on the spin sequence involved in the decay, not on 
the details of the nuclear process of stripping. Further- 
more, the y-ray distribution, experimentally the p-y 
coincidence counting rate, should have (a) the neutron 

2G. R. Satchler and J. A. Spiers, Proc. Phys. Soc. (London) 
A65, 980 (1952). 
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axis as its symmetry axis, (b) no asymmetry in the plane 
perpendicular to this axis, (c) a unique angular distri- 
bution in the (d,p) plane for a unique spin sequence, and 
(d) an angular distribution independent of the deuteron 
bombarding energy. 

The correlation can easily be calculated for any par- 
ticular decay scheme from the tables of Satchler.’ 
Several authors (see, for example, Ruby, Refai, and 
Satchler*) have shown that any deviation from simple 
stripping, such as an interaction between the outgoing 
proton and final nucleus, may modify both the sym- 
metry axis, and the magnitude of the angular distribu- 
tion. Thus a study of (d,py) angular correlations may 
be expected to indicate any appreciable deviation from 
the simple stripping process, and perhaps gives a meas- 
ure of the magnitude of the deviation. 

Experimentally the proton counter is set at the peak 
of the proton angular distribution to ensure that the 
neutron of known /, is selected, and also that deutron 
stripping is well favored over any compound-nucleus 
type of reaction which is not expected to have a strongly 
peaked angular distribution. 

In order to establish the validity of the (d,py) tech- 
nique, it is important to choose a reaction where the 
decay scheme is fully known, especially the multipolarity 
of the y-ray transition, and hence the angular correla- 
tion uniquely predicted. Of the several reactions which 
have been studied by this method, only four have been 
done at an energy where stripping is the dominant 
process. Allen et al.’ measured the p-y correlation in 
Si**(d,p)Si*(1.28 Mev) at a deutron energy of about 
9 Mev. Although the data show the predicted symmetry 
about the recoil axis, the experimental anisotropy could 
not be used as a test of the theoretically predicted 
anisotropy due to the unknown M1-E2 admixture in 
the y transition. However, an anisotropy in the plane 
perpendicular to the neutron axis was observed. Of the 
other three reactions studied by Cox and Williamson® 
at 4 Mev, only Be®(d,p) Be"* (3.37 Mev), with a y trans- 
ition of known multipolarity, was capable of direct 
interpretation. The p-y correlation for this level was 
within 15% of that predicted for one extreme of the 
theoretically possible anisotropies, and isotropic to 
within +7% in the plane perpendicular to the neutron 
axis. 

With the above considerations two reactions were 
chosen for study: the Be®(d,py)Be"* reaction to the 
first excited state of Be" at 3.37 Mev to test the energy 
independence of this correlation, and the Ca“ (d,py)Ca** 
reaction to the first excited state of Ca* at 1.95 Mev 
since the only uncertainty in the decay scheme is the 
unknown M3 admixture in the predominantly £2 
y transition. However, from known y-decay syste- 


3G. R. Satchler, Proc. Phys. Soc. (London) A66, 1081 (1953). 

* Ruby, Refai, and Satchler, Nuclear Phys. 9, 94 (1958). 

5 Allen, Collinge, Hird, Maglic, and Orman, Proc. Phys. Soc. 
(London) A69, 705 (1956). 

6S, A. Cox and R. M. Williamson, Phys. Rev. 105, 1799 (1957). 
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matics it can readily be shown that the M3 component 
has a negligible effect on the angular correlation, and 
hence the Ca® reaction serves as a good test of the pre- 
dictions from the simplified stripping theory. 


EXPERIMENTAL PROCEDURE 


The Michigan 42-in. cyclotron provided the deuteron 
beam which was collimated by lead slits of }-in. diam- 
eter, and the background was further reduced by the 
separating water wall between the cyclotron and the 
apparatus. 

The beam energy was 7.78 Mev, measured by the 
energy of the proton groups from the reaction 
C®(d,p)C® using the magnetic analyzer incorporated 
onto the cyclotron. 

The beryllium target consisted of a self-supporting 
foil one mil thick, carried on a wire frame. The frame 
could be rotated out of the path of the beam so that the 
background in the y-ray detector could be observed. 
The calcium target was approximately 1.2 mil thick, 
and was prepared by the straightforward evaporation 
of pure calcium metal onto a background of 0.1-mil 
gold. Using the magnetic analyzer, it was found that in 
the region of interest for both reactions, any impurities 
were less than 1% in intensity of the proton group being 
investigated. A lead stop was placed behind the target 
to completely absorb the deuteron beam. 

The y-ray counter was a scintillation counter using a 
2 in.X1} in. diameter NaI(TI) crystal, shielded by 
u metal and soft iron from the magnetic field of the 
cyclotron. Tests with a radioactive source fixed to the 
counter showed that the magnetic field did not alter the 
pulse height in different counter orientations by more 
than 3%. The y-ray background was mainly from the 
lead beam stop and slits, but also directly from the 
cyclotron itself. The proton counter consisted of a 
jg-in.X%-in. diameter NalI(Tl) crystal inset in the 
flattened side of a light pipe (4-in. length and 1-in. 
diameter) with a hyperbolic shaped end for maximum 
light collection. The resolution of the proton counter 
was 1.0 Mev for an incident 9-Mev proton. The proton 
counter subtended a linear angle of 10°, and the y-ray 
counter 27° at the target. The y-ray counter was sup- 
ported on a remotely controlled rotatable arm, the 
spindle of which formed one support for the scattering 
chamber and thus ensured a negligible error in centering 
the target. This arrangement enabled the y-ray counter 
to pass behind the proton counter, the range of angle 
in the (d,p) plane being 120° either side of the deuteron 
beam. The brass scattering chamber was 3-in. diameter 
with g-in. thick walls. The proton exit port in the 
chamber, a 1-in. diameter hole, was covered with a 
;-mil Mylar window cemented on the outside. 

The general design of the electronic circuits followed 
that of Bell, Graham, and Petch.’ The pulse from a fast 
cathode follower was amplified and fed into a fast- 


7 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1951). 
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coincidence circuit using amplitude-limited pulses with 
a conventional triple half-microsecond coincidence unit 
operated from single-channel kicksorters at the output 
of slow linear amplifiers, thus having pulse-height selec- 
tion with a fast resolving time. The resolving time of 
the apparatus, measured with annihilation radiation 
from Na*, was 2r=30 musec. 

Since the cyclotron beam is pulsed at the radio- 
frequency on the dees, the decay between the channels 
necessary to remove genuine coincidences and yet have 
the correct number of random coincidences is an inte- 
gral number of radio-frequency cycles, viz., 100 mysec. 
With this arrangement, the ratio of true to random 
coincidence rates was approximately 3:1 for the Be 
reaction, and 2:1 for the Ca reaction with a deuteron 
beam of the order of 0.03 wa. The coincidence counting 
rate was of the order of 10 per minute, with a proton 
counting rate of 400 per second, and 4 per minute, with 
a proton counting rate of 200 per second for the Be and 
Ca reactions, respectively. 

Several measurements were made of the random co- 
incidences throughout the experiment. At least four 
measurements were made at each position of the 
y counter, with no evidence of any systematic drifts. 
After subtraction of the calculated number of random 
coincidences, the resulting true coincidence counting 
rate was divided by the proton counting rate to nor- 
malize for beam intensity. Corrections were also made 
for the finite solid angle of the counters (<3%) and for 
the absorption due to the proton detector and beam 
stop when the y-ray counter passed behind it. This was 
estimated by measuring with a Co™ source placed at the 
target position, and allowing for the change of absorp- 
tion with energy: this gave a maximum correction of 
2.3%. The uncertainty due to misalignments and errors 
in centering is estimated at less than 1%. 


RESULTS 
The Be*(d,py)Be'® Reaction 


A schematic diagram of the scattering chamber and 
detectors for the measurement in the (d,p) plane is 
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Fic. 1. Schematic diagram showing the experimental arrange- 
ment of the scattering chamber and detectors for the measurement 
of the (d,py) angular correlation in the (d,p) plane. 
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Fic. 2. The experimental angular correlation, W(@), for the 
reaction Be®(d,p)Be!™ to the first excited state at 3.37 Mev, in 
arbitrary units. @ is the angle between the emitted y rays and the 
neutron axis in the laboratory coordinates. The solid line is the 
best-fit curve to the experimental points. 








shown in Fig. 1. With the proton counter set to within 
1° of the peak of the angular distribution at 20° rela- 
tive to the deuteron beam, the neutron axis is at 40°, 
and is known to within 1°. By suitable aluminium 
absorber and kicksorter setting, it was possible to 
observe only the proton group leading to the first excited 
state at 3.37 Mev. 

The result for the angular correlation in the (d,p) 
plane is shown in Fig. 2. The solid line is the least- 
squares fit of the equation W (@)=1+A2P2(cos@) to the 
experimental points, where 6 is the angle in the labora- 
tory coordinates with respect to the calculated neutron 
axis. This line represents 


W (6)=1— (0.33+0.04) P2(cosé), 


where the error is the standard deviation obtained from 
the least-squares analysis. The error on the individual 
points in all figures is the probable error computed from 
the total number of counts measured. A x? test 
(Pearson’) on the experimental points gives a 60% 
probability for a fit of the assumed form of distribution, 
well within the allowed range of 10-90%, showing that 
the assumed distribution very probably corresponds to 
the observed one. 

A fit of the equation W (6)= 1+ A2P2 cos(@+4) treat- 
ing 6 as an extra parameter, yields = —6°+8°, showing 
that the symmetry axis is close to the neutron axis. 

The experimental arrangement for the measurement 
in the azimuthal plane is shown in Fig. 3. The protons 
were observed at an angle of 20° below the horizontal 
deutron beam. The axis of the target chamber was 
chosen to coincide with the neutron axis so that the 
y counter, mounted on a rotatable arm on a spindle 
fixed to the lid of the chamber and coaxial with the 
chamber, had a full 360° rotation. Measurements were 
taken at every 45° and the experimental results are 
shown in Fig. 4. Assuming a correlation of the form 
W (¢)=1+ Bz cos@, a least-squares fit of this equation 


8K. Pearson, Phil. Mag. 50, 157 (1900). 
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Fic. 3. Schematic diagram showing the experimental arrange- 
ment of the scattering chamber and detectors for the measurement 
of the (d,py) angular correlation in the azimuthal plane. 


to the experimental points gives 
W (¢)=1+ (0.02+0.04)cos¢, 


@ is the azimuthal angle, measured in a left-handed 
manner with respect to the neutron axis and equal to 
zero when the y ray is emitted in the (d,p) plane. As 
can be seen, there is less than 6% anisotropy in this 
plane. A x? test on the experimental points in Fig. 4, 
gives a 75% probability for a fit of the assumed 
distribution. 


The Ca‘°(d,py)Ca" Reaction 


The scattering chamber and detectors are similar to 
those used for the Be reactions, except that the neutron 
axis corresponding to the peak of the proton distribu- 
tion, which is at 20° from the deutron beam, is now at 
60° and is insensitive to the proton direction. By suit- 
able choice of aluminium abosrber and kicksorter setting, 
all other proton groups with more than 2% intensity of 
the group leading to the first excited state at 1.95 Mev 
were eliminated with the exception of the third excited 
level of spin $~ at 2.47 Mev. The relative intensity of 
this group estimated from the measured peak heights 
and bias positions is (13+3%). Since the spin of the 
level is 3, there can be no asymmetry in the angular 
correlation, and therefore the correction for this proton 
group is well defined. 

The results for the correlation in the plane of the 
reaction before the above correction are shown in Fig. 5. 
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Fic. 4. The experimental angular correlation W(¢), for the 
reaction Be*(d,py)Be™ to the first excited state at 3.37 Mev in 
arbitrary units. ¢ is the azimuthal angle, measured in a left-handed 
manner with respect to the neutron axis and equal to zero when 
the y ray is emitted in the (d,p) plane. The solid line is the best-fit 
curve to the experimental points. 
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The solid line is again the least-squares fit of the equa- 
tion W (6)=1+A2P2(cos@), yielding 


W (@)=1+0.15+0.03 P2(cos6). 


A x? test for these experimental points gives a 52% 
probability for a fit of the assumed distribution. A least 
squares fit of the equation W(@)=1+A2P2 cos(6+6) 
yields 6= —3°+15°, again showing the symmetry axis 
to be close to the neutron axis. When the above correc- 
tion for the detection of protons from the third excited 
level is made, the final result is 

W (0) = 1+ (0.17+0.04) P2(cos6). 

The results for the experimental azimuthal angular 
correlation are shown in Fig. 6. Assuming a distribution 
of the form W (¢)=1+B, cos@, a least-squares fit gives 

W (¢)=1— (0.01+0.04)cos@ 
showing less than 5% effect in the azimuthal plane. A 
x? test gives a 95% probability for a fit of the assumed 
distribution probability. This is outside the allowed 
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Fic. 5. The experimental angular correlation W(6), for the 
reaction Ca“(d,py)Ca** to the first excited state at 1.95 Mev, in 
arbitrary units. @ is defined in Fig. 2. The solid line is the best-fit 
curve to the experimental points, before correction for the detec- 
tion of the proton group from the third excited level of Ca*. 
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range of 10-90%, but a careful analysis of the experi- 
mental results showed that the readings at any given 
angle scattered statistically about the mean, and no 
reason could be found for rejecting the measured 
distribution. 


DISCUSSION 


Any theory of the (d,py) reaction implies some sym- 
metry in the y-ray angular distribution, and as men- 
tioned in the Introduction the simplified stripping 
assumption predicts several quite definite symmetries. 
The qualitiative features of simple stripping are demon- 
strated by the two reactions studied; both as to the 
symmetry axis in the (d,p) plane, and the azimuthal 
isotropy around the recoil axis. For a more detailed dis- 
cussion it is simpler to consider the two reactions 
separately. 

The ground state spin of Ca® is 0+, and as the /, for 
the absorbed neutron is /,=1 (Endt and Braams’) the 


®P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
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first excited state of Ca“! is }~ or $-. The former is ruled 
out by the presence of an anisotropy in the (d,p) plane 
and hence the spin is 3~. With an /,=3 (Endt and 
Braams’) for the transition to the ground state of Ca‘, 
the spin of this state is ~ or $~ and from shell-model 
considerations is most certainly }~. The only uncertainty 
in the decay scheme is the amount of M3 in the pre- 
dominantly £2 y transition. However, from experi- 
mental transition probabilities for pure £2 and M3 
y transition (Goldhaber and Sunyar"’), it can be shown 
that the percentage of M3 in the 1.95-Mev transition 
is less than 10-*%. From the spin sequence the theo- 
retical angular distribution is easily obtained from the 
tables given by Satchler.* Taking the most reasonable 
assumption of j-7 coupling, for a pure £2 y ray the theo- 
retical P2(cos@) coefficient is 42=+0.143. The maxi- 
mum effect of the M3 admixture is to add 0.003 to the 
value of A», and is therefore much less than the experi- 
mental error of 0.04. Hence the experimental P2(cos@) 
coefficient of +0.17+0.04 is in reasonable agreement 
with the prediction of the simplified stripping theory. 
The first excited state of Be” is 2+, decaying by a pure 
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Fic. 6. The experimental angular correlation, W(@), for the 
reaction Ca“(d,py)Ca** to the first excited state at 1.95 Mev, in 
arbitrary units. ¢ is defined in Fig. 4. The solid line is the best-fit 
curve to the experimental points. 


E2 y ray to the 0* ground state. Since the first excited 
state of Be! is formed by the absorption of a neutron 
with /,=1 (Ajzenberg and Lauritsen") by Be’, spin 3-, 
the incoming channel spin, S, can have the values S=1 
and S=2 and is the only unknown parameter. From 
the treatment of Satchler* the theoretical value of A> 
can easily be found for any mixture of S=1 and S=2 
since the correlations for different channel spins mix 
incoherently. Pure j-j coupling for the 3.37-Mev level 
of Be” can be interpreted as 50% S=1, 50% S=2, 
resulting in a value for A» of zero. However, with the 
assumption of L-S coupling there are two possible 


10M. Goldhaber and A. W. Sunyar, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), Chap. 16(IT). 

11 F. Ajzenberg and T. Lauritson, Revs. Modern Phys. 27, 77 
(1955). 
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states: *P2 with 10% S=1, 90% S=2, and 'D, with 
100% S=1, with values for As of —0.40 and +0.50, 
respectively. The experimental value for A» of —0.33 
+0.04 can, in turn be interpreted in terms of channel 
spin as (17+4)% S=1, (834+4)% S=2, and is therefore 
close to the value predicted from L-S coupling with a 
’P» state for the 3.37-Mev level of Be". This is in reason- 
able agreement with the earlier result of (10+5)% S=1 
at a bombarding energy of 4 Mev (Cox and Williamson®) 
and hence confirms the energy independence predicted 
by simple stripping. 

In the Z-S limit, any reasonable central force would 
put the 'D» state lower than the *P2, the opposite of the 
experimental result, and thus the angular correlation is 
here a sensitive indicator of the coupling parameter. 

The data on both the Be® and Ca® reactions appear 
to be correctly described by the simplified stripping 
theory, and thus it would appear that any proton inter- 
actions are small. However, a treatment of the proton- 
nucleus interaction using the Born approximation 
(Lubitz!’) suggests that an appreciable proton-nucleus 
interaction need not necessarily result in a marked 
change of the angular distribution of the reaction prod- 
ucts. It would thus be very interesting to measure the 
proton polarization for these reactions and, combining 
this with the (d,py) data, to see if a consistent descrip- 
tion of the reaction can be obtained by a method such 
as that by Ruby ef al.‘ using distorted waves. 

From the above discussion it would appear that the 
(d,py) correlation in the (d,p) plane is reasonably well 
predicted by the theoretical calculations using the 
simplified stripping theory, and hence could be used to 
limit, and perhaps fix, the J values in other decay 
schemes, as well as possibly obtain the relative amounts 
of different multipole admixtures in the y transition. To 
obtain information on the nucleon-nucleus interaction, 
however, it may be necessary, as it appears to be for 
the two reactions studied here, to combine the (d,py) 
result with measurements of the proton polarization. 
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Decay of 13-Hour Re’**} 


C. J. GALLAGHER, Jr.,* J. O. NEwTon,} AND VircrntA S. SHIRLEY 
Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received October 23, 1958) 


An electron- and gamma-spectroscopic study of the levels of W'® populated by the 13-hour electron- 
capturing isomer Re'® has been made. The levels observed support previous studies on the W'* levels as 
observed in Ta'®* decay. Evidence for weakly populated levels around 2 Mev is reported, which indicates 
that the decay energy of the isomer is greater than 2 Mev. On the basis of the spins and parities of the 
levels populated, the isomer is assigned spin 3, negative parity. 


I. INTRODUCTION 


HE 12.7-hour isomer of Re'® which decays by 

electron capture to levels in W'® was first 
reported by Wilkinson and Hicks.’ They were unable 
to tell whether this, or the 60-hour isomer, was the 
ground state. The value of 13 hours for the half-life 
and the mass assignment obtained in the present study 
are in excellent agreement with the earlier results, but 
the question as to which isomer has lower energy has 
not been settled. 

The energy levels of W'® have also been studied in 
detail by Murray, Boehm, Marmier, and DuMond,’ 
who investigated the decay of Ta!®. With three 
exceptions all of the transitions observed in the present 
study were also observed in Ta'® decay ; the interpreta- 
tion of this work is therefore based largely on that 
given in the paper of Murray ef al. 


II. EXPERIMENTAL METHOD 


Both the gamma spectrum and the conversion 
electron spectrum were studied. Owing to the relatively 
poor resolution of the gamma analysis and the com- 
plexity of the spectrum, most of the useful data came 
from the study of the electron spectrum. 


1. Electron Spectroscopy 


The principal type of instrument used in this study 
was the 180° photographic recording spectrograph 
which has been previously described’; energy measure- 
ments can be made to an accuracy of at least one part 
in 10°. For this spectrograph it is desirable to prepare 
carrier-free sources which are usually electrodeposited 
onto 0.01-inch diameter platinum wires. 

The sources used in the study were produced in two 
ways. The first was to produce Re!® by the Ta!*!(a,3) 
reaction. This method was unsatisfactory for two 


t This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

* Present address: Department of Physics, California Institute 
of Technology, Pasadena, California. 

t On leave from the Atomic Energy Research Establishment, 
Harwell, Berkshire, England. 

1G. Wilkinson and H. G. Hicks, Phys. Rev. 77, 314 (1950). 
( 2 Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 1007 

1955). 
3 W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 


reasons: (1) The 60-hour isomer of Re!® is produced 
which decays through all of the W'® levels observed 
by Murray et al.? and hence might hide the presence of 
13-hour Re'® if this isomer decayed through these 
levels alone.* (2) There is also present 20-hour Re!®,® 
which appears to decay through a number of states of 
W'* and hence gives rise to a complex spectrum which 
decays with a half-life similar to that of 13-hour Re'®. 

Therefore, it was thought necessary to make sources 
of the 13-hour Re!® free from the 60-hour isomer and, 
if possible, free from Re'*. Both of these possibilities 
were realized by producing Re'® from the decay of 
Os!®, Observation of the decay of some of the conversion 
lines in a double-focusing spectrometer and in a lens 
spectrometer and of the 1100-1200 kev gamma rays 
in a scintillation spectrometer showed that there was 
no 60-hour component in the decay of the Os'® 
daughter; the decay curve was consistent with that 
expected for a 13-hour daughter growing from 22-hour 
Os!®.6 The Os!® was prepared by bombarding natural 
tungsten with 48-Mev alpha particles, the W'*(a,4m) 
reaction being principally responsible for its production. 
Carrier-free osmium sources were then prepared by 
dissolving the tungsten in alkali, acidifying with nitric 
acid and distilling the volatile OsO,4 so formed.*® 

The preparation of 13-hour Re'® from the decay of 
its osmium parent resulted in a source which was a 
mixture of the isotopes Os!®, Os!®, Os!®, and Re!® in 
addition to Re!®. Each of these isotopes has a compli- 
cated spectrum. Satisfactory analysis of the observed 
electron spectrum was made possible by the high 
resolution of the permanent magnet spectrographs. In 
many cases assignments of transitions could be made 
on the basis of the binding energy differences between 
the K, LZ, and M lines of rhenium and tungsten. 
Assignments could also be made by observation of the 
change of intensity of the various lines with time; 
series of 12 hour exposures, each for a given source, 
were made. The lines from Os!® and Os'® showed 


4C. J. Gallagher, Jr., and J. O. Rasmussen, Phys. Rev. 112, 
1730 (1958). 

5 Gallagher, Sweeney, and Rasmussen, Phys. Rev. 108, 108 
(1957); C. J. Gallagher, Jr., thesis, University of California 
Radiation Laboratory Report UCRL-3928, September 1957 
(unpublished). 

6B. J. Stover, Phys. Rev. 80, 99 (1950); J. O. Newton and 
V. S. Shirley (unpublished data, 1957). 
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13-HOUR Re!83 


TABLE I. Transitions in W!® n iewing the omy of 12.7-hour Re!®. 





Initial and 
final states 


Transition energy (kev) 
from Murray et al. K 


Conversion-electron intensities* 


Li Lit M1 Miu Miu Multipol arity 





65. 71 
67.74 
84.67 
100.09 
113.66 
116.40 
152.41 
469.6+0.4 
894.7+0.8 
1122 
1189 
1222 
1231 
1289 


® The intensity units are arbitrary. 
> Line is in a region where intensity corrections are not reliable. 
¢ Line is on an intense background. 


0.9 1.4 

“a © 994 3.4 2.1 

11 7.4 7.0 3.0 
104-92 <49 <1 


M1+E2 


Fl 
M1+E2 
E2 
M1+£E2 

(M1+E2) 
E1 


2.5 
5.6° 
6 


M1-+£E2 
Ei+M2 
E2 

M1+E2 


4 This very anomalous K to L ratio has been observed from two sources, but may possibly be due to the difficulty in determining the intensity of the 


K-line, which is on an intense background. 


e Intensities relative to that of transition DB. They are not related to the intensities for the lower energy transitions. 


continuous decay, those from Re!® showed a char- 
acteristic rise followed by decay, and those from Re!® 
showed an initial rise and then remained relatively 
constant due to the long half-life of Re'*. Owing to 
the long half-life of Os'®* very few lines from this isotope 
were observed in these short exposures. The conversion 
electron spectrum of Re!® had been studied previously’ 
and a knowledge of this gave a further check on the 
assignments. 

The relative intensities of the conversion lines were 
obtained by use of the method for relating photographic 
blackening to electron intensity given by Mladjenovié 
and Slatis®; the limits of error on the intensities are 
estimated to be about +20%. This intensity-error 
estimate is made relative to the correction curve for 
relating a densitometer trace to an actual intensity; 
any error in the shape of this curve could result in 
much larger errors in the intensities than the limits that 
we quote. The error in the correction for photographic 
efficiency as a function of energy has been measured 
and is not expected to introduce errors except at very 
low energies (<30 kev). We have not attempted to 
obtain intensities for low-energy lines for this reason. 


2. Gamma Spectroscopy 


The gamma-ray spectrum was investigated with 
13X1 inch sodium iodide crystals together with 50- 
channel’ and 100-channel” analyzers. Sources prepared 
in two different ways were used in these measurements. 
The first of these was prepared from the Os'® parent 
as described in the previous section. 


7 Thulin, Rasmussen, Gallagher, Smith, and Hollander, Phys. 
Rev. 104, 471 (1956). 

8M. Mladjenovié and H. Slatis, Arkiv Fysik 8, 65 (1954). 

§ A. Ghiorso and A. E. Larsh, in Chemistry Division Quarterly 
Report, University of California Radiation Laboratory UCRL- 
2647, July, 1954 (unpublished). 

10 Penco, Model PA-3, manufactured by the Pacific Electro- 
Nuclear Company, Culver City, California. 


The second source was prepared as follows. The form 
of the excitation function for a reaction of the type 
Ta!*!(a,an)Re!®* is a fairly narrow peak, the energy 
for the peak cross sections being higher the higher the 
value of x. Thus, by choosing the bombarding energy 
correctly it is possible to obtain a source containing 
predominantly the isotope Re!®-*. A stack of 0.001- 
inch tantalum foils was bombarded with 48-Mev alpha 
particles. The mean alpha particle energy in the 
fourth foil was 36 Mev corresponding to the peak cross 
section of the Ta!®!(a,3n)Re!® reaction. This foil was 
taken and the Re separated by a method similar to 
that of Meinke." Both isomers were of course present 
together with some 20-hour Re'*. The spectrum of 
60-hour Re'® was obtained by allowing the source to 
decay until essentially all of the 13-hour isomer was 
gone. This spectrum of the 60-hour isomer was then 
subtracted from the original composite spectrum, thus 
leaving the spectrum due to the 13-hour isomer to- 
gether with some contamination due to Re'*. Neither 
of these sources gave a trustworthy spectrum below 
about 900 kev because of the presence of gamma rays 
from other isotopes. 


3. Experimental Results 


The conversion line spectrum of 13-hour Re’® was 
compared with that arising from the decay of the 
60-hour isomer‘ and that from Ta!® decay,’ which lead 
to the same final nucleus W'®. With two exceptions the 
lines observed were lines observed also in the decay of 
Ta!®, None of the transitions observed in the more 
complex decay of 60-hour Re'® which did not occur 
also in Ta!® decay were seen. 

In Table I are listed all the transitions we have 
observed for Ta!® decay; with the exception of the 
two new transitions we report, the energies are those 


11 W. W. Meinke, University of California Radiation Laboratory 
Report UCRL-432, August, 1949 (unpublished). 
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Fic. 1. (a) Gamma-ray spectrum of 60-hour Re!® above 
approximately 800 kev, measured with a NalI(TI) scintillation 
spectrometer. Only a few of the transitions making up the 1122- 
1222 photopeak are indicated. (b) Gamma-ray spectrum of 
13-hour Re!® above approximately 1 Mev, measured with a 
NalI(T1) scintillation spectrometer. Only a few of the transitions 
making up the 1122-1222 photopeak are indicated. The region 
above approximately 1500-kev i not been studied at high 
resolution and is probably complex. 
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of Murray et al. since the precision of their measurement 
was higher than ours. The relative intensities which 
we obtained for the various lines are also given. In 
Table I we have omitted several lines that Murray 
et al, report; these are probably present but would not 
have been observed in our experiment because of their 
lower intensity. 

The gamma-ray spectrum, above 800 kev, of 13-hour 
Re'® grown from the Os'® sample is shown in Fig. 1(a). 
In Fig. 1(b) is shown the spectrum of 60-hour Re!®. 
It is immediately apparent that very little if any 
1450-kev radiation is present in the spectrum from the 
13-hour isomer whereas it is quite strong in that from 
the 60-hour isomer. Furthermore a peak corresponding 
to an energy of 1.99+0.02 Mev appears in the 13-hour 
spectrum and not in the 60-hour spectrum. Its intensity 
relative to that of the 1100-1200 kev complex is about 
0.03. It is likely that the 1.99-Mev peak is due to more 
than one gamma ray. This radiation was assigned to 
13-hour Re'® since its intensity showed an initial rise 
followed by decay in the manner expected for this 
isomer. 

The interpretation of the spectrum below 1 Mev was 
more difficult owing to the presence of gamma rays 
from other isotopes. However, it was possible to set 
upper limits to the intensities of the 469.6-kev and 
894.8-kev lines which were observed in the conversion 
line spectrum ; these are 0.07 and 0.1 times the intensity 
of the 1100-1200 kev gamma-ray complex, respectively. 

The intensity of the K x-ray relative to that of the 
1100-1200 kev complex was found to be 2.1. 


4. Decay Scheme 


As has been stated in the previous section, the 
electron lines observed in 13-hour Re!® are, with two 
exceptions, all observed in Ta!® decay; we therefore 
make use of the very detailed experimental data and 
analysis of the Ta!* decay scheme in interpreting the 
13-hour Re'® scheme. In Fig. 2(a) is shown part of the 
decay scheme of Ta'® as reported by Murray et al. 
In Fig. 2(b) is shown a schematic level scheme for W!® 
in which the intensities of the electrons depopulating 
the various states in Re'® decay are compared with 
those observed in the decay of Ta'®; the ratio for 
transition KJ is arbitrarily set equal to unity. Remem- 
bering that the errors of the intensities are about 
+20%, it is seen that the most striking differences 
between the two schemes is a much lower relative 
population of level K in 13-hour Re!® decay as com- 
pared with that in Ta!® decay. In Ta!® decay, to within 
the accuracy of the measurements, level J is fed entirely 
from level K ; thus, there is little if any direct population 
of that level. The fact that transition JH is, relative 
to transition KJ, much stronger in 13-hour Re! decay 
than in Ta'® decay shows that the 4— level J receives 
more population from other sources than from level K. 

If we use our electron intensities together with the 
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branching ratios and conversion coefficients of Murray 
et al., we can estimate the relative feeding intensities 
to the various levels of W!**. In doing this we reduce the 
values for the conversion coefficients of Murray ef al. 
by 20% in order to allow for the correction due to 
finite nuclear size; Murray ef al. derived their conver- 
sion coefficients by assuming the point nucleus value 
for a pure M1 transition. The results are shown in 
Table II. The upper limits to the intensities of the 
469.6- and 894.8-kev gamma rays are of the same order 
of magnitude as the feeding intensities of levels J and 
K. Thus without further measurements we are unable 
to say whether these levels are fed by direct K capture, 
via either or both of the two gamma rays, or by both 
of these processes. The feeding intensity to ‘other 
states” arises from the excess of transition BA over 


y deat K 
Ke) 


40 


97 


ad, 
2) a 


60 


w 
(b) 

Fic. 2. (a) Transition intensities reported by Murray et al. 
(reference 2) for the transitions of W!® following Ta!® decay. The 
intensities are normalized so that a total of 100 populates the 
ground state. (b) Comparison of electron intensities of transitions 
observed in both Ta!® and 12.7-hr Re!® decay. The ratios indi- 
cated on the transitions are normalized so that the ratio of the 
electron intensity of the LZ; 65.71-kev transition observed following 
Re!® decay to that observed following Ta!® decay is 1 / 


the calculated feeding of level B from levels F, H, J, 
and K;; this value has little significance. 

In addition to the levels discussed above it is likely, 
from the presence of the 2~Mev gamma ray, that a level 
or levels in the region of 2 Mev must be excited also. 

The partial decay scheme of 13-hour Re!® that we 
deduce from these data is shown in Fig. 3. The assign- 
ment of spins and energy levels is based on the data of 
Murray ef al.’ The assignment of K quantum numbers 
is based on the interpretation of the W'® level scheme 
by Alaga ef al.,” as modified by Gallagher and 
Rasmussen.‘ Other experimental studies which support 
this decay scheme are discussed in detail in reference 4. 

The Coryell systematics predict a value of ~1.2 

2 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 


13C. D. Coryell, in Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 305. 
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TABLE II. Relative feeding intensities and estimated logioft values 
for decay to various states in W'®. See text for assumptions. 





Spin Relative 
Ix population (%) logioft 
6.2+0.2 
6.3+0.3 
6.7+0.3 
7.0+0.4 
>7.5 


46+14 
2947 
8+2 
4+1 
<1 
Others 10+16 





Mev for the decay energy of Re'®. The presence of the 
2-Mev gamma ray shows that the decay energy is in 
fact considerably greater than that of the Coryell 
prediction. In order to make an estimate of this we 
have assumed that the logoff value for decay to the 
“2-Mev state” is between 5 and 7. This assumption 
gives a value of 2.3+0.2 Mev for the total decay 
energy, assuming a primary branching of 3% to the 
2-Mev state. With the further assumptions that there 
is no direct population of the ground state and that all 
the states in Table II are directly populated, the 
logioft values of the table were calculated. The first of 
these assumptions is likely to be correct as will be seen 


ENERGY 
OF STATE 
ABOVE D 
(KEV) 


ENERGY 
OF STATE 
(KEV) 


Re 82 


ELECTRON 


2000 CAPTURE 





B 100.09 
A 0) 








K=0,+ 
wis2 
Fic. 3. A partial decay scheme of 13-hour Re!* and some of 
the levels of W!%. The energies of the levels (except L) were 
established by Murray e¢ al. The transitions shown were all 
observed in 13-hour Re!® decay. The assignment of K quantum 
numbers was originally made by Alaga et al.,'5 and modified by 
Gallagher and Rasmussen.‘ 
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later ; the second is subject to the reservations discussed 
above. 

The predominant decay to states of odd parity where 
states of similar spins and even parity are available 
suggests that 13-hour Re'® has odd parity. However, 
considerable care must be taken in interpreting logyoft 
values in the regions of highly deformed nuclei. The 
fact that states of spin 2, 3, and 4 are populated suggests 
that the spin of 13-hour Re'® is 3. Here again, however, 
the conclusion is not absolutely certain since there is 
some doubt that the states of spin 4— are populated 
directly. Thus the data suggest strongly, but not 
definitely, a 3— assignment for 13-hour Re'®. If this 
isomer has a spin greater than 1 (which seems very 
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likely), direct population of the ground state of W'%? 
in appreciable intensity is most improbable; hence our 
assumption of the previous paragraph seems well 
justified. 

It is interesting to note that a spin of 3— in Re!® 
can be explained in terms of the spin-spin coupling 
hypothesis of Gallagher and Moszkowski,™ if the 
Nilsson states'®* with asymptotic quantum numbers 
402+ and 510 are used for the odd-proton and odd- 
neutron configurations, respectively. 

4C, J. Gallagher, Jr., and S. A. Moszkowski, Phys. Rev. 111, 
1282 (1958). 

16S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 


16S. G. Nilsson and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. (to be published). 
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Optical Model Analysis of Elastic Scattering of 125-Mev K+ Mesons in 
Nuclear Emulsions* 
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University of California, Los Angeles, California 
(Received September 19, 1958) 


The diffuse-surface optical model has been used to analyze the elastic scattering and interaction cross- 
section data obtained from 94 meters of positive K-meson track in nuclear emulsion between energies of 100 
and 150 Mev. The analysis was carried out on the SWAC digital computer through the use of the existing 
proton code which required but slight modification, such as the use of the Klein-Gordon equation. A thorough 
investigation was made of the number of energy intervals and representative emulsion nuclei that were 
required for adequate accuracy in the computed averaged cross sections. This number was found to be one 
energy and two representative emulsion nuclei (heavy and light). The four parameters (Ro, the radius 
parameter; a, the edge thickness; V, the real part of the potential; and W, the imaginary part of the po- 
tential) were varied and the goodness of fit was tested by means of the x? probability, there being nine 
degrees of freedom. An attractive real potential is fairly clearly ruled out and good fits were obtained for a 
repulsive real potential for a fairly wide range of physically acceptable geometrical parameters. If the Ro 
and a are chosen from electron-scattering experiments, then V=21+4 Mev and W=—11.0+1.5 Mev. If 
Ro is increased to 1.20 10~" cm, then V=14+2.5 Mev and W=—7+1 Mev. 


1. INTRODUCTION 


HE remarkable success of the optical model in 
accounting for the elastic scattering of nucleons, 
a particles, and pions from complex nuclei, has led to 
its application to the scattering of K mesons by emulsion 
nuclei.!* The results of such analyses are still somewhat 
ambiguous due to several factors: (1) participation of 
several types of target nuclei, (2) relatively large 
standard deviations in the experimentally obtained 
cross section, and (3) relatively small angular regions 
over which experimental cross sections are available. 
Still, the model is in fair agreement with the data when 
physically reasonable values are used for its parameters, 
and it appears worthwhile to carry out further analyses 
in the hope that this may help to determine the elemen- 
tary A*-meson-nucleon interaction. 

The present analysis determines the parameters of 
the diffuse surface optical model for 100-150 Mev Kt 
mesons elastically scattered by emulsion nuclei by 
fitting the differential elastic scattering cross section, 
do/dQ, and the total reaction cross section or. The 
experimental cross sections were obtained from the 
analysis of interactions found in 94 meters of K+-meson 
track in nuclear emulsion.’ The reaction cross section 
averaged over emulsion nuclei was found to be 


* Supported in part by programs of the U. S. Atomic Energy 
Commission and the National Science Foundation. 

1L. S. Osborne, Phys. Rev. 102, 296 (1956); Cocconi, Puppi, 
Quareni, and Stanghellini, Nuovo cimento 5, 172 (1957); Ceolin, 
Cresti, Dallaporta, Grilli, Guerriero, Merlin, Saladin, and Zago, 
Nuovo cimento 5, 402 (1957); G. Costa and G. Patergnani, Nuovo 
cimento 5, 448 (1957); Hoang, Kaplon, and Cester, Phys. Rev. 
107, 1698 (1957); D. Fouret-Davis, Phys. Rev. 106, 816 (1957); 
Marchi, Quareni, Vignudelli, Dascola, and Mora, Nuovo cimento 
5, 1790 (1957); T. G. Lim and S. J. Bosgra, Nuovo cimento 8, 
340 (1958); Bhowmik, Evans, Nilsson, Prowse, Anderson, Keefe, 
Kerman, and Losty, Nuovo cimento 10, 440 (1958). 

* Igo, Ravenhall, Tiemann, Chupp, G. Goldhaber, S. Goldhaber, 
Lannutti, and Thaler, Phys. Rev. {60. 2133 (1958). 

3 Oliver R. Price, thesis, University of California at Los Angeles, 
1958 (unpublished); Price, Stork, and Ticho (to be published). 


or= 299+ 26 mb and the differential cross section will 
be indicated by the points on Figs. 4, 5, and 6. The 
theoretical values of the cross section were calculated 
from the phase shifts which were obtained by numerically 
integrating the Klein-Gordon equation for each angular 
momentum. The cross sections were then averaged over 
suitable energy and angular intervals and for the nuclear 
species representative of the emulsion. The parameters 
of the model, which include the real and imaginary 
potential depths, V and W, the half-falloff potential 
radius, R=R,A!, and the surface thickness a, were 
chosen to optimize the fit between experimental and 
theoretical cross sections. 

The results of this analysis still leave a considerable 
amount of ambiguity inasmuch as a fairly wide range 
of the geometrical parameters Ry and a are found to 
give acceptable fits to the experimental data. However, 
for a given set of these two geometrical parameters 
the potential depths are fairly well defined. It has also 
been confirmed that a repulsive potential is by far 
more likely than an attractive one. 


2. EQUATIONS AND POTENTIALS 


The theoretical cross sections were computed as 
usual from the phase shifts which are obtained by 
matching at large distances the logarithmic derivatives 
of the Coulomb functions with those of the radial 
solutions of the Klein-Gordon equation. 

The Klein-Gordon equation, 


(E—V7)*?— (me?) 


reduces for E>V to 
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TABLE I. Energies and weights representative of the spread 
of K*-meson energy. 


Weight (%) 





3-energy group 5 29 
43 
28 


2-energy group 50 
50 


l-energy group . 100 


and the radial equation for the Lth partial 
becomes 


dy Vesita\ L(L+1) 
+e] 1 ( )- q po 
dr? EF, \1+4e Rr 


where 
k?= (2mE;/h*) (1+4a), 


a= E,/me’, 
Ek, = E— mc’. 


The potential is the same as that used in the proton 
scattering analysis*: 


Vr=VytVe, 
where 
Vy=(V+iW)/{1+exp[ (r—R)/a J}, 
Ve= (Ze?/2R)(3—9r?/R*?) for r<R 
=Ze/y for r2R, 


and 


R= RA}. 


V, W, Ro, and a constitute the four parameters of the 
diffuse-surface optical model. 

Equation (1) was numerically integrated for each 
value of Z which contributes to the cross sections. The 
numerical integrations were carried out by the Runge- 


TABLE IT. Composition of nuclear emulsion and 
representations used for computation, 


Weight 
Element é Z %) 


Composition of nuclear emulsion I 
Ag 
Br 
5 
8) 
N 
C 


3-representative target nuclei group 


2-representative target nuclei group 


4 Melkanoff, Nodvik, Saxon, and Woods, Phys. Rev. 106, 793 
(1957). 
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Kutta method on the SWAC using a revised version 
of the proton scattering code.* 


3. ANALYSIS 


The theoretically computed cross sections must be 
suitably averaged before they can be compared with the 
experimental data. This must include an averaging 
of the differential elastic scattering cross section and of 
the total reaction cross section over the experimental 
energy spread and over the nuclear species which make 
up the emulsion. In addition, the computed differential 
elastic scattering cross section must be averaged over 
the angular regions of the experimental histograms. 


(a) Averaging Over Energy Spread and Over 
Nuclear Species 


The energy spread of the A+ mesons is given in 
reference 1, and may be conveniently taken into account 
by averaging the cross section over various numbers of 


TABLE III. Representative energies and nuclear species used 
in computation for averaging the differential elastic scattering 
and total reaction cross section. 


Weight 
(%) 


E 
(Mev) A 


9-run group: 3-energy group and 3-represen- 105 108 47 6.6 
tative target nuclei group (used in 5 80 
computation ) 5 14 

108 
80 
14 

108 
80 
14 

2-run group: 1-energy group and 2-represen- 125 94 
tative target nuclei groups (used in : 14 
computation ) 


energy intervals as shown in Table I. Similarly the 
nuclear composition of the emulsion can also be taken 
into account by averaging the cross sections obtained 
with various “representative target nuclei” as shown 
in Table II. These two procedures were combined in 
so-called n-run groups of Table III; and the cross 
sections were obtained by averaging in the combined 
weights the results of m runs, each of which is carried 
out at a given energy and with a given “representative 
target nucleus.” The same values of the optical model 
parameters were used in each of the ” runs of an m-run 
group. This approximation is discussed later. 

As a result of a number of trial computations with 
9-run, 6-run, 4-run, and 2-run groups, it was found 
that the 2-run groups provided an adequate approxi- 
mation to the much more realistic 9-run groups. This 
may be seen on Fig. 1 which shows (do/dQ) sin*(@/2) 
versus @ for 2-run and 9-run groups for typical values of 
attractive and repulsive potentials.° 


5 The usual presentation of the results in the form (do/dQ)/ 
(do /dQ)p versus 6 [where (do/dQ)p is the Rutherford differential 
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The relatively narrow experimental energy spread 
thus allows the use of a single energy group and con- 
siderably reduces the amount of computation. It 
also makes it unnecessary to resort to q plots 
[qg= 2k sin(6/2)], as was done so successfully by Igo 
et al.,? which would have necessitated further revisions 
of the proton scattering code. 

The bulk of the analysis was thus carried out with 
2-run group computations and it was supplemented 
by twelve 9-run group computations after the region 
of best fit had been fairly precisely located in the 
parameter space. 


(b) Averaging Over Angular Intervals 


In order to take into account the angular interval 
grouping of the experimental data, the computed values 
of the differential elastic cross section were averaged 
over the experimental angular spreads. This was done 
by integrating the cross section according to Simpson’s 
rule over the angular interval @;-; to 0:41. The experi- 
mental values of [do(@;)/dQ].x) were then compared 
with the computed averaged value 


da (6;) 1fdo(0ii1)  do(0;) do(A:-1) 
press 
dQ Jy OL dQ dQ dQ 
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Fic. 1. Comparison of the results of 2-run and 9-run groups for 
typical values of attractive and repulsive potentials. 


elastic scattering cross section ] is not feasible here because of the 
averaging over energy intervals and/or representative target 
nuclei. However, the use of the factor sin‘(@/2) in the abscissa 
has a similar effect. 


125-MEV K+ MESONS 


1000 





T 


0=0.72x1I0"%cm 
00.57 « 
——-- 020,44 . 











Fic. 2. x? results of fitting the elastic scattering as a function of 
V for several sets of Ro and a. The numbers labeling the curves are 
the values of Ro in units of 10~% cm. W is fixed by the reaction 
cross section. 


The effect of this averaging procedure was found to be 
fairly important because of the steepness of the curve 
da/dQ versus 6 and the relative broadness of the experi- 
mental angular intervals. 

The program also includes a relativistic center-of- 
mass to laboratory transformation of do/dQ and @ since 
the experimental results are given in the laboratory 
system while the computed values are obtained in the 
center-of-mass system. The effect of transforming from 
laboratory to center-of-mass coordinates is appreciable 
only for the light elements, and thus contributes a 
small correction to the final results. The use of a 
relativistic transformation is hardly needed in the 
present analysis but was incorporated to allow for 
future analyses at higher energies of K+ meson inter- 
actions in emulsions. 


(c) Method of Data Fitting 


The precision with which the computed values of the 
differentia! elastic scattering cross section fit the experi- 
mental data is estimated by calculating the value of 
x’ for each set of the parameters of the optical model: 


12 ( [(do(0;)/d2)ny Jexp—L (do (0;)/d2)ay Janie }? 


2 


x és 
i=l Aldo (0;)/dQ exp 


? 


where [ (do(0;)/dQ)s Jeate is the computed value of the 
differential scattering cross section averaged over 
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TABLE IV. Results of best fits to experimental data for various 
values of the geometrical parameters of the diffuse-surface optical 
model. 


a Number of 
(10-8 averaged 
cm) runs 


Ro 
(10-8 Ww 
cm) (Mev) 
35 
24 
12.9 
11.2 

8.9 


0.44 
0.57 
0.44 
0.57 
0.72 
0.57 
0.57 


0.57 


0.88 
0.88 
1.07 
1.07 
1.07 
1.20 
1.31 


1.07 


po et fe et et BD | 
MUNGO | 
im bo he Un 
NR DN WK NH ND bo dO 


_ 
~ 
— 


7 
5.1 


© 


energy, representative target nuclei, and angular 
spread and A[ do (6;)/dQ }exp is the experimental standard 
derivation. 

In addition to fitting the angular distribution, a 
given set of parameters must also yield agreement with 
the experimental reaction cross section. Now the 
reaction cross section might be taken into account by 
adding another term to the x? summation, viz. : 
| 


A (é R)exp 


| (Fr)exp— (FR) ate } 
° sine 


In this case x? would be characterized by nine 
degrees of freedom: 13 terms less 4 free parameters. 
Although such a procedure is intrinsically possible, it 
puts an integrated quantity on the same footing as the 
individual points of an angular distribution. Further- 
more, it was noticed during preliminary computations 
that a variation in W produced considerable effect on 
or though relatively little effect on do/dQ. It was 
therefore decided to use the reaction cross section to 
pin down the parameter W for given values of the other 
three parameters and thus considerably reduce the 
required amount of computation. Note that this 
procedure still yields 9 degrees of freedom: 12 terms less 





= 


bo 











0.8 
Re, 10° cm 


Fic. 3. Minimum x? values and the x’ probability as a 
function of Ro for a=0.57 X10 cm. 
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3 free parameters (W is no longer a free parameter) ; 
the only difference is the implicit assumption that x? 
for 13 terms is automatically minimized by choosing W 
to fit the reaction cross section for given values of V, 
Ro, and a. Further computation later showed that this 
assumption was not always justified; nonetheless the 
procedure was still followed in order to keep the total 
required computation within practical limits. 

After some exploratory runs it became clear that the 
data could almost equally well be fitted with a large 
number of sets of parameters, and it was therefore 
decided to explore systematically some physically 
meaningful values of the geometrical parameters Rp and 
a. Thus for a given value of Ry and a, a series of runs 
were carried out over a fairly wide range of values of V: 
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Fic. 4. Comparison of the best-fit calculations with the experi- 
mental data for several values of Rp and for a=0.57X10™" cm. 


—60 (20) 60 Mev, adjusting W to obtain agreement 
between the computed and experimental value of the 
reaction cross section. Further runs were carried out 
around the minima of x? until they became quite well 
defined. Finally some 9-run groups were made at the 
minima in order to check the accuracy of the 2-run 
group results. 


4. RESULTS 


The results of the analysis are presented on Fig. 2 
and in Table IV. The best value of the x? probability 
was found to be 11%. While a more accurate model 
might give a higher value of P, the present results 
appear acceptable and attest to the adequacy of the 
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diffuse-surface optical model. It may be seen that a 
relatively large range of the parameters Ry and a give 
a fairly good fit to the experimental data. This is also 
indicated on Fig. 3 where x? and the x? probability, P, 
are plotted as functions of Ro for a given value of a, 
with V and W varied so as to optimize the fits as 
described above. The actual curves corresponding to 
the four points of Fig. 3 are shown on Fig. 4. Figure 5 
shows some results in the more conventional form 
do/dQ. It appears that Ro may be chosen between 0.8 
and 1.3 if one allows the x? probability to fall to one 
third of its maximum value. Similarly the surface 
thickness parameter, a, may be chosen anywhere 
between 0.71 and 0.44 to yield equally good fits to the 
experimental data. Regions of upper and lower limits 
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Fic. 5. Comparison of the best-fit attractive and repulsive 
potential calculations with the experimental data. 


to a for a good fit were not explored. Typical curves 
showing the effects of varying a are presented on Fig. 6. 

For given values of Ro and a, the real potential depth 
V is fairly sharply defined while the imaginary potential 
depth is chosen to fit the reaction cross section. The 
behavior of these parameters as functions of Ro for 
various values of a is indicated on Fig. 7. 

In spite of the ambiguity in defining the best set of 
parameters it appears from Fig. 2 that a repulsive 
potential is definitely preferable to an attractive one 
as noted earlier.? 

If the geometrical parameters Ry and a are fixed by 
other information, such as electron scattering,® the 


* Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 (1956). 
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Fic. 6. Comparison of the best-fit calculations with the experi- 
mental data for several values of a and for Rp=1.07X10~-" cm. 


potential depths are fairly well defined; thus for 
Ro=1.07X10-" cm and a=0.57XK10-" cm, V=21+4 
Mev and W=11+1.5 Mev, where the limits on V 
correspond to a threefold decrease in the x? probability 
while the limits on W correspond to a change of one 
standard deviation in the reaction cross section. 

The results given above are based on several 
assumptions: 


(1) The potential depths are sufficiently small to 
warrant neglecting terms of the order of (V7r/£)? in the 
original Klein-Gordon equation. This assumption seems 
justified by the results of the present analysis. 

(2) The potential depths are independent of energy. 
While such an assumption is not strictly correct, 
comparison with the parameters of Igo e al.,’ obtained 
at lower energy, show it to be an acceptable 
approximation. 

(3) The potential depths are independent of mass 
numbers. The main variation is expected for light 
elements, but their contribution is small and this effect 
can hardly be expected to change the final results. 

(4) Best fits may be obtained by fitting W to the 
reaction cross section for each set of values of V, Ro, 

1 Note added in proof.—Reanalysis of the correction for pseudo- 
elastic events as described in reference 3 has led to a lower reac- 
tion cross section og=276+26 mb and a very slight increase in 
differential elastic cross section. The revised best-fit complex 
potentials for two geometries are: 

10% Ro, cm V, Mev 


1.07 0.57 23+4 
1.20 0.57 14+3 


W, Mev 
—9,7+1.3 
6.440.9 


10 a, cm 
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Fic. 7. Best-fit values of V and W as a function of Ro for a=0.44, 
0.57, and 0.75X 10-8 cm. 


and a. Although this is not strictly correct, we believe 
that the results would not be significantly changed if 
W were included in an over-all x? fitting. 
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(5) The x* distribution may be used even though 
some of the data follow a Poisson rather than a Gaussian 
distribution. At the larger angles intervals containing 
small numbers of events were used. 


In conclusion the present experimental results admit 
of a fairly good fit by the diffuse-surface optical model 
of the nucleus, and although the parameters are not too 
well defined, they seem to lie in a physically reasonable 
region. For a given set of geometrical parameters, V 
and W are well determined. Furthermore a repulsive 
poteritial is definitely indicated. Further refinements of 
the model await more extensive and accurate data, 
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Scattering and Annihilation of Antihyperons by Nucleons 


D. B. LicHTENBERG 
Michigan State University, East Lansing, Michigan 


(Received October 31, 1958) 


A number of assumptions about the nature of antihyperon-nucleon forces are made which, if valid, allow 
the antihyperon-nucleon scattering and annihilation cross sections to be given as simple linear combinations 
of the antiproton-proton and antineutron-proton cross sections. 


N view of the recent reported discovery of the anti-A° 
hyperon,! it is perhaps not too early to make some 
remarks on antihyperon-nucleon (YN) cross sections. 
In so doing, we shall adopt the hypothesis of Schwinger’? 
and Gell-Mann’ that pions have the same interaction 
with all baryons except for differences imposed by 
isobaric spin conservation.‘ We shall also make use 
of the work of Koba and Takeda’ and Ball and Chew® 
on the WN interaction. 

It has been pointed out by Lichtenberg and Ross? 
that if the SG hypothesis is correct and if in addition 
the effects of K-mesons and baryon mass differences 
can be neglected, then the VY potentials are simple 
linear combinations of the VN potentials. The Y.V 
potentials thus determined can be used to calculate Y.V 
scattering cross sections.’ The reason that the V.V 
cross sections cannot be directly related to the VN cross 
sections, except in a special case,’ is that the Pauli ex- 
clusion principle plays a role in VN but not in YN 
scattering. 

It is attractive to consider antihyperons because the 
Pauli principle is absent in all antibaryon-baryon colli- 
sions. If the SG hypothesis is correct, antihyperons 
should be produced in comparable frequency to anti- 
nucleons at sufficiently high energies. Unfortunately, 
we cannot relate the cross sections for the production 
of antihyperons to the production cross sections for 
antinucleons without assuming an explicit form for a 
potential responsible for the production process. This is 
because here again the Pauli principle acts differently 
in the two cases: i.e., the target contains nucleons.” 

In comparing YN and NN collisions, we follow Koba 
and Takeda® and Ball and Chew,® and distinguish be- 
tween two regions which depend on the interparticle 
separation r. These are an inner region (r<0.5X 107% 
cm) where we assume that annihilation can occur, and 

1D. J. Prowse and M. Baldo-Ceolin, Phys. Rev. Letters 1, 179 
(1958). 

2 J. Schwinger, Ann. Phys. 2, 407 (1957). 

3M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

4 This hypothesis will be referred to as the SG hypothesis. 

5Z. Koba and G. Takeda, Progr. Theoret. Phys. (Kyoto) 19, 
269 (1958). 

6 J. S. Ball and G. F. Chew, Phys. Rev. 109, 1385 (1958). 

7D. B. Lichtenberg and M. Ross, Phys. Rev. 107, 1714 (1957). 

8 Bryan, de Swart, and Marshak, Bull. Am. Phys. Soc. Ser. II, 
3, 257 (1958). 

9D. B. Lichtenberg, Nuclear Phys. 8, 13 (1958). 

© Baryonic mass differences are more important in production 


than scattering processes, especially near threshold. In the follow- 
ing, we neglect mass differences. 


an outer region which we assume to be governed by a 
potential acting between the two particles. We assume 
that the outer potential arises chiefly from the exchange 
of pions between the two particles. It follows that the 
outer YV potentials are simple linear combinations of 
the outer NN potentials. This result is entirely analo- 
gous to the relationship between the YN and NN po- 
tentials discussed in reference 7. The particular linear 
combinations appropriate here are the same as those of 
Eq. (9) in reference 7. 

In the inner region, the mechanisms which cause 
NN and YN annihilation are different. In the YN case, 
K-meson effects are certainly important, since annihila- 
tion cannot occur without the emission of at least one 
K meson. However, we extend the idea of Koba and 
Takeda and Ball and Chew and assume that there is a 
black absorptive hole for Y.V annihilation in the inner 
region. Of course the radius of this hole need not be 
the same as in the NN case, since the annihilation proc- 
esses are different. But according to Ball and Chew, the 
radius of the hole is not important at energies below 
= 200 Mev in the laboratory. There is no inconsistency 
between assuming strong K effects in the inner region 
and weak K effects in the outer region because of the 
short range of K-particle forces. In describing the inner 
region by a black hole, we give up hope of calculating 
the number of mesons emitted in annihilation and their 
angular distribution. 

The net effect of our assumptions is that we can re- 
late the YN potentials to the NN potentials in both 
the inner and outer regions. Then, since the Pauli prin- 
ciple is absent in both cases, the same relationships hold 
between the collision amplitudes as between the po- 
tentials." From the collision amplitudes, we immedi- 
ately obtain the cross sections. Letting ¢(AB,CD) be 
the cross section for incoming particles A and B to 
produce outgoing particles C and D, we obtain for the 
elastic and charge exchange YN cross sections: 
o(=-p,=-p) =0(S-p,5-p) =o (p,np), 

o(=p,=p) =0(S*p,2*p)=0(pp,pp), 
4a (A°p,5°p) = 0 (E-p,=n) = 20(E+p,E°n) 
= 20(3+p,A°n) =o(pp,iin), 
o (Ap, A°p) =a (2p, 2p) = 30 (pp, pp) 
+}oa(np,np)—to(pp,nn), 


(1) 


11 An easy method of obtaining these relationships is given in 
reference 9 for the YN case. 
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where the relationships hold for the differential as well 
as the total cross sections. Letting «(A B) be the total 
annihilation cross section for incoming particles A and 
B, we obtain 
o(=-p)=0(S-p)=0(np), 
o(=p)=0(S+p)=a(pp), (2) 
a (A°p) =0(2°p) =}0(np)+}o(pp). 
The remaining YN cross sections are given by the 
charge symmetry condition which states that the cross 
sections are unchanged under the simultaneous re- 
placements 


pon, 


pon, 


Baryon mass differences will spoil some of these rela- 
tionships, especially at low energies. For example, we 


LICHTENBERG 


here predict the equality of o(2+p,°n) and o(E+p,A°). 
However, at an incident energy of 5 Mev in the center- 
of-mass system, the inclusion of a simple phase-space 
factor makes the ratio of outgoing A°® to =° be four 
instead of unity. The additional phase space should 
also enhance the total 5+p cross section. Also the Z 
presents added difficulties because of its very large mass 
and because an annihilation requires the emission of 
two K mesons. The assumption that the inner region 
is a black hole is therefore more tenuous than for the 
A and &. For these reasons, the best tests of the theory 
will probably come from measurements of o(2~p) and 
a(=tn). 
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Geomagnetic Measurements on Heavy Primary Cosmic Radiation near the Equator*t 


Rosert E. DANrEtsont 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received August 29, 1958) 


The azimuthal angular distribution of primary cosmic radiation with charges Z>6 has been measured 
near the geomagnetic equator (at Guam) in horizontal emulsions with known orientation relative to the 
earth. The observed distribution is well described by using the centered-dipole approximation to the earth’s 
surface magnetic field (north pole at 79°N and 70°W) if the effect of the solid earth is included by assuming 
that the main cone is the allowed cone. This verifies the prediction that the penumbra becomes forbidden 
near the geomagnetic equator. The main-cone equatorial cutoffs were applied to an assumed integral energy 
spectrum which is inversely proportional to the a power of the total energy per nucleon. The exponent a 


was found to be at least 1.82+0.19. 


INTRODUCTION 


LARGE part of the present knowledge of the 

energy spectrum of primary cosmic radiation 
comes from studies of latitude surveys using instru- 
ments sensitive to vertical intensities. These studies 
have usually assumed that the earth’s magnetic field 
is a centered dipole field, the axis of which protrudes at 
geographic coordinates of 79°N and 70°W. It has always 
been assumed that the primary cosmic radiation is 
isotropic at distances far enough from the earth so that 
it is not influenced by the earth’s magnetic field. It is 
also usually assumed that the cosmic radiation is time 
independent. 

Evidence is accumulating which indicates that the 
earth’s magnetic field which is effective on cosmic radi- 
ation is not always well approximated by a dipole field. 
For a dipole field, the locus of minimum intensity of 
cosmic radiation (the cosmic ray equator) should co- 
incide with the geomagnetic equator. It has been found,! 
however, that the cosmic-ray equator as measured by 
sea-level neutrons does not coincide with the geo- 
magnetic equator. In fact, it is not a great circle, but 
rather a locus which is more coincident with the dip 
equator (locus of 0° inclination) that any other locus. 
Rothwell? has observed that equal sea-level neutron 
fluxes are found at points of equal dip angle as a result 
of a survey along the western coast of Africa. Also, it 
seems that vertical cosmic-ray intensities measured at 
balloon altitudes are nearly the same at places that 
have the same dip angles. This is true in particular for 
alpha particles measured over northern Italy* (geo- 


* This work supported in part by the joint program of the U.S. 
Atomic Energy Commission and the Office of Naval Research. 

t Based on a dissertation submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the 
Department of Physics, University of Minnesota. 

t Now at the Princeton University Observatory, Princeton, 
New Jersey. 

1 Katz, Meyer, and Simpson, Proceedings of the 1957 Inter- 
national Conference on Cosmic Rays at Varenna, Italy [Suppl. 
Nuovo cimento 8, 277 (1958) ]. 

2P. Rothwell and J. Quenby, Proceedings of the 1957 Inter- 
national Conference on Cosmic Rays at Varenna, Italy [Suppl. 
Nuovo cimento 8, 249 (1958) ]. 

3 P. H. Fowler and C. J. Waddington, Phil. Mag. 1, 637 (1956). 


magnetic latitude 46°N ; intensity 938 particles, meter* 
sec sterad) and Texas‘ (geomagnetic latitude 41.5°N; 
intensity : 90+3 particles/meter’ sec sterad). The meas- 
ured alpha particle intensities are the same although 
the intensity should be roughly 40% higher in northern 
Italy than in Texas. Both of these locations, however, 
have the same dip angle of 61°N. 

Thus, the data available suggest a correlation be- 
tween the local dip angle and the vertical cosmic-ray 
intensities. It therefore appears that the influence of 
local fields is more important than was previously 
thought. It seems plausible that particles entering from 
the vertical are strongly influenced by local fields since 
most of these particles probably do not get near the 
earth’s surface at any other time than just before 
impact. In considering measurements which range over 
all zenith angles, it is difficult to see how the local field 
could have the decisive influence because the particles 
entering at low zenith angles are probably influenced 
by more anomalies than just the local one. At the 
present time, however, one cannot exclude the possi- 
bility that the magnetic field above the earth’s surface 
is partly due to external sources and that the correlation 
of the cosmic ray coordinates with the dip coordinates 
is fortuitous. 

The author and others® oriented horizontal stacks 
near the Galapagos Islands (geographic coordinates of 
1°S and 93°W; geomagnetic latitude of 9°N) and meas- 
ured the azimuthal asymmetries of the primary nuclei 
with charges Z> 6. The measured asymmetries appeared 
larger than predicted using a power-law integral energy 
spectrum having an exponent of 1.5, but experimental 
uncertainties did not permit a definite conclusion. The 
direction of the maximum was not from geomagnetic 
west as expected, but was rather from about 30° south 
of geomagnetic west. At the time this was interpreted 
as qualitatively confirming an early suggestion by 


4W. R. Webber, Nuovo cimento 4, 1285 (1956). This reference 
contains a summary of all the alpha-particle measurements over 


Texas. B 
5 Danielson, Freier, Naugle, and Ney, Phys. Rev. 103, 1075 


(1956). 
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Fic. 1. Analysis of the orientation of the horizontal 
emulsion stack. 


Simpson that the cosmic-ray equator as measured by 
sea-level neutrons was a great circle which intersected 
the geomagnetic equator. This intersection was at the 
same longitude that the Galapagos experiment was per- 
formed. Since the cosmic-ray equator is not a great 
circle, this argument for the “rotation of the dipole”’ is 
no longer valid. It is interesting to note, however, that 
the largest deviation of the cosmic-ray equator from a 
great circle occurs near this longitude. 

A subsequent experiment at Texas’ was performed 
in order to see if an anomalous direction of asymmetry 
could be observed there as well as at the Galapagos 
Islands which are almost directly south of Texas. It was 
found, when the effects of the solid earth (the shadow 
cone) were taken into account, that there was no ob- 
servable effect which was clearly beyond the statistics. 
Thus the Texas data were consistent with the centered- 
dipole approximation to the earth’s surface magnetic 
field. 

The cosmic-ray expedition to Guam provided an 
opportunity to perform more careful geomagnetic meas- 
urements near the equator in a region away from large 
local anomalies in the earth’s surface field. Since the 
predicted asymmetries are large at the equator, a 
careful experiment should allow one to determine if the 
effective magnetic field for cosmic rays is a dipole field 


6 Simpson, Fenton, Katzman, and Rose, Phys. Rev. 102, 1648 
(1956). 
7R. E. Danielson and P. S. Freier, Phys. Rev. 109, 151 (1958). 
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except for surface anomalies. It should also allow one 
to measure the effect of the solid earth on cosmic rays 
near the equator. The experiment at Texas showed con- 
clusively that the shadow-cone predictions of Schremp® 
did not describe the data. The orbit computations of 
Schwartz’ and Kasper” have shown that the original 
computations were inaccurate. The new shadow-cone 
calculation of Kasper is in agreement with the Texas 
data. Finally, if one can find a model of the magnetic 
field which describes the data, then one can use the 
observed asymmetries to obtain information about the 
energy spectrum of cosmic rays. At Texas, the asym- 
metries were so small that the statistics did not allow 
a detailed statement about the energy spectrum, but 
only the conclusion that a dipole model appeared to 
describe the data. 


APPARATUS AND BALLOON FLIGHT 


The experiment consisted of orienting a horizontal 
emulsion stack in a fixed direction at balloon altitude 
and measuring the direction that each particle entered 
the stack. The apparatus which was used to orient the 
horizontal stack was basically a large liquid compass. 
The compass float was an aluminum can having a 
diameter of 20 inches and height of 3} inches. Inside 
this float were two large (11X12 inches) Alnico 
magnets as well as an up-camera which photographed 
through a Lucite window in the top of the float. A total 
stack area of 192 in? was placed horizontally near the 
top of the float. The stack was composed of two Ilford 
G-5 600-micron nuclear emulsions, each on 1.2-milli- 
meter glass. 

The floating liquid was an antifreeze solution con- 
sisting of 40% glycerin in water (by volume). This 
floating liquid was contained in the bottom hemisphere 
of a 30-inch diameter sphere. The up-camera in the 
float photographed two pressure gauges, a watch, and 
a thermometer which were fastened near the top of the 
sphere. These were illuminated by sunlight passing 
through the top hemisphere which was translucent. The 
up-camera also photographed the direction of the 
shadow cast by a small vertical stick placed on the top 
of this hemisphere. Since the time is known from the 
watch and since the trajectory is known (see Fig. 3), the 
direction of the shadow at each instant of time is readily 
calculated. Then from the photographs of the shadow, 
the orientation of the camera (and hence the stack) was 
calculated. 

The quality of this orientation is shown in Fig. 1. One 
can see that at no time during the period at altitude did 
the orientation of the stack deviate more than 6° from 
the average value of 1°E. This agrees well with the 
value of the magnetic declination at Guam which is 


8 E, J. Schremp, Phys. Rev. 54, 158 (1938). 

®M. Schwartz, Nuovo cimento (to be published). 

J. Kasper, On the Earth’s Simple Shadow Effect on Cosmic 
Radiation (Department of Physics, State University of Iowa, 
Iowa City, Iowa). 
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2°E. During the time of rise, the equipment was subject 
to more disturbances than at altitude. The sun had not 
risen enough to cast a shadow before the balloon reached 
a pressure of 25 millibars. From 25 millibars to altitude, 


the orientation did deviate as much as 60° from the 
average direction, but the number of heavy primaries 
which entered the stack during this time is small. 

The apparatus was flown on February 10, 1957, as 
part of flight 6 of the series of cosmic-ray flights at Guam 
sponsored by the Office of Naval Research. The time 
pressure curve for the flight is shown in Fig. 2. One can 
see that the balloon rose to an average pressure altitude 
of 9.0 millibars (9.3 g/cm? or 104100 feet) at an 
average rate of 855 feet per minute. The balloon re- 
mained at ceiling for 7 hours and 18 minutes and the 
pressure was constant within 0.2 millibars. The trajec- 
tory of the flight is shown in Fig. 3. The average geo- 
graphic latitude and longitude was 13.6°N and 146.0°E. 
Assuming a geomagnetic coordinate system with a 
north pole at geographic coordinates of 79°N and 70°W, 
the average geomagnetic latitude of the trajectory was 
5°N. 


EMULSION MEASUREMENTS 


Part of the stack was area-scanned for particles which 
appeared on inspection to have a charge of Z>6. These 
particles were divided by inspection into CNOF 
(carbon, nitrogen, oxygen, and fluorine) and Z>10 
nuclei. In order that the inspection criterion should 
not go too far astray, tracks were occasionally delta- 
ray-counted, adopting the calibration that a Z=10 
track has 10 delta rays per 100 microns. Since a unique 
charge resolution is not often accomplished even in 


vertical stacks and since a previous attempt® at charge 
resolution in a horizontal stack was only partly success- 
ful even for long tracks, it is clear that no unique charge 
resolution can be expected in this experiment. It is 
probable that for tracks of the same projected length 
(the same steepness) and having a charge Z from 6 to 
10, the charges assigned by inspection are uncertain by 
about 1 charge unit. It also seems likely that none of 
the tracks is misjudged by more than 2 charges. There- 
fore the inspection method provided a usable separation 
of charges as far as azimuthal asymmetries are 
concerned. 

The azimuth angle of a particle was measured under 
the microscope as the angle between the tangent to the 
air end of the track and the direction which was oriented 
north during the time at altitude. The zenith angle of a 
particle was calculated from the measured value of its 
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Fic. 4. Polar histogram of the geographic azimuth angles of 
incidence of all 1161 (Z>6) nuclei. 


true projected length in the plane of the emulsion and 
the thickness of the emulsion before processing. The 
details of correcting these measurements for distortion 
are given in the Appendix. By the method described 
there the zenith and azimuth angles were measured with 
an accuracy of about 1°. 

In order to eliminate as many secondary particles as 
possible, all tracks which appeared on inspection to be 
CNOF were followed into the bottom plate. No CNOF 
particle was included which could not be followed into 
the bottom plate. This allowed one to eliminate most 
alpha particles (which at maximum ionization look 
like relativistic carbon nuclei) and lithium fragments 
(which at maximum ionization look like relativistic 
fluorine nuclei). 

Particles which were followed to a star in the bottom 
plate were not included if there was any doubt whether 
the particle was a fragment or not. Furthermore, inter- 
actions (~1% of the total particles) in the top plate 
were not included because of the difficulty in measuring 
and correcting for the distortion in these cases. 

For this experiment, 1161 particles were measured 
and identified as heavy primaries. This included 299 
(Z> 10) particles and 862 CNOF particles. 


ANALYSIS OF THE AZIMUTHAL DISTRIBUTIONS 


The azimuthal entrance angle distribution of all the 
1161 particles is shown in Fig. 4. The azimuth angles 
are geographical. Although there is a large east-west 
asymmetry, the distribution appears to be symmetrical 
about the east-west direction or a direction near to the 
east-west direction. Figure 5 shows the azimuthal dis- 
tribution of the 862 CNOF particles and the 299 (Z> 10) 
particles separately. The azimuthal distributions do 
not appear to be significantly different. This is in agree- 
ment with the results of two previous experiments,®.” 
where no difference in the distribution of the two com- 
ponents was detected. In the subsequent analysis, the 
two charge components are analyzed together. 
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A rigorous analysis of the data for information about 
the heavy primary cosmic radiation is not possible at 
the present time. One reason is, as discussed in the intro- 
duction, that the earth’s magnetic field and its effect on 
cosmic radiation are imperfectly known. The field at 
the earth’s surface can, to a first approximation, be 
described by a magnetic dipole located at the center of 
the earth and having an axis which protrudes at a geo- 
graphic latitude of 79°N and a longitude of 70°W. One 
would expect, in the absence of external sources, that 
the field above the earth’s surface would be approxi- 
mated better by a dipole field than the surface field 
since the higher multipole terms decrease faster with 
distance than the dipole term. Therefore the first step 
in this analysis was to assume a centered dipole field and 
to neglect the presence of the solid earth. 

The analysis of the motion of charged particles in a 
dipole magnetic field is called Stérmer theory." Stérmer 
theory neglects the presence of the solid earth. In this 
theory a dimensionless parameter R, the Stérmer, is 
defined by: 


R=(P/M)'r, 


where r is the distance of the observer from the dipole, 
M is the magnetic moment of the dipole, and P is the 
magnetic rigidity of a particle under consideration. If 
r and M are fixed, specifying R specifies the rigidity of 
a particle and hence its energy. Stormer theory predicts 
that if one specifies a direction of arrival at a given 
geomagnetic latitude, then there is a value of the 
Stérmer parameter R, such that particles characterized 
by R<R, cannot enter from that direction. It is pos- 
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1 Fermi’s Notes in Nuclear Physics (University of Chicago 
Press, Chicago, 1950), p. 224. 
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sible for particles with R>R, to enter from the given 
direction. 

Assuming the geomagnetic pole to be at 79°N and 
70°W, the geomagnetic latitude of this experiment is 
5°N. Because of the present uncertainty as to what are 
the appropriate geomagnetic coordinates to associate 
with given geographic coordinates, it was decided to 
analyze the data assuming that the experiment was 
performed at the geomagnetic equator. This procedure 
has the advantage that the maximum asymmetries are 
predicted at the equator. Thus an energy spectrum 
derived in this way will be less steep that the true 
spectrum. 

Figure 6 shows how the Stérmer cutoffs (R,) vary 
with azimuth and zenith angle at the geomagnetic 
equator. When these cutoffs are applied to an integral 
energy spectrum which is inversely proportional to the 
1.5 power of the total energy per nucleon W 


[N(>W)«1/W?-: the currently adopted energy spec- 
trum ], one gets the relative intensities shown in Fig. 7. 
The intensity curves are, to a very good approximation, 
sinusoidal. 

The data were divided up into zenith angle intervals 
centered about 10°, 20°, etc. and were fitted by a func- 
tion of the form y=a+d sin(¢?+@o) using the method 
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Fic. 6. Cutoff values R, of the Stérmer parameter at the geo- 
magnetic equator as a function of the geomagnetic azimuth angle 
for different values of the zenith angle. These cutoff values were 
calculated from Stérmer theory alone and do not include the effect 
of the solid earth. 
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Fic. 7. Relative cosmic-ray intensities of (A =2Z) nuclei pre 
dicted at the geomagnetic equator using the Stérmer-cone cutoffs 
given in Fig. 6 and assuming a power-law integral energy spectrum 
with an exponent of 1.5. 


of least squares where a, b, and ¢o were simultaneously 
determined. Figures 8(a-h) show the data for each 
zenith angle interval as well as the best fits (light dotted 
curves) obtained by the least-squares analysis. No fits 
were attempted for the 10° and 80° intervals. It can be 
seen that the sine curves describe the data for only the 
smaller zenith angles and that the quality of the fit 
deteriorates as one goes to larger zenith angles. Since 
the discrepancy between the best-fitting curve and the 
data is severe only for the zenith angle of 70°, it is pos- 
sible that the Stérmer theory is a good approximation 
for the smaller zenith angles, but is not valid at large 
zenith angles owing to differences between the real field 
of the earth and a pure dipole field or to the effect of 
the solid earth or both. 

If one assumes this, then it is meaningful to continue 
the analysis based on Stérmer theory. The result of the 
analysis is summarized in Table I. The weighted average 


TABLE I. The results of the least-squares analysis of the data 
(using Stérmer theory and neglecting the effect of the solid earth) 
are given. The data corresponding to each value of the zenith 
angle was fit by the function y=a+b sin(@+¢0), where y is the 
intensity at the geographic azimuth and a, b, and @o are deter- 
mined by the analysis. The values of |b/a| are plotted in Fig. 9. 


6 a b oo |b/a 


0.22+0.10 
0.36+0.06 
0.34+0.10 
0.68+0.10 
0.73+0.12 
+0.3 


—26°+30 
—4°+47° 
9°+15° 
—6°+6° 
—7°+6° 
—5°+8° 1.1 


—1.8;+0.7 
—4.6+0.6 
—4.2+1.0 
—8.4+0.8 
—5.4+0.6 
—3.0+0.5 


20° 8.50.5 
30° 12.8+0.4 
40° 12.4+0.7 
50° 12.4+0.6 
60° 7.4+0.4 
70° 2.7+0.3 
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of the phase angle ¢» is —5°+3° geographic. This means 
that geomagnetic North derived from the Stormer 
analysis is 5°+3°E. Geomagnetic North based on a 
north pole at 79°N and 70°W is 63°E and therefore the 
results of the analysis are consistent with this pole. 
The ratio |b/a| is equal to the ratio (West—East)/ 
(West+East), where West is the intensity from the 
west and East is the intensity from the east. Figure 9 
shows a plot of the (West—East)/(West+ East) values 
which one would predict from Stérmer theory if one 
uses an integral energy spectrum of the form 
N(>W)«1/W+, where W is the total energy per 
nucleon. Table II gives the values of the exponent 
derived from the graph. The weighted mean of these 
values is 1.48+0.18. This is the lower limit of the expo- 
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TABLE II. The values of the exponent a (in an assumed power- 
law integral energy spectrum), as determined by the Stérmer 
theory analysis shown in Fig. 9, is given for values of the zenith 











1.0040.4 
1.9 40.4 
1.7;+0.5 


nent in the energy spectrum if one assumes that Stérmer 

theory is approximately valid for zenith angles <65°. 
Since Stérmer theory did not describe all the data 

well, the analysis was extended to include the effect of 
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the solid earth. It is clear that in a rigorous analysis one 
must eliminate (from trajectories which are allowed by 
Stérmer theory) those trajectories which at some pre- 
vious time intersect the earth’s surface. In order to 
eliminate these, it is necessary to resort to numerical 
integration of trajectories. A considerable amount of 
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this numerical integration has been performed.®!°-” 
From empirical knowledge of these trajectories it has 
been found that if one specifies a given direction at a 
given latitude, there is a value of the stérmer parameter 
R,, such that all values of R>R,, are allowed. Recall 
that in Stérmer theory there is a value R, such that all 
R<R, are forbidden. In the literature, the value R, is 
called the Stérmer-cone cutoff and R,, is called the 
main-cone cutoff. The values of R between the Stérmer- 
cone cutoff and the main-cone cutoff belong to the 
penumbra. 

The origin of this terminology is that if one chooses 
a geomagnetic latitude and observes particles of only a 
given value of R, there is a right circular cone centered 
about the east-west line and opening toward the east 
such that all the particles are forbidden inside the cone. 
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Fic. 8. The observed number of particles as a function of geo- 
graphic azimuth is shown for eight zenith-angle intervals. The 
light dotted curve shows the best fit to the data using Stérmer 
theory alone. The heavy solid curve shows the best fit to the data 
using the main cone as the allowed cone. Both sets of curves were 
calculated for the geomagnetic equator. 


12, A, Alpher, J. Geophys. Research 55, 437 (1950). 
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Fic. 9. The difference of the intensity from the west and the 
intensity from the east divided by the sum of the two as a function 
of zenith angle is shown as predicted by the Stérmer-cone cutoffs 
for geomagnetic latitudes \=0° and \=10°N and for power-law 
integral energy spectrum exponents a=1.0, 1.5, and 2.0. The 
results of the least-squares analysis of the data are shown for 
zenith angles of 60° and less. This analysis was only approxi- 
mately valid since it ignored the effect of the solid earth. 


This is a result of Stérmer theory and is known as the 
Stérmer cone. At the same geomagnetic latitude and for 
the same value of R, there is also a cone opening toward 
the west called the main cone inside of which the par- 
ticles are allowed. Between the Stérmer cone (a region 
of complete blackness) and the main cone (a region of 
uniform brightness if one assumes that the primary 
cosmic rays are isotropic) is a region of alternate for- 
bidden and allowed regions called the penumbra. 

The main-cone cutoffs have been calculated by 
Lemaitre and Vallarta for a centered dipole field and 
for geomagnetic latitudes of 0°, 20°, and 30°N. The 
main-cone cutoffs for \=0° as a function of azimuth and 
zenith angle are shown in Fig. 10. These are to be com- 
pared with the Stérmer-cone cutoffs shown in Fig. 6. It 
is claimed" that the penumbra tends toward a condition 
of total darkness as the geomagnetic equator is ap- 
proached. If this is true, the main cone is the allowed 
cone near the equator. Figure 11 shows the relative 
intensities as a function of azimuth and zenith angle as 
determined by the main cone cutoffs and a power-law 
integral energy spectrum with an exponent of 1.5. One 
can see that the intensities are no longer sinuosoidal in 
shape but appear to have a shape quite similar to the 
data. 


8G. Lemaitre and M. S. Vallarta, Phys. Rev. 50, 493 (1936). 
4R. A. Hutner, Phys. Rev. 55, 15 (1939). 
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Since there is no analytical expression for the main- 
cone predictions, it was necessary to resort to a trial 
and error method of curve fitting. The following pro- 
cedure was used: Since the Stérmer theory analysis is 
consistent with a geomagnetic pole at 79°N and 70°W, 
the maximum of the calculated curve was put at the 
geographical azimuth of 276° and the value of the maxi- 
mum was chosen by inspection of the data. Weighted 
square deviations (residuals) were calculated using curves 
based on the following values of a: 1.2, 1.4, 1.6, 1.8, 
2.0, 2.5, and 3.0. The sum of the weighted square devia- 
tions as a function of a for each zenith angle interval 
is shown in Fig. 12. From these graphs the value corre- 
sponding to the best fit was determined. These are listed 
in Table III. The main cone curves [heavy solid curves 
in Figs. 8(a-h) ] appear to provide an excellent fit to 
the data. 

An error for the exponents can be estimated by com- 
paring with the errors determined in the least-squares 
fit using the sine curves. The errors in a given in 
Table II are to be interpreted as probable errors. The 
average of these errors for the 30°-60° interval is 0.4. 
Since the main-cone curves fit the data better than the 
Stérmer-cone curves (sine curves), the probable error 
of each determination of @ in the 30°-60° interval using 
the main-cone theory is certainly no larger than 0.4. 





0.9 





|STORMER CUT-OFF 
| 
| 
| 





























90 180 
GEOMAGNETIC AZIMUTH 


Fic. 10. Cutoff values R,, of the Stérmer parameter at the geo- 
magnetic equator as a function of the geomagnetic azimuth angle 
for different values of the zenith angle. These cutoff values were 
calculated using the main cone as the allowed cone. 
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Therefore 0.4 is taken to be a liberal estimate of the 
probable error of each determination of a in the 30°-60° 
zenith angle interval. The error in a derived from the 70° 
zenith angle interval is taken to be 0.8 because the 
residual curve for the @= 70° interval has roughly twice 
the spread of the other residual curves. Computing 
checks indicated that the procedure used in finding a 
differed from the value of a which one would obtain by 
an exact least-squares analysis by less than half the 
probable errors quoted. 

The value of a=2.7+0.8 derived from the 6= 70° 
zenith angle interval appears considerably larger than 
the values derived from the 30°-60° zenith angle inter- 
vals. These are nearly the same and their weighted 
average is 1.76+0.20. If one considers the errors, how- 
ever, they are quite consistent and it is valid to form a 
weighted average of all the zenith angle intervals. This 
is 1.82+0.19. 


DISCUSSION OF RESULTS 


The results of the previous section were obtained by 
using the centered-dipole approximation to the earth’s 
magnetic field. The eccentric dipole probably provides 
a better description of the earth’s surface field than the 
centered dipole. The location of the eccentric dipole has 
been calculated!® to be about 400 kilometers from the 
center of the earth and displaced toward the geographic 
coordinates of 154°E and 14°N. Since this direction is 
almost exactly towards Guam, it means that the geo- 
magnetic vertical at Guam is very near to the geo- 
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Fic. 11. Relative cosmic-ray intensities of (A =2Z) nuclei pre- 
dicted at the geomagnetic equator using the main-cone cutoffs 
given in Fig. 10 and assuming a power-law integral energy spec- 
trum with an exponent of 1.5. 


16 F, S. Jory, Phys. Rev. 102, 1167 (1956). 
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TABLE III. The values of the exponent a (in an assumed power 
law integral energy spectrum), as determined by the main-cone 
analysis shown in Fig. 12, is given for values of the zenith angle 6. 


graphical vertical in the eccentric-dipole case as well as 
in the centered-dipole case. 

The analysis of this experiment was always performed 
by using ratios of intensities rather than absolute inten- 
sities, and these ratios are nearly independent of the 
shift of the dipole. This is because particles entering at 
the equator are all relativistic. The expression for the 
total energy per nucleon W of relativistic particles with 


A=27 1s 
W (Bev/nucleon)~30(R?/r*), 


where r is the distance of the observer from the dipole 
(measured in earth radii) and R is the Stérmer param- 
eter. If one assumes an integral energy spectrum of the 
form N(>W)«1/W2, then N(>W) «r#/R™ and it 
follows that any ratio of fluxes will be nearly independ- 
ent of r. 

The exponent a=1.82+0.19 which was derived in 
this experiment is larger than the generally adopted 
value of about 1.5. This experiment covered the range 
of kinetic energies from about 4 Bev/nucleon to about 
16Bev/ nucleon. There is little direct evidence about the 
energy distribution of cosmic rays in this interval. One 
can obtain information from vertical intensities up to a 
kinetic energy of about 63 Bev/nucleon. A plot of 
vertical heavy fluxes corrected to agree with the cutoff 
values determined by alpha-particle measurements has 
been given by Waddington.'* This plot suggests an 
exponent of a=1.4-1.5. Kaplon” ef al. claim that the 
exponent for heavies is 1.350.15 in the kinetic energy 
interval from 3 to 20 Bev/nucleon as a result of measure- 
ments on alpha particles produced in nuclear inter- 
actions. Cester ef al.!® report a= 1.54_9.1;*°'* as a result 
of a similar experiment. 

Each of the above methods of determining a is subject 
to systematic errors, but no attempt will be made here 
to evaluate all possible sources of these errors. It will 
only be emphasized that since the data of the present 
experiment were analyzed by using equatorial predic- 
tions, the value of a obtained is likely to be lower than 
the true value. Also, if any nonprimary particles were 
admitted as primaries, this should also reduce the 
magnitude of the asymmetry and hence the exponent. 


16 C, J. Waddington, Nuovo cimento 3, 949 (1956). 

17 Kaplon, Peters, Reynolds, and Ritson, Phys. Rev. 85, 295 
(1952). 

18 Cester, Debenedetti, Garelli, Quassiati, Tallone, and Vigone, 
Nuovo cimento 7, 371 (1958). 
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Fic. 12. The sum of the 
weighted squares of the 
deviation of the data points 
from the main-cone curves 
as a function of a, the ex- 
ponent in an assumed 
power-law integral energy 
spectrum. 























It seems therefore that the likely systematic errors in 
the present experiment would yield a value of a which 
is smaller than the true value. In the light of this, the 
derived value of a= 1.82+0.19 suggests that a is signi- 
ficantly larger than the generally adopted value of 1.5. 

The fact that the main-cone curves do fit the data 
well is interpreted as evidence that, near the equator, 
the main cone is the allowed cone and the penumbra is 
forbidden or nearly forbidden. This interpretation 
implies that at least near the equator, the effective 
magnetic field for cosmic rays is a dipole field when 
local effects are ignored. This dipole field is consistent 
with the centered-dipole approximation to the earth’s 


pI 
2.0 


surface field. However, this experiment is not sensitive 
to a small “rotation of the dipole” which might result 
from the interaction of the earth’s magnetic field and a 
conducting medium. The only possible indication of a 
deviation from a dipole field is that the intensity from 
about 315° to 360° azimuth may be a little less than 
the main-cone curves would predict. 

The verification that the main cone is the allowed 
cone near the equator helps explain in part the anomal- 
ous direction of asymmetry observed at the Galapagos 
Islands.® There are no main-cone predictions for 
\=10°N, but predictions for A=20°N are available. If 
one assumes that the main cone is the allowed cone at 
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20°N, the direction of minimum cutoff energy is about 
20°-30° south of geomagnetic west. Presumably one 
will have a similar effect at 10°N (or whatever is the 
appropriate geomagnetic latitude for the Galapagos 
experiment). This, coupled with the large anomaly in 
the earth’s surface field in the region, makes the 
Galapagos results more understandable. 


ACKNOWLEDGMENTS 


I wish to thank the Office of Naval Research for 
sponsoring the expedition to Guam and, in particular, 
Commander Robert Cochran, ONR field representative, 
without whom the expedition would surely have failed. 
I wish to thank Dr. Phyllis Freier, Dr. Edward Ney, 
Dr. Melvin Schwartz, and Dr. C. J. Waddington for 
helpful discussions and suggestions. Finally I want to 
thank Mrs. Dawn Copeland, Mrs. Jean Kanninen, 
Mrs. Catherine Mulligan, and Mrs. Biruta Sommer 
for their scanning the emulsions, and Mr. Samuel Brinda 
and Mr. Steve St. Lorant for their assistance in assem- 
bling the apparatus. 


APPENDIX—CORRECTION FOR DISTORTION 


If no distortion were introduced into the emulsions 
during development, then (since the emulsions were 
oriented) the azimuth angle of a particle could be deter- 
mined directly under the microscope by measuring the 


angle that the track made with north. The emulsions 
in this experiment, however, suffered an unexpected 
amount of distortion during the processing and hence 
most of the tracks appeared slightly curved rather than 
straight. This distortion was surprising since emulsion 
strips rolled on glass and processed in the same manner 
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Fic. 13. The method of correction for distortion is shown. The 
azimuth angle ¢ of a distorted track (solid curved line) is measured 
as the azimuth angle of the tangent to the air end of the track. 
The distortion is assumed to be a uniform translation of the glass 
surface of the emulsion (as compared to the air surface) by a dis- 
tance r in a direction ¢o. A measurement of the displacement d 
as a function of @ for many tracks results in a sinusoidal variation 
of d having an amplitude r and a phase angle @. From r and go, 
the true projected length / can be computed from the measured 
chord length c. 


PRIMARY COSMIC RADIATION 











(4) IN MICRONS 





T 
DISPLACEMENT 


























1 l A, 
30 60 90 120 150 180 210 240 270 300 
AZIMUTH ANGLE (6) 





330 360 


Fic. 14, Distortion analysis of one of the plates scanned. The 
distortion in this plate consisted of a uniform translation of the 
air surface of the emulsion by 37 microns. 


have much less distortion. Since the air edge of emulsion 
is a free edge, one might expect that the air end of a 
track would preserve the azimuthal direction of the 
track. This was the case in two other®’ experiments 
and by following individual tracks into the bottom 
plate, it was verified that this assumption was valid in 
this experiment within the accuracy of measurement 
which was about 1°. Therefore the azimuth angle of a 
track was measured by measuring the angle between 
the tangent line to the air end of the track and the 
direction which was oriented north during the time at 
altitude. 

One can calculate the zenith angle at which a particle 
entered the emulsion if one knows the thickness of the 
emulsion at the time that the particle passed through 
the emulsion and the true projected length of the track 
in the plane of the emulsion. Since the originally straight 
tracks were distorted into curves, one could not measure 
the true projected length directly. Figure 13 illustrates 
the method used in order to correct for the distortion. 
One assumes that since the air surface of the emulsion 
is a free surface, the distortion consists of a uniform 
translation of the entire surface of the emulsion with 
respect to the glass. Since the original position of the 
glass end of the track (referred to the air end of the 
track) lies somewhere on the tangent line to the track 
at the air end, a measurement of the displacement d of 
the glass end of the tracks from their tangent line should 
show a sinusoidal variation with azimuth angle. It was 
found that this method was applicable when one was 
farther than 10 mm from the edge of the emulsion and 
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farther than 3 mm from a cut edge. An example where 
the distortion was very uniform over an entire plate 
(a scanned area of 17.1 cm?), is shown in Fig. 14. One 
can see that in this plate the air surface is displaced 
uniformly a distance r= 37 microns at an azimuth angle 
258°. In some plates it was necessary to divide the area 
of a plate into two parts in order to get a satisfactory 
correction. For each particle, the true projected length / 
was computed graphically in terms of the measured chord 
length c by the approximate relation /=c —r cos(@—»). 
By this method, the true projected length of each track 
recorded was measured to within about 15 microns. As 
a result, any systematic error in zenith angle due to 
distortion is less than 1°. 

The above method of determining the true projected 
length has several advantages. It does not depend on 
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very difficult depth measurements which are subject to 
large personal errors. It is also independent of the index 
of refraction of the emulsion as well as the flatness of 
the field of focus of the microscope. The measurements 
are easy to perform and therefore can be done fairly 
rapidly and it is sufficient to measure only a fraction of 
the total number of tracks, while the measurement of 
depth would necessitate a measurement on each particle. 

A check on the thickness of the emulsions during 
exposure was made by measuring the displacements of 
the same tracks in the top and bottom emulsions and 
by measuring the thickness of the glass separating them. 
Also the thickness was checked by traveling microscope 
measurements on undeveloped emulsion of the same 
batch. 
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Multiple Meson Production by Photons in Hydrogen*t 


J. M. SEtLEN,t G. Cocconi, V. T. Cocconi, anp E. L. Hart 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received October 22, 1958) 


Pictures of a He diffusion cloud chamber with magnetic field 
taken at the 1.1-Bev Cornell synchrotron have been analyzed to 
study multiple meson production by photons on protons. They 
have yielded 108 cases of double charged meson production 
(y+p—-p+xt+7-) and 4 cases of triple meson production. 

For each event of double meson production, the energy of the 
incoming photon and the angles and momenta of the emitted 
particles could be determined. The most significant results are 
the following. 

The cross section for double charged meson production rises 
rapidly around 500 Mev to approximately 70 microbarns, a value 


1. INTRODUCTION 


HE efficient operation of electron machines (linear 

accelerators and synchrotrons) at energies above 

500 Mev has made it feasible, in the past two years, to 

study the multiple production of mesons by photons 
on protons. 

The few experiments so far reported in the literature 
have used counter techniques, and suffer from the in- 
completeness intrinsic in counter experiments when 
employed to study many-body reactions. 

Our approach has been to take pictures of individual 
events in a hydrogen filled diffusion cloud chamber with 
magnetic field. Such a technique, as usual, meets with 
the difficulty of poor statistics, but has the great ad- 
vantage of providing detailed and, in principle, un- 
biased information. 

Here we are reporting on the results obtained from 
the analysis of a first series of pictures taken using the 
1.1-Bev photon beam of the Cornell synchrotron, which 
yielded 108 cases of photoproduction of two charged 
mesons, and 4 cases of triple meson production. 


2. APPARATUS 


Figures 1 and 2 give the layout and the essential 
details of the apparatus. 

The principle of the experiment is to let the brems- 
strahlung photon beam (produced when the circulating 
electron beam in the synchrotron strikes a fixed internal 
target) cross the sensitive region of the diffusion cham- 
ber, and to take a picture of the chamber interior at 
every beam burst. 

The main problem is the background caused by 
Compton scattering and electron pair production in the 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ This paper is based on a thesis submitted by J. M. S. to the 
Graduate School of Cornell University in partial fulfillment of the 
requirements for a Ph.D. degree. 

~Now at Ramo-Wooldridge 
California. 


Corporation, Los Angeles, 


of the same order as the total cross section for single meson 
production. 

In the reaction leading to a charged meson pair, r+ and ~ play 
dissimilar roles, as evidenced by the marked dissimilarities in 
their center-of-mass angular and momentum distributions. The 
Q-distributions suggest the interpretation that the predominant 
mode of pair production in the energy range from 500 to 700 Mev 
is N*+2~, N*—p+2*, where N* likely is the resonant 3, } excited 
state of the proton. The fact that the angular distributions for 
the protons and the x~ mesons are asymmetric about 90° indicates 
that the reaction does not derive from a single state, but from a 
mixture of at least two interfering states of different parity. 


gas of the chamber. In our pictures, the recognition of 
a multiple meson event becomes difficult when the 
number of electron pairs exceeds approximately 20 per 
picture. In order to improve the ratio of multiple 
meson events to background, the photon beam was 
passed through about 2.5 radiation lengths of lithium 
hydride.' This reduces by a factor of ~10 the number 
of photons of energies above the threshold for meson 
pair production, and paractically eliminates all photons 
of energies smaller than 10 Mev. 

The net result is an improvement of the ratio meson 
events/background by a factor of ~20, as compared 
to the unfiltered beam. 

The intensity of the beam—shaped by the lead colli- 
mator into a horizontal ribbon ? in. wide and } in. 
high—was adjusted to produce about 8 electron pairs 
per picture. This is compatible with a scanning effici- 
ency close to 100% and yielded on the average 1 mul- 
tiple meson event per 300 pictures. 

The background caused by the electrons produced 
by the beam in entering the chamber was made prac- 
tically negligible by having the beam traverse only a 
20-mil stainless steel window at the end of a long inlet 
snout, swept by a 14-kilogauss ‘broom magnet.” The 
chamber, filled to 18 atmos with He, used methyl 
alcohol as the diffusing vapor, and was cooled by a 
refrigerator.” The useful sensitive region, traversed by 
the beam at approximately mid-height, is cylindrical 
and 60 cm in diameter. Its height is from 7 to 10 cm, 
when the temperature is kept at —75°C at the chamber 
bottom, and at —15°C 10 cm above it. 

The plastic ring that determines the useful diameter 


1 The LiH hardener consisted of 4 air-tight aluminum pipes, 
2 in. o.d., each 1 meter long, filled with the chemical. 

* The two-stage Freon 22-Ethane refrigerator, with a cooling 
capacity of 2000 Btu/hour at —140° F, was built by the Alpha 
Electric Refrigeration Company of Detroit, Michigan. Pentane, 
cooled in the heat-exchanger of the refrigerator, was circulated in 
the cooling coils at the chamber bottom by a seal-less centrifugal 
pump (Chempump Corporation, Philadelphia, Pennsylvania). 
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Fic. 1. Layout of the experiment. 


serves the purpose of eliminating distortions caused by 
gas turbulence. 

The chamber was located in a magnetic field of 6500 
gauss, homogeneous within 2% throughout the sensi- 
tive region. 

Stereoscopic pictures (stereo angle=13°, Baltar 
lenses, f= 30 mm) were taken on 35-mm film positioned 
by suction against a backing plate. 

With the beam intensity described before, the cham- 
ber operated satisfactorily when cycled once every 15 
sec. 

Approximately 40000 pictures were taken in this 
first series. A second series, about equivalent to the 
first in size, has recently been taken and is now under- 
going analysis. 


3. ANALYSIS 


The possible reactions leading to the production of 
two m mesons by photons on protons are: 
Ytp— ptr'tr, 
Ytp— ptr +n, 
Ytp— atatte. 
Of these, we have studied reaction (1), as this, involving 
three ionizing particles in its final state, is easily rec- 
ognized and analyzed. Its typical appearance is that of 
a three-pronged event with one track positive and 
relatively dark, and the other two of (or near) mini- 


mum ionization and opposite in sign. As the kinematical 
requirements set no limitation on the emission angle of 
the pions and require only that the proton be emitted 
within ~ 60° of the photon direction, the three tracks 
will, in general, be at fairly large angles with the beam 
direction as well as with each other. 

Triple meson production appears as three-pronged 
events only for the reactions 


Ytp— ptattr tr, 
Ytp- atatt+e+r, 


which are distinguishable from reaction (1) through 
detailed kinematical analysis. The other possible modes 
of triple meson production give rise to 1-pronged events. 

One of the possible modes of quadruple meson 
production, 


Ytp- ptrttrtrtr, 


would appear as a 5-pronged event, the others as 3- or 
1-pronged events. 

Thresholds for double, triple, and quadruple meson 
production are 322 Mev, 516 Mev, and 730 Mev, 
respectively. 

No 5-pronged event has been observed. Four, out of 
the 112 three-pronged meson events found in scanning, 
were classified as cases of triple meson production, 
three being examples of reaction (4) and one of re- 
action (5). 

As a result of double scanning of most of the 40 000 
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Fic. 2. Vertical and 
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tional views of the dif- 
fusion cloud chamber 
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pictures, we estimated that our scanning efficiency for 
reactions (1), (4), and (5) was better than 95%. 

Events other than multiple r-meson production that 
can occur in the chamber and lead to 3-pronged events 
are the following: 


1. Photoproduction of u-meson pairs. This event would 
be very hard to distinguish from reaction (1). However, 
its small cross section (¢,—pair® Gel. pair/M’* 10~" cm?) 
makes the number of u-pairs expected in our pictures 
smaller than unity. 

2. Reaction y+p— p+n’, for that 1% of the cases 
in which the ° undergoes Dalitz decay into 2 electrons 
and 1 photon. The small angle between the 2 electrons 
and the relationship of ionization and momentum make 
the identification easy. 


Also easily distinguishable from meson pairs, but not 
always from the previous event, are those cases of elec- 
tron pair production in the field of the proton, in which 
the proton gets enough recoil momentum to create a 
track. A few cases of these events were observed in our 
pictures. 


3. Three-pronged photodisintegrations of C or O 
nuclei of the alcohol vapor. The probability that the 
“star’contains two minimum-ionizing tracks and only 
one dark track is negligible. In fact, of all the stars 
observed (~ 100) only three contained one minimum- 
ionizing track, and these were associated with more 
than one dark track, while none contained two mini- 
mum-ionizing tracks. 
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4. Electron pair production in the field of the elec- 
tron. The two members of the pair and the recoil elec- 
tron create an “electron triplet.” Triplets are about as 
abundant as electron pairs produced in the field of the 
proton, and ~ 1000 times more abundant than multiple 
meson events. However, charge (2 negative tracks+1 
positive track), ionization, and the characteristically 
small angle of the pair members relative to each other 
and to the beam direction make it impossible to confuse 
triplets with cases of meson production. 


The complete kinematical analysis of reaction (1), 
given the beam direction® and the nature of the par- 
ticles, involves 9 parameters (the 3 zenith angles, the 
2 relative azimuthal angles and the 4 momenta), cor- 
related by the 4 equations of momentum and energy 
conservation. Therefore, any 5 independent measure- 
ments fully determine the event, and hence establish 
the energy of the photon that caused it. 

All the events found in scanning were reprojected in 
space to measure the location of the event origin and 
the polar coordinates of each track. The track curvature 
was measured, whenever the track was long enough to 
allow it, by using templates. Visual ionization estimates 
were used to corroborate the particle identification and 
the momentum determinations. In general, for tracks a 
few centimeters long, the zenith angles could be deter- 


8’ The beam direction was established within a small fraction of 
1° by means of electron pairs of very large momentum formed in 
the chamber gas. The angular divergence of the beam across the 
chamber is exceedingly small. 
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Fic. 3. (a) The histogram represents the energy distribution of 
the photons responsible for the events of double meson produc- 
tion observed. The curve gives the spectrum of the photons 
entering the chamber, as deduced from the analysis of ~2500 
electron pairs and triplets. (b) Total cross section for the reaction 
y+p—-p+nxt+n-, as a function of the photon energy. The abso- 
lute scale is determined as indicated in the text, and has an un- 
certainty of ~15%. The arrow points to the threshold for this 
reaction. 


mined with an accuracy of +0.5°, azimuthal angles 
within +1°, and momenta of tracks 20 or more cm 
long with accuracies varying from 5 to 15%, depending 
on the value of the momentum. 

In practically all of the events studied all the polar 
coordinates could be determined with accuracy suffici- 
ent for the analysis. About } of the cases were over- 
determined. These cases provided a check on the in- 
ternal reliability of the analysis, and indicated that the 
determination of the energy of the incident photon has 
an uncertainty of +50 Mev, on the average. 

The complete characteristics (energy of the incoming 
photon, c.m. angles and momentum of each track) of 
the 108 cases so far analyzed have been recorded on 
IBM cards.' 


4. RESULTS 


The distribution of the 108 meson pairs according to 
the energy of the incoming photon—in 100-Mev inter- 
vals—is given by the histogram in Fig. 3(a).° The solid 
line in the same figure is the experimental spectrum of 
the photon beam crossing the chamber, deduced (a) by 
measuring the energies of 2500 electron pairs and trip- 
lets produced by the same beam that created the meson 
pairs, and (b) by assuming that the cross section for 
electron pair production in the proton field is given by 
the Bethe-Heitler formula, and that the cross section 
for pair production in the electron field is 1.10 times 
larger. Correcting the histogram ordinates with the 

‘Copies of these cards can be made available to anyone 
interested, 

5 The distribution of the first 90 pairs found in this work has 
been published by the authors in a Letter to the Phys. Rev. 110, 
779 (1958). 

6 The ratio triplets/pairs has been determined in an extensive 
study of the electromagnetic interactions occurring in our pic 
tures. A report on this work will be published later. 
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spectrum, one obtains the cross section for reaction 
(1) as a function of the photon energy [histogram in 
Fig. 3(b) }. 

The absolute scale of the cross section has been 
gauged by determining the ratio between the number 
of meson pairs and the number of electron pairs and 
triplets for a sample of 16 000 pictures which contained 
54 of the 108 meson pairs. The scale thus has a statisti- 
cal uncertainty of ~15%. Possible systematic errors 
due to scanning inefficiency and to the use of the indi- 
cated cross sections for electron pair production are 
expected to be smaller than this. 

The most characteristic feature of this cross section 
is its steep rise at about 500 Mev—i.e., about 200 Mev 
above threshold. 

For the cases of triple meson production [reactions 
(4) and (5) ], where one neutral particle is involved, 
the energy of the primary photon can be determined 
only when all the 8 independent kinematical param- 
eters are known. This happened for only 1 case out of 
the 4 observed. 

Assuming that the photons that produce reactions 
(4) and (5) are essentially those above 700 Mev, the 
combined cross section for these processes seems to be 
of the order of 10 microbarns in the energy range from 
700 to 1000 Mev. Since it is conceivable that a few 
instances of these reactions have been erroneously in- 
terpreted as examples of double meson production, this 
value could be somewhat of an underestimate. 

The total cross section of Fig. 3(b) for meson pair 
production by reaction (1), as well as the estimate for 
the triple meson production cross sections for reactions 
(4) and (5), have been plotted in Fig. 4 together with 
the total cross sections for single meson photoproduc- 
tion on protons, as determined from counter experiments. 
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Fic. 4. Summary of the available information on total cross 
sections for single and multiple meson production in hydrogen. 
The multiple meson data are those obtained in this work. The 
results for single meson production derive from counter experi- 
ments. For o(x*): up to 450 Mev, see H. Bethe and F. de Hoff- 
mann, Wesons and Fields (Row, Peterson, and Company, Evans- 
ton, 1955), Vol. 2, p. 150; at higher energies, Heinberg, 
McClelland, Turkot, Woodward, Wilson, and Zipoy, Phys. Rev. 
110, 1211 (1958). For o(®): J. I. Vette, Phys. Rev. 111, 622 
(1958); DeWire, Jackson, and Littauer, Phys. Rev. 110, 1208 
comet and P. C. Stein and K. G. Rogers, Phys. Rev. 110, 1209 

1958). 





MULTIPLE MESON 

Since above 500 Mev the cross section for the meson 
pair production of reaction (1) is of the order of 70 
ub and two mesons can be produced also by reactions 
(2) and (3), it must be concluded that between 500 and 
1000 Mev the total double meson cross section is equal 
to—if not larger than—the total cross section for single 
meson production. 

In summarizing the detailed characteristics of the 
meson pair events we have chosen to subdivide them 
into two energy groups, from 500 to 700 Mev (63 
events) and from 700 to 900 Mev (28 events). This has 
left 9 events with £,<500 Mev and 8 events with 
E,>900 Mev unrepresented in the distributions that 
are given in the following. The interval 500-700 Mev 
contains that portion of the events for which the cross 
section rises rapidly and attains its peak value. 

Figure 5 gives the angular distributions relative to 
the photon beam direction of the three particles in the 
c.m. system of the reaction. The dashed horizontal lines 
correspond to isotropic emission. At least in the lower 
energy group, the protons seem to be preferentially 
emitted backwards, the m~ mesons forwards, the 7* 
mesons essentially isotropically. 

Figure 6 gives the c.m. momentum distribution of 
the emitted particles. In order to find evidence for any 
deviations from the distributions expected for a purely 
statistical system, i.e., a system in which p, m*, and @ 
share the available energy according to the available 
phase space, the momenta have been subdivided into 
four statistically equivalent groups. Hence the dashed 
lines represent statistical distributions. Here again at 
and m~ present markedly dissimilar behavior, at least 
for the 500-700 Mev group, the r*’s being emitted, on 
the average, with larger momenta than expected for a 
purely statistical system, the 7~’s with smaller values. 
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Fic. 5. Emission angles in the c.m. system of the particles pro- 
duced in the reaction y+p—>p+a++7-. The dashed lines repre 
sent isotropic distribution. 
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Fic. 6. Distribution of the c.m. momenta of the particles 
emitted in the reaction y+p—p+a*+7~. The observed momenta 
have been divided into four groups a priori equally populated if 
the reaction is governed purely by phase space availability. 
Therefore, the horizontal dashed lines represent the statistical 
distribution. 


Protons, like the r*’s, get a larger share of momentum 
than expected in a statistical model. 

Figure 7 shows the Q distributions for each pair of 
particles, Qpx*, Qpr-, and Q,+,,-. The Q of a pair of 
particles is the kinetic energy of the two particles in a 
reference frame that is at rest in the center of mo- 
mentum of that particular two-body system. The dis- 
tribution of this quantity is sensitive to any tendency 
of the reaction to go through an intermediate two-body 
substate. As in Fig. 6, the observed Q’s have been dis- 
tributed in four intervals a priori equally populated 
if the reaction is governed only by statistics.? In the 
500-700 Mev group, it is apparent that the systems 
(prt) and (pm~) are markedly dissimilar as far as their 
(Q-distributions are concerned. The Q,,*’s cluster toward 
high values, the Q,,-’s toward low values. The arrow in 
the Q,;* corresponds to the peak value expected if the 
(prt) system were formed through the resonant T= 3, 
j= state (170 Mev). The arrows in the Q,,- and 
Q,*,- indicate the range in which these apparent Q’s 
can lie, if the (pr*) system is formed and its decay 
energy is 170 Mev. All the distributions observed both 
in the lower and in the higher energy groups are con- 
sistent with those expected if the (pt) system is 
preferentially formed and its decay energy is of the 
order of 200 Mev. 


5. DISCUSSION 


It is reasonable to expect that the characteristics of 
the process of double meson production depend on the 
7 The statistical distributions for momenta and Q’s have been 
computed with the formulas given by M. Block, Phys. Rev. 101, 
796 (1956). 
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Fic. 7. Q-value distribution for each pair of particles emitted 
in the reaction y+p—p+x*+2-. The observed Q’s have been 
divided into four groups a priori equally populated if the reaction 
is governed purely by phase space availability. Therefore, the 
horizontal dashed lines represent the statistical distribution. The 
arrow at 170 Mev in the Q,,* distribution indicates the position 
of the peak expected if the reaction proceeds through the resonant 
3, } state N*—+p+n-. If this is the case, the Q,,-’s and Q,*,7’s 
lie within the range indicated by the arrows in the corresponding 
distributions. 


energy of the incoming photons. Therefore, discussions 
of experimental data have to consider separate, rela- 
tively narrow energy intervals. 

Here we shall focus our attention on the energy range 
from 500 to 700 Mev, that contains a large fraction of 
our data. For these energies, the reaction of double 
meson production can be described as follows: 


y¥+~p—- C— N4+24+17, (a) 
v+~p—-C— N*+24 

| 

N+, (b) 


where C is an intermediate system that eventually 
decays into the three final particles, either directly 
[reaction (a)] or through a nucleon excited state 
[reaction (b)]. C is, in general, a mixture of states 
with isotopic spin either 7=} or T=} and, considering 
only dipole transitions, with total angular momentum 
j=} or j=}. The so-called photoelectric effect, which is 
phenomenologically understood as a direct interaction 
leading to (a) or (b) without the intermediate step C, 
can be described in our scheme as the result of inter- 
ference of several states in C. 

The most attractive possibility is that one of these 
states is predominant enough in a given energy region 
that C can be considered as a single state; hence that 
the relative statistical weights of the various charge 
states of reactions (a) and (b) are uniquely determined 
by its isotopic spin, and some of the angular distribu- 
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tions of the final products by the value of its angular 
momentum. 

The suggestion that C is a single state—a second 
isobaric state of the proton with T=} and j=3, with 
resonance at about 600 Mev in the c.m. system—has 
been made by Wilson,® mostly on the basis of the 
results obtained for single meson production in the 
energy region where double meson production is 
important. 

Independently of whether or not C is a single state, 
some insight on the relative probability of its decaying 
according to reactions (a) and (b) can be obtained from 
the analysis of the angular and momentum distribu- 
tions of the emitted particles. Let us first look at our 
data with this last problem in mind. 

The fact that the distributions of the emission angles 
and of the momenta (Figs. 5 and 6) are substantially 
dissimilar for r+ and m~ indicates that the two mesons 
do not play equivalent roles, and hence that the situa- 
tion is substantially different from that which would be 
expected if the particle distributions were dictated 
mostly by phase space availability. This difference 
could be due either to predominance of reaction (b) or 
to possible asymmetry in the direct photoproduction. 

The Q distributions of Fig. 7 give strong indication 
that reaction (b) is involved, and show that for the 
reaction of double charged meson production under 
study, V* is predominantly the system (p+), whose 
isotopic spin must then be 7= 3. The fact that all the 
(-distributions observed are consistent with a peak at 
~170 Mev for the (p*) system makes it very plausible 
that V* is the resonant 3, $ state that plays such a 
predominant role in the single meson production at 
lower energies. 

The assignment j=$ could in principle be verified 
by studying appropriate angular distributions.’ If the 
assumption is made that in reaction (b) the a is 
emitted as an S wave,” then the distribution of the 
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*R. R. Wilson, Phys. Rev. 110, 1212 (1958). 

®R. F. Peierls, Phys. Rev. 111, 1373 (1958); G. Morpurgo, 
Nuovo cimento 9, 564 (1958). 

This is consistent with Peierls’ interpretation of Wilson’s 
resonance as a state of odd parity (dj). 
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angle x between the photon direction and the z*, as 
seen from a system at rest with N*, should be the famil- 
iar 2+3 sin*x, if V* has j= 3. The x-distribution for the 
63 cases with 500< £,<700 Mev is given in Fig. 8. The 
result is consistent with the 2+3 sin’y curve, but the 
sample is too small to warrant conclusions. 

Other distributions were tested, but all, at present, 
are less statistically significant than this, as they utilize 
even smaller portions of the available events. 

As a conclusion, the production of a pair of charged 
mesons in the energy range from 500 to at least 700 
Mev appears to proceed mostly through the two-body 
reaction 


N*+r-, 


where \* is predominantly the system (p,r*+) with Q 
distribution peaked around 200 Mev, probably the 
resonant state T=3, j=3. 

Let us now come to the nature of the intermediate 
state C. The most informative results presently avail- 
able are the angular distributions given in Fig. 5. If the 
observed forward-backward asymmetry in the c.m. 
emission angle of the ~’s and of the protons is accepted 
as statistically significant, as seems reasonable, one is 
led to conclude that C cannot be a single state, but 
must be a mixture of at least two states with different 
parity.” 

Since a small amount of admixture is in general suffi- 
cient to create a large interference in an angular dis- 
tribution, one may still consider the possibility that the 


1 The fact that the asymmetries are observed for p and ~ and 
not for r+ can be qualitatively interpreted as follows: accepting 
as predominant the channel N*+2, i.e., (px*)+a7, the forward 
emission of x~ entails backward emission of N*. When N* dis- 
integrates, the proton, carrying a small fraction of the disintegra- 
tion energy, keeps moving essentially in the same direction as 
N*. The x*, instead, moving with high velocity, essentially 
preserves the symmetry of its decay in the N* system. 
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single resonant state T=43, j=} suggested by Wilson 
is the predominant contribution to C. The fact that our 
observations indicate strong preponderance of the 
charge state V*= (pat) as against N*=(pm-) is con- 
sistent with such an assumption, as the assignment 
T=} entails a ratio 9:1 for the two charge states, 
respectively. However, the alternative assignment T= 3 
would predict 9:4 for the same ratio, difficult to dis- 
tinguish from 9:1 in our experiment. 

Finally, if the 3, } state were predominant in C, one 
would expect the cross section for reaction 1 to present 
a resonance-like broad peak at around 750 Mev, as is 
the case for single meson production, The rapid rise 
at ~500 Mev and the shape of the observed cross sec- 
tion [Figs. 3(b) and 4] are at variance with this and 
seem to require the conclusion that the admixture of 
other states is not small.” 
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Photoproduction of Positive Pions in Hydrogen in the Angular Range 
7° <..m.<27° and Photon Energy Range 220 Mev <k<390 Mev*} 


ALAN J. Lazarus,t W. K. H. Panorsky, AND F. R. TANGHERLINI,§ 
Department of Physics and High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received October 20, 1958) 


Relative measurements of the cross sections for the production of positive pions by photons on protons 
have been carried out in the range of c.m. angles 7°<@.m.<27° for four photon energies from 220 to 390 
Mev. Positive pions were detected via the decay positron from the r—y—e chain which was observed in 
a series of gates following a pulse of photons and electrons from the Mark III linear accelerator. The results 
have been compared with new dispersion theory calculations using a range of values of the coupling constant 
and resonance energy. The experimental data at these small angles are in good agreement with the calcula- 
tions; however, the fit of the calculations with available data at larger angles is not satisfactory. It is shown 
that the fit in either case is substantially poorer if the so-called “retardation term,” i.e., the diagram in 
which the photon is absorbed by a virtual meson, is omitted. 


I. INTRODUCTION 


HE angular distribution of photopions at small 

angles has recently been the subject of consider- 
able experimental interest.'~* The motivation for these 
measurements has been principally the investigation 
of the so-called “retardation term”: that particular 
diagram in which the incident photon is absorbed 
on a pion virtually emitted by the proton. This term 
differs from the remaining terms in photoproduction 
(in which the photon is absorbed by an electromagnetic 
interaction with the nucleon followed by a pion 
rescattering on the nucleon) in that the electromagnetic 
interaction permits all spherical harmonics to be 
present in the amplitude of the retardation term. 
The final state interaction involved in the remaining 
terms causes the order of spherical harmonics to be 
limited by the momentum of the pion and the range of 
the pion-nucleon interaction. 

The amplitude of the retardation term is of the form 
siné/(1—8 cos@), where 8 is the pion velocity. The 
denominator represents the retarded interaction of 
the pion and the electromagnetic field and results in 
the amplitude’s becoming a maximum at small angles. 

The theoretical expression for the retardation term 
corresponds to an essentially classical photoelectric 
result and is insensitive to our information on the 
meson-nucleon interaction. The possibility of separating 

*Supported by the joint program of the Office of Naval 
Research, the U. S. Atomic Energy Commission, and the Air 
Force Office of Scientific Research. ; 

+ A more detailed version has been submitted by A. J. Lazarus 
as a doctoral dissertation to Stanford University, 

t Now at RAND Corporation, Santa Monica, California 

§ Now at the Institute for Theoretical Physics, Copenhagen, 
Denmark. ; is 

1 Richter, Osborne, and Russell, Proceedings of the CERN 
Symposium on High-Energy Accelerators and Pion Physics, 
Geneva, 1956 (European Organization of Nuclear Research, 
Geneva, 1956), Vol. 2, p. 284; and B. Richter (private com 
munication ). 

2 Perez-Mendez, Imhoff, Kenney, and Knapp (private com- 
munication); and E. A. Knapp, University of California Radiation 
Laboratory Report UCRL-8354, 1958 (unpublished). 

3R. D. Miller and R. M. Littauer (private communication). 

4]. H. Malmberg and C. S. Robinson, Phys. Rev. 109, 158 
(1958). 


it from the other terms in the pion photoproduction 
matrix element is unfortunately impaired by uncertain- 
ties in these other terms and in particular by the 
relatively poor fit of the experimental data on mt 
production and dispersion-theoretical calculations. 

There are two possible approaches to ‘‘establishing”’ 
the existence of the retardation term: the first is to 
fit the calculations of Chew ef al.° with and without 
the term in question; the second! is to show that a fit 
to the angular distribution of the form A+B cos@ 
+C cos’@ is incompatible with the observed angular 
distribution. 

In Fig. 1 we show curves computed with and without 
the retardation term from the calculations of Chew 
et al.*; details are given in Sec. V. Note that the 
retardation term contributes very significantly at 
large angles as well. Below resonance, the influence of 
the term is reduced by interference with other contribu- 
tions. Because of this fact and of the uncertainties of 
the calculations, the data reported here are not a 
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Fic. 1. Plot of the experimental photoproduction data of 
Walker et al. (see reference 12) at 350 and 400 Mev vs c.m. angle. 
Shown are curves computed from the dispersion relations of 
Chew et al. (see reference 5) (solid lines) by methods discussed in 
Sec. V; also shown are the same computations with the retardation 
term omitted. 


5 Chew, Goldberg, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). 
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test of specific features of the theory, but simply 
extend the available data at small angles to higher 
energy. 


II. EXPERIMENTAL APPARATUS 


Principle of Detection 


The experimental arrangement is shown in Fig. 2. 
The energy-analyzed electron beam from the Mark III 
linear accelerator is bent by a magnet and passes 
through a 0.020-in. tantalum radiator and a liquid- 
hydrogen target. Pions produced in the target which 
pass through a collimator are momentum-analyzed and 
enter a channel leading to the counters. The pions are 
slowed by a carbon absorber whose thickness was 
chosen so that pions passed by the analyzing magnet 
will stop in another block of carbon called the “stopper.” 

The presence of a stopped pion is indicated by observ- 
ing the positron from the m*—yt—et decay chain 
through a series of gates timed at suitable intervals 
after the beam pulse. 


Electron Beam 


The electron beam arrives at the experimental area 
after it has been magnetically-analyzed in order to 
define its momentum and momentum width. The 
central momentum defined by the analyzing system 
has been calibrated by W. M. Woodward to an accuracy 
of +0.5°%. To obtain maximum beam current, the 
momentum-selecting slits in the beam-analyzing ap- 
paratus were set at a 2°% total width, which is about 
equal to the momentum spread of the principal part 


of the unanalyzed electron beam. A beam pulse of 


0.1-usec length was used. 


Diagram of the experimental arrangement. Note that the entire detecting arrangement 
is stationary, while the incident electron beam can be deflected, thus changing the pion 


consisting of collimator, analyzing 


Beam Monitoring 


The incident beam was monitored by integrating the 
secondary emission current from a series of a!ternately 
biased 0.001-in. aluminum foils traversed by the 
electron beam.® A measurement of the energy depend- 
ence of this system of beam monitoring, accomplished 
by comparing its results with those of a Faraday cup, 
showed a change of less than 0.3% in efficiency from 
0 to 300 Mev.’ Two recent comparisons of the monitor 
efficiency with a Faraday cup in the range of this 
experiment disagreed slightly : one showed no change in 
efficiency and the other a 4% increase in efficiency over 
the energy range covered. This uncertainty in monitor- 
ing efficiency is included in the summary of errors 
discussed below. 


Angle Determination 


The angle made by the deflected beam and the 
axis of the collimator can be changed by moving the 
beam-bending magnet parallel to the original direction 
of the beam and varying the magnet current so that 
the deflected beam passes through the target (see Fig. 
2). This technique was used in a previous experiment* 
on the electromagnetic pair production of « mesons. 
The uncertainty of the angle measurement is less than 
0.5° at 20° and decreases at smaller angles. The width 
of the collimator leading to the analyzing magnet, 
combined with the width of the target, introduces an 
angular width of +1°. 


6H. R. Fechter and G. W. Tautfest, Rev. Sci. Instr. 26, 229 


(1951). 
1K LL: 
(1956). 
8G. E. Masek and W. K. H. Panofsky, Phys. Rev. 101, 1094 
(1956). 


Brown and G. W. Tautfest, Rev. Sci. Instr. 27, 696 
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Fic. 3. Configuration of collimators and slits 
in the analyzing magnet. 


Radiator 


The radiator used in the experiment was 0.020-in. 
tantalum, which is equivalent to 0.11 radiation length 
if a thick-target correction is made to the thin-target 
Bethe-Heitler formula. The thickness is limited by the 
background due to the multiply-scattered electron 
beam’s hitting the meson magnet and collimator in 
the 5° geometry. Because of space limitations, the 
electron beam was not swept out after the photons 
were produced. The background is still low at 7.5° but 
rises to approximately half the signal at 5°. 


Target 


The liquid hydrogen is held in a vacuum-jacketed, 
3}-in. diameter, aluminum cup whose walls form a 
vertical cylinder. The diameter allows a }-in. displace- 
ment of the beam parallel to a diameter with only a 1% 
change in hydrogen thickness traversed by the beam. 
The target is emptied for background runs by letting 
down the vacuum with helium and allowing the 
hydrogen to boil off. 


Analyzing Magnet and Collimator 


A magnet of standard design was re-assembled as a 
C magnet to avoid having the electron beam hit the 
magnet yoke. The entrance collimator was constructed 
of brass blocks which were aligned so that pions leaving 
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the target could not scatter from their faces. The 
momentum range passed by the analyzing system was 
limited by the momentum slits following the analyzing 
magnet. The beam path is shown in Fig. 3. 

The momentum selected by the magnet and slits 
was matched by choosing the thickness of the absorber. 
The choice was checked by running a curve of counting 
rate vs analyzing magnet current. A typical curve of 
the results is shown in Fig. 4. The tail of the curve 
seemed to indicate a sensitivity to particles of higher 
momenta. Checks carried out by calibrating the 
channel with elastically scattered electrons failed to 
confirm this tail on the resolution curve, and we 
conclude that it does not exist under conditions of 
constant magnet current. To check this point further, 
we observed the excitation curve of the production of 
positive pions detected by the apparatus at constant 
magnet current setting, and changing the photon 
spectrum by varying the primary beam energy. The 
theoretical and experimental points are shown in 
Fig. 5. Within the statistics of the experiment, the 
points are compatible with the points calculated 
assuming the acceptance indicated by the electron- 
scattering measurements. 


Counters 


Two scintillation telescopes, consisting of two 
members each, one above and one below the carbon 
stopper, were used to detect the positrons from the 
a+—yp+t—et+ decay chain. The counters nearest the 
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Fic. 4. Typical curve of pion counting rate vs 
magnetic field setting for fixed absorber. 
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stopper were pulsed off during the beam, to prevent 
overloading by prompt signals, by a disabling circuit 
described elsewhere.® 


III. EXPERIMENTAL PROCEDURES AND 
DATA HANDLING 


Data Schedule 


Measurements were taken in the angular range 5°<@ 
<20° in 2.5° intervals in laboratory angle; data were 
taken at constant pion momentum. The momentum 
setting and corresponding absorbers were chosen to 
correspond to photon energies of 220, 300, 350, and 
390 Mev. 

The measurements were not absolute; ‘reference 
runs” taken at 3% statistics with a thicker radiator on 
positive pions of 60-Mev energy, were inserted in the data 
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Fic. 5. Excitation curve of pion count observed at a fixed 
detector setting as a function of the incident electron energy. 
Shown are the experimental measurements (squares); and 
theoretical points computed taking into account (i) the Bethe- 
Heitler spectrum, (ii) thick-target bremsstrahlung calculations, 
(iii) the geometrical resolution of the analyzer, and (iv) the 
energy variation of the part of the pion yield produced directly 
by electrons. 


runs. Backgrounds were taken by emptying the hydrogen 
target. Considering the thickness of the radiator (0.11 
radiation length effective), and the small thickness of 
the target (0.011 radiation length), we assume that the 
background is not substantially affected by the presence 
of the liquid hydrogen. Figure 6 shows a typical set of 
background runs. 


Angular Distribution Data 


The accuracy of the data obtained here is considerably 
superior in regard to the angular distribution than in 
regard to the energy dependence of the cross sections. 
For this reason we shall discuss the data-handling 
procedures for these two purposes separately. 

Using elastic electron scattering in carbon we carried 
out runs to explore the variation in geometrical accept- 
ance of the magnet system with the position of the 
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Fic. 6. Plot of the raw data at a pion analyzer setting corre- 
sponding to a photon energy of 350 Mev. Shown as a function of 
laboratory angle are counts with the liquid hydrogen target full, 
counts with the liquid hydrogen target empty, and the subtracted 
count (triangles). 


scattering source point along the line of pion sources in 
hydrogen in the actual experiment. These runs showed 
the solid angle times the momentum band accepted to 
be independent of angle to better than 3%. Also, the 
angular resolution is constant to 1% over the range of 
angles. These conclusions were also reached by a 
graphical analysis of charged particle orbits. 

Table I shows the angular distribution data at each 
energy. These data are proportional to the differential 
cross section in the c.m. system at each energy; the 
appropriate factors for the lab-c.m. solid angle trans- 
formation and the photon spectrum have been applied. 
Errors shown are statistical; the possible systematic 
errors discussed above are negligible. 


Data on Energy Dependence of the 
Cross Section 


To reduce the primary data in terms of the energy 
dependence of the cross section, numerous corrections 
have to be applied ; some of these can be made with only 
limited accuracy. The situation is shown in Table I; 
section (a) contains the energy dependence of the 
various correction factors relative to the measurements 
at a photon energy k= 220 Mev; section (b) gives the 
corresponding uncertainties. We shall now discuss 
these corrections: 

TaBLe I. Corrected data summary for angular-distribution 
measurements. Angles are given in the laboratory system. 


12.5° 15° 20° 


70+7 
105+6 
68+6 
52+3 


E 
(Mev) $° 73” 10° 17.5° 
220 8047 
300 10246 
350 70-46 
390 5444 


82+7 
94+6 
62+6 
46+3 


7647 
92+6 
74+6 
5744 


108+8 
59+5 
4745 


91+6 
68+6 
58+6 


9547 
7446 
51+5 





1334 LAZARUS, 


TABLE II. Summary of experimental uncertainties and correc- 
tions to the measurement of the energy-dependence of the cross 
section. Asterisks mark uncertainties less than 1%. 


Ey 
220 Mev 300 Mev 350 Mev 390 Mev 
(a) Correction factors for relative energy-dependence measurements 
1. Multiple scattering 1 : 1.24 1.37 
2. Nuclear scattering and 
absorption 
3. Stopper 


1 3.9 9.7 

1 1,08 1.14 
4. Decays in flight 1 0.75 0.73 
5. « contamination i 0.95 0.85 
6. dQe.m./dQiat 1 0.91 0.86 
7. (p/k)(dk/dp) 1 0.72 0.68 0.66 
8. kN(k) 1 1.03 1.03 1.03 
1 


Product 1-8 1.45 2.3 5.4 
(b) Uncertainties affecting relative energy-dependence measurements 
1. Photo energy width 
due to momentum 
acceptance ol 
analyzing magnet +14 Mey +17 Mev 


+6 Mev +12 Mev 


2. Uncertainties affecting 

intensity 
Multiple scattering o/s qi S% 
Ap, p acceptance w// 10% 
uw contamination / 
Beam monitoring 
Nuclear absorption 

and scattering 


Subtotal 
3. Possible reduction in 
correction factor due 
to revision of nuclear 
absorption and 
scattering correction 


(1) Absorber corrections —The absorber introduces a 
pion loss due to multiple Coulomb scattering, nuclear 
absorption and elastic single scattering. These correc- 
tions influence the data in (a) they 
attenuate the pion beam, and (b) they increase the 
fraction of muon contamination contributing to the 


two respects: 


observed counts. 

The scattering-out corrections were determined by 
integrating the theoretical angular distributions of 
pions scattering in several portions of the absorber 
over the aperture of the stopper. The angular distribu- 
tions were (a) the usual Gaussian distribution due to 
multiple Coulomb scattering, and (b) the diffraction 
and single Coulomb scattering obtained from an 
optical model calculation. (These calculations were 
carried out by the University of California Radiation 
Laboratory, Livermore, computing group; we are most 
grateful to Dr. Caris, Dr. Bengston, and Dr. Fernbach 
for their collaboration.) The optical model caluclations 
used potentials at each pion energy close to the analysis 
of Frank, Gammel, and Watson,’ using values of 
ry=1.14A!XK10-"% cm and a=0.65X10-" cm in a 
model in which the nucleon density varies radially as 
{1+exp[ (r—ro)/a ]}~. These calculations were under- 
taken primarily to fit pion cross-section data taken at 
441 Mev by the Berkeley group. Since with the 
parameters used here the fit of the Berkeley data is 
not too good, we must consider the scattering-out 
corrections as preliminary; the uncertainty due to this 
situation is indicated in the table. 

(2) Other Uncertainties——Other uncertainties in- 


® Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 
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cluded in Table II are (a) the uncertainties in the energy 
dependence of the beam monitoring, referred to above, 
(b) the uncertainty in the momentum acceptance of the 
analyzer, and (c) the uncertainty of the u-contamination 
corrections. 

(3) Other Corrections—Table II contains a 
summary of other energy-dependent corrections to the 
observed counts which can be made without contribut- 
ing to the probable error of the results such as energy- 
dependent kinematic factors. One factor labelled 
“stopper” deserves comment: A separate run showed 
that the detection efficiency of the counter is a function 
of the position of the * stopping point within the 
stopper; since the spatial distribution of r* within the 
stopper is energy-dependent, a small correction factor 
results. The factor kN(k) represents the number of 
photons per unit photon energy interval times the 
photon energy produced per radiation length of radiator 
per incident electron. This function was computed 
taking into account the finite radiator thickness and 
including the effect of self-absorption and a correction 
to the Bethe-Heitler relation for deviation from Born 
approximation. 


also 


IV. RESULTS 


Table I, giving the counts corrected for background, 
serves directly as a representation of the angular 
distribution at each energy; they include the small 
corrections depending on angle. Table III presents the 
data bearing on the energy dependence. Tabulated are 
(a) the raw counts including the statistical uncertainty, 
(b) the correction factor and its uncertainty from Table 
II, and (c) a final number proportional to the differential 
cross section; the quoted error includes the systematic 
uncertainties discussed. 


V. INTERPRETATION 


We have tried to fit our data to the dispersion- 
theoretical calculations of Chew ef al.? As mentioned 
previously, the fit of the available positive-pion 
photoproduction data from other experiments at larger 
angles to these calculations is not too satisfactory; 
hence our ability to reconcile the data reported here 
with the calculation is of limited significance only. 

We state here the complete form of the square of the 
matrix element used in the calculation, since we find 
that the information, including all the terms necessary 


TABLE IIJ. Relative energy-dependence data (15° lab, 20° c.m.). 


Ey 220 Mev 300 Mev 350 Mev 390 Mev 


Uncorrected data 
(arbitrary 
normalization ) 

Correction factor 
and uncertainty 
(from Table IT) 

Corrected data 


202415 116+9 10747 7344 


5.4 (22%) 
395+90 


1 (12%) 1.45 (12%) 2.3 (13%) 
202428 168423 246437 
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for computation, is not now available in a single place. 
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and the F’s are given by” 


(10) 


10 The portion of the matrix element arising from the amplitude 
F of Chew et al. (reference 5) has been multiplied by the phase 
space factor [1+ (w*/M)}". 
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and the h’s by 
h-~=4(hy—2ho+hs), 
htt -= (hy +hs—2hs3), 


(11) 
(12) 
(13) 
(14) 
(15) 


hy = i611 sind; / q’, 
ho= i513 sind;3 q’, 
hs= e'533 sinds3 ; 


where g,=2.79 is the proton g factor and g,=—1.91 
is the neutron g-factor; c=1 is the velocity of light; 
8 is the meson velocity in the c.m. system; y is the 
meson total energy (c.m.) divided by the photon 
energy; @ is the c.m. pion production angle relative to 
the direction of the photon; ¢ is the angle between the 
(qg,k) and (k,e) planes, where ¢ is the polarization 
vector; M is the ratio of the nucleon to the meson rest 
mass; g is the ratio of the meson c.m. momentum to 
the meson rest mass; w*= (g’+1)!+(¢?+M?)!—M, is 
the difference between the total energy available in 
the c.m. system and the nucleon rest mass, divided by 
the meson rest mass; k is the photon energy in the 
c.m. system; 6; and 63 are the s-wave phase shifts; 
511, 533, and 63; are the p-wave phase shifts with the 
assumption that 6;3;=631. 
The matrix element is multiplied by 


2e* f?(q/k) (16) 


to obtain the cross section. 

It is assumed that s-wave phase shifts are available 
from pion-nucleon scattering experiments. We prefer 
not to use the p-wave phase shifts derived from pion- 
nucleon scattering experiments since on the one hand 
the expressions are quite sensitive to the choice of the 
small p-wave phase shifts (831, 613, 6), and on the other 
hand the direct experimental information is poor. 
Rather, we derive the p-wave phase shifts from the 
approximate expression of Chew ef al.°: 


e'*e sinda Na/w* 


q’ 1—7,0w*— 1(Nag® w*) 
where 
—4 11 
for a= 113]; 
+2 33) 


and 


(19) 


where w,* is the normalized resonance energy; thus 
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Fic, 7. Plots of the dispersion-theoretical relations of Chew et al. giving the cross section for pion photoproduction as a function of c.m, 
angle. The curves are computed from Eqs. (1)—(21) using the parameters shown in the respective figures. 


In the computations we treat f? and w,* as free 
parameters although they are in fact connected byan 
integral over the total p-wave scattering cross section; 
within the range of values assumed for f? and w,* and 
the experimental uncertainties of the cross section, 
this freedom is justified. 

In the computation we have used the s-wave phase 
shifts 6;=0.173g and 6;=—0.110g as proposed by 
Puppi"' to represent the best fit to current pion-nucleon 
scattering data. We have examined the dependence of 
the cross sections on the s-wave phase shifts and have 
found that a 50% change in the s-wave phase shifts 
produces a 10% change in the cross section for k= 400 
Mev and a 5% change for k=300 Mev at the extreme 
angles 02=0 and @= 180°; at other angles the sensitivity 
is substantially less. 

Equation (1) has been evaluated numerically for the 
nine cases /?=0.071, 0.081, 0.091, and w,*=2.0, 2.1, 
and 2.2. Figures 7(a) and (b) show the sensitivity to 
the choice of renormalized coupling constant /*, while 

"G. Puppi, 1958 Annual International Conference on High- 


Energy Physics at CERN, edited by B. Ferretti (CERN, Geneva, 
1958). 


Figs. 7(c) and (d) show the sensitivity to the choice of 
the resonance energy w,*. 

Figure 8 compares the data of Walker ef al.” and 
Uretsky ef al." at large pion angles with the calculations. 
The figure indicates the present disagreement, which 
consists primarily of the theoretical resonance cross 
section being above the experimental points at large 
production angles. 

Our new data at small angles are shown in Fig. 9 in 
their relation to the angular dependence of the theoret- 
ical cross sections; in this figure the absolute values of 
the measurements have been normalized at each energy 
to the computed curves. (The fit of the energy depend- 
ence data is discussed below.) Evidently the agreement 
is satisfactory. 

We have examined the question of the presence of 
the retardation term by representing both the theoret- 
ical and the experimental data by the optimum 
straight-line fit in the angular interval covered. The 
results are shown in Table IV. Note that agreement is 


2 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955). 

‘8 Uretsky, Kenney, Knapp, and Perez-Mendez, Phys. Rev. 
Letters 1, 12 (1958). 
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fair. With the retardation term omitted, the predicted 
slope would have been positive, in definite contradiction 
to the data. 

It has been generally overlooked that fair evidence for 
the retardation term exists from the earlier large-angle 
data.” Figure 1 shows the experimental points compared 
with theory both with and without the retardation term; 
agreement with the retardation term included is sub- 
stantially better. 

The energy dependence at a fixed c.m. angle of 20° 
of our small-angle data and those of other workers is 
compared with these calculations in Fig. 10. Our data 
are normalized to give the best mean fit to the earlier 
work, since the measurements are not absolute. The 
data appear to favor the larger value of the coupling 
constant; however, this conclusion is fairly weak in 
view of the general lack of quantitative agreement of 
the earlier large-angle data®:’ with the dispersion- 
theoretical calculations. 
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TABLE IV. Fit of the variation of the cross section in the 
small-angle range by the best straight-line fit. 
Slope of cross section 
(percent variation per degree) 


Theoretical Experimental 
(mean) (least-squares) 


Photon energy 
(c.m. 


—1,29 
~2.19 


— 1.06+0.48 
—1.25+0.39 


350 Mev 
390 Mev 
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Fic. 10. Plots of the energy dependence of the cross section at a 
fixed laboratory angle of 15°. The measurements are the work re- 
ported here (triangles), the work of Malmberg and Robinson (refer- 
ence 4) (circles), Perez-Mendez et al. (reference 2) (squares), and 
Walker et al. (reference 12) (crosses). The figures also show the dis- 
persion-theoretical curves with the indicated choice of parameters. 
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Study of Neutral Pion Production in Proton-Proton Collisions* 
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A large lead glass Cerenkov counter has been used to measure the energy spectrum of gamma rays result 
ing from neutral pions produced in proton-proton collisions. A liquid hydrogen target was bombarded with 
protons of 447 Mev, 415 Mev, and 397 Mev. Gamma rays emitted at 90° to the incident proton beam were 
detected by a counter telescope comprised of an anticoincidence counter, a }-in. lead converter, two coin- 
cidence counters, and the lead glass counter. Pulses from the lead glass counter were fed through a gating 
circuit into a one-hundred channel pulse-height analyzer. The three pulse-height spectra obtained have been 
compared with those predicted from the phenomenological theory, to estimate the contributions of the 
various possible final angular momentum states. It is found that the spectra are consistent with isotropic 
emission of the 7®’s in the center-of-mass system. The differential cross sections for r® production are 12.6 
+2.0, 9.041.9, and 7.4+1.7 microbarns/sterad at 445, 415, and 397 Mev, respectively. 


I. INTRODUCTION 
sg eripi gine hae of the cross section for neu- 


tral pion production in the reaction 
ptp— w+ptp, (1) 


have employed counter telescopes designed to detect 
one of the two gamma rays produced by the 7° decay. 
Because the neutral pion decays with a very short 
mean life (7,°<10~" sec), the gamma rays produced in 
this way originate very near the point at which the 
proton encounter takes place. These gamma rays will 
suffer both an aberration of direction and a Doppler 
shift of frequency due to the combined motion of the 7° 
in the center-of-mass system of the collision and the 
motion of the center of mass itself. In order to interpret 
the counting rates obtained in the earlier work, it was 
necessary to calculate the gamma-ray energy distribu- 
tion observed at a given angle of observation and bom- 
barding energy, and fold into it the detection efficiency 
of the counter telescope. Because at least three final 
angular momentum states are allowed in reaction (1), 
the gamma-ray spectrum for each was computed by 
means of the phenomenological theory? and integrated 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

! Hales, Hildebrand, Knable, and Moyer, Phys. Rev. 85, 373 
(1952); Marshall, Marshall, Nedzel, and Warshaw, Phys. Rev. 
88, 632 (1952); J. Mather and E. Martinelli, Phys. Rev. 92, 780 
(1953); Iu. D. Prokoshkin, Proceedings of the CERN Symposium 
on Iligh-Energy Accelerators and Pion Physics, Geneva, 1956 
(European Organization of Nuclear Research, Geneva, 1956), 
Vol. 2, p. 385; Baiukov, Kozodaev, and Tyapkin, Proceedings 
of the CERN Symposium on High-Energy Accelerators and Pion 
Physics, Geneva, 1956 (European Organization of Nuclear Re 
search, Geneva, 1956), Vol. 2, p. 398; W. O. Lock, Proceedings of 
the CERN Symposium on High-Energy Accelerators and Pion 
Physics, Geneva, 1956 (European Organization of Nuclear Re 
search, Geneva, 1956), Vol. 2, p. 383; Iu. D. Baiukov and A. A. 
Tyapkin, J. Exptl. Theoret. Phys. U.S.S.R. 32, 953 (1957) [trans- 
lation: Soviet Phys. JETP 5, 779 (1957) ]. B. J. Moyer and R. K. 
Squire, Phys. Rev. 100, 1798(A) (1955); and 107, 283 (1957); 
Stallwood, Sutton, Fields, Fox, and Kane, Phys. Rev. 109, 1716 
(1958). 

2 The phenomenological theory of K. Brueckner and K. Watson 
is summarized in M. Gell-Mann and K. Watson, Annual Review of 
Nuclear Science (Annual Reviews Inc., Stanford, 1954), Vol. 4, 
p. 219; and A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 


to give the total count rate expected from each state. 
Each of these computed rates was then multiplied by 
an arbitrary constant and a linear relation constructed 
which was equated to the observed rate. A sufficient 
number of experimental observations had to be made to 
determine the set of arbitrary constants and hence the 
relative contributions of the various angular momentum 
states to the cross section. 

In the present work, an attempt has been made to 
observe the energy spectrum of the gamma rays from 
neutral pions by using a large lead glass Cerenkov 
counter’ as a detector. In this way, all corrections to the 
data requiring the gamma-ray spectrum can be made 
directly, without recourse to the theory. If, on the 
other hand, the gamma-ray spectra are calculated with 
the aid of the phenomenological theory, a direct com- 
parison between these spectra and the measured spectra 
can be made. 


Il. APPARATUS 
A. The Proton Beam 


The arrangement of the external proton beam of the 
University of Chicago synchrocyclotron is shown in 
Fig. 1. After regenerative extraction* from the cyclo- 
tron, the beam traverses a quadrupole strong-focusing 
magnet. Near the real focus of this magnet, the vacuum 
pipe is capped off with a thin Mylar film and an air 
space of about ten inches is provided before re-entry 
into a separate vacuum pipe to the experimental area. 
The air space permitted rapid changes of beam energy 
to be made by the insertion of polyethylene moderators 
during the course of the experiment. After the air space, 
another strong-focus magnet and a bending magnet are 
provided, as shown. The former is used to focus the 
beam on the target while the latter is used to deflect 
the beam. Deflection of the beam removes neutron con- 
tamination. When absorber is introduced into the beam, 
appropriate adjustment of the currents in the second 


3 Fischer, March, and Marshall, Phys. Rev. 109, 533 (1958). 
4A. V. Crewe and U. E. Kruse, Rev. Sci. Instr. 27, 5 (1956). 


1339 





YORK, MARCH, KERNAN, AND FISCHER 


Elevator 











Meson Area 


Focus Magnet No.2 
Rotating Shield, | 


| 
| 





Bending Magnet 





Focus Magnet-———— 


(Meson Area) \ 
Air Gap For inserting Absorbers 


‘Focus Magnet No.! 


Beam Cotcher 


ion Chamber 
/ 


Fic. 1. Plan view of the 
{ external proton beam fa- 


xf — cility of the University of 
_ — “Le * 9 7 
ieil Chicago synchrocyclotron. 


Proton Target Room 











Scale 
2Ft 


strong-focus and bending magnets must be made. 
During the course of this experiment, the power sup- 
plies for these magnets were regulated to better than 
107, and the variation in beam position on the target 
was less than +} in. Photographs of the beam spot on 
the target were taken before and after each run, and 
no detectable drift of the beam’s position was observed. 
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Fic. 2. Detailed plan view of the apparatus. 


Three different proton energies were used in the 
present experiment. The maximum energy was ob- 
tained by operating the beam without any absorber at 
the focus of the first strong-focus magnet, while the 
two lower energies were obtained by the insertion of 
appropriate polyethylene absorbers into the beam. 
Each of the three energies was determined by measuring 
a Bragg curve in copper and using standard range 
curves’ to convert to energy. Appropriate corrections 
for scattering have been applied and the incident proton 
energies determined to be 447+4 Mev, 415+4 Mev, and 
397+4 Mev. 


B. The y-Ray Detector 


In Fig. 2, the counter array and target geometry are 
indicated. The proton beam emerges from the vacuum 
pipe several inches from the styrofoam Dewar con- 
taining liquid hydrogen. The counter array is mounted 
in a shield, as shown, and views the target through a 
two-inch square aperture in the eight-inch wall of lead 
bricks. The scintillation counter telescope provides a 
‘gate’ pulse when counters 1 and 2 are triggered in 
coincidence without a simultaneous pulse from the 
anticoincidence counter, 3. Such counts are attributed 
to gamma rays traversing the system and producing 
showers in the }-in. lead converter placed between 
counters 3 and 2. The “gate” pulse opens a gate of one- 
half microsecond duration which permits the pulse 
from the lead glass Cerenkov counter to be fed into a 
100-channel pulse-height analyzer.* A block diagram 
of the electronics is given in Fig. 3. The threefold 


5M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301, March, 1954 (unpublished). R. 
Mather and E. Segré, Phys. Rev. 84, 191 (1951). 

6 Penco Model PA-3. 
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coincidence rate of counters 1, 2, and 3 was used as a 
monitor on the operation of the counter telescope, 
although this function has been omitted from Fig. 3 
for simplicity. 

Because this arrangement is quite different from that 
used by Fischer et al.,’ a separate experiment was per- 
formed with electrons accompanying the 70-Mev nega- 
tive pion beam from the cyclotron in order to deter- 
mine the pulse height in the glass counter as a function 
of incident electron energy. Figures 4(a) and 4(b) show 
the results of this study using four different electron 
energies. The resolution curves were fitted to Gaussians 
to determine the central channel position and the width 
of the distribution at each energy. The location of the 
central channel proved to vary linearly with momen- 
tum, and was fitted to a straight line as seen in Fig. 4(a). 
Since the width of the distributions varied slowly with 
momentum, it was assumed constant with energy in the 
following analysis. These Gaussian distributions are 
compared to the experimentally measured pulse-height 
spectra in Fig. 4(b). The linear relation between pulse 
height and energy is used to convert the observed 
pulse-height spectra into energy spectra. 

Throughout the experiment, perioc:c checks were 
made of the linearity and constancy of amplification in 
the lead glass counter system. The linearity of the 
amplifiers was checked with the aid of a precision pulse 
generator, and the pulse-height spectrum due to cosmic 
rays gave a check on the behavior of the glass counter 
during the course of the experiment. It was found that, 
in spite of the magnetic shield surrounding the glass 
counter, the magnetic field of the cyclotron exerted a 
considerable influence on the effective gain of the 
counter during the calibration run. As a result, an 
appropriate correction was applied before applying the 
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Fic. 3. Block diagram of the electronic detection system. 
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calibration to the pulse-height spectra taken with the 
external proton beam. The primary source of uncer- 
tainty in assigning the proper number of gamma rays 
to a given energy interval arises from the uncertainty 
in this correction rather than from the statistical fluctua- 
tion on the number of counts in a given energy interval. 


C. The Beam Monitor 


An argon-filled ion chamber was used to monitor the 
proton beam intensity during the course of the experi- 
ment. This chamber had been calibrated by the tech- 
nique of measuring the number of protons scattered 
from the beam with scintillation counter telescopes at 
successively higher beam rates.’ The resulting value of 
the mean ionization potential of argon is in good agree- 
ment with the published values and is considered to 
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Fic. 4. (a) Calibration curves of pulse height vs electron momentum (below) and resolution vs electron momentum (above). 
(b) The data together with the best-fitting Gaussian curves used to determine the pulse height to energy calibration. 


7 The authors are indebted to Professor U. 
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Fic. 5. A plot of the experimentally measured number of gamma 
rays per 25-Mev interval. The histogram indicates the best fit 
of the spectra computed from the phenomenological theory to 
the data 


contribute an error of about 3% to the final cross-section 
estimates. 


Ill. EXPERIMENTAL PROCEDURE 


After performing the beam energy measurements and 
checking the reproducibility of the magnet settings, the 
counter telescope electronics were adjusted using a 
carbon target in the proton beam. Care was taken to 
measure the rate of gate pulses as a function of beam 
intensity to avoid losses due to saturation of the trigger 
circuit actuating the gate. All data were taken with 
beam intensities of about half that at which the onset 
of this saturation was observed to take place. 

In the hydrogen data, two types of background are 
important. The first is due to counts from the empty 
target Dewar itself. The second results from random 
coincidence effects associated with fluctuations in the 
beam intensity during the beam pulse. The average 
beam pulse is about 10 ysec in duration and consists of 
short bursts, emitted with the cyclotron ‘“dee’’ fre- 
quency of about 20 Mc/sec. These short bursts are not 
of uniform intensity but can vary during the beam 
pulse by as much as a factor of two. Hence, the beam 
current, as measured by the ion chamber monitor, is 
only an average and not an indication of the instan- 
taneous beam rate. Fortunately, the fluctuations in 
burst intensity vary slowly from one burst to the next, 
and the large over-all variations can be of several 
microseconds in duration. With the comparatively long 
gate time of 0.5 wsec, used to pass pulses from the lead 
glass counter into the pulse-height analyzer, the possi- 
bility of random pulses accompanying the true counts 
had to be investigated. Furthermore, if variations of the 
beam intensity with periods of several microseconds 
occur, then the probability of getting a true count 
together with a randomly occurring background pulse 
is greatly enhanced during such a period. In order to 
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measure this effect, appropriate time delays were pro- 
vided so that the gate could be opened 0.6 usec before 
the truly coincident glass counter pulses arrived, in 
coincidence with the glass counter pulses, and 0.6 usec 
after the glass counter pulses. In this way the back- 
ground was sampled within times which are at least 
comparable to, and somewhat smaller than, the duration 
of the observed intensity fluctuations.* 

One particular source of background was the possi- 
bility that positive pions produced during the early 
part of an intense series of beam bursts could be 
“stored” by coming to rest in the lead glass and then 
undergoing u* — e* decay in times of the order of 2 
usec later. The gate might then be opened by either an 
accidental or true coincidence later in the intense 
burst and pass an appreciable number of these ~50- 
Mev decay positrons. To avoid this it will be noted 
from the results of the calibration run that the counter 
threshold is set at 75 Mev. A further check on the negli- 
gible nature of such an effect was to compare the rates 
and spectral shapes of the background spectra taken 
with the gate opened before and after the time-coinci- 
dent glass counter pulse. These two were in fact the 


TaBLeE I. The net counts due to gamma rays of R>75 Mev 
per 4X 10° protons incident upon the target. 


Empty Dewar 
Out of time 
coinc. 


Hydrogen 
Ep In time Out of time 
(Mev) coinc. coinc. 


In time 
coinc, 


7.0+0.4 
7.0+1.0 
5.0+0.5 


21.0+1.0 
16.0+0.6 
13.0+0.5 


447 13742 29 +1 
415 90+2 19 +1 
397 67+1 10.0+0.6 


same within the statistics so that no net contribution 
of such a storage effect was observable. 


IV. EXPERIMENTAL RESULTS 


Table I summarizes the observed count rates used to 
determine the gamma-ray spectrum from liquid hydro- 
gen. It is to be noted that the two sources of back- 
ground are comparable to each other in magnitude, but 
considerably less than the effect being studied. In order 
to determine the number of gamma rays with energy 
greater than 75 Mev, the net number of counts is deter- 
mined from the two sources of background. However, to 
determine a net pulse-height distribution, requires that 
the background spectra be unfolded from the total 
spectrum. This can be done in a straightforward way. 
After unfolding, account must be taken of the energy 
variation of the efficiency of the lead converter. Finally, 


8 The fine structure of the beam was studied by Professor 
J. Marshall and Mr. J. Fischer with the aid of a thin Lucite 
Cerenkov detector placed directly in the proton beam. The 
output of the photomultiplier tube of the detector was observed 
with a fast oscilloscope and the traces photographed at several 
different sweep speeds. The description of the beam behavior 
given here is based on a study of a large number of these 
photographs. 
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the number of gamma rays per 25-Mev interval can be 
plotted as shown in Fig. 5. As mentioned above, the 
uncertainty in the number of counts per 25 Mev is due 
primarily to the uncertainty in correcting the energy to 
pulse-height calibration for the effects of the cyclotron’s 
magnetic field rather than statistics. 

The histogram in Fig. 5 results from a least-squares 
fit of the measured spectra to the predictions of the 
phenomenological theory. In computing these theo- 
retical spectra, the energy distributions of the gamma 
rays are computed for each final angular momentum 
state. Then the detector’s resolution is folded into each. 
It is assumed that no final angular momentum states 
with />1 can enter, and hence there are only four 
spectra to use in the fit. These correspond to the Ss, Ps, 
Pp (isotropic), and Pp (cos’@) final angular momentum 
states of the two nucleons (capital letter) and neutral 
pion (small letter).! In carrying out the fit of the data, 
the weighting constants are determined as indicated in 
Table II. The first attempt at a fit gives app iso) <0, 
and since these angular momentum states cannot inter- 
fere to give a negative contribution to the cross section, 
Q@Pp(iso) IS set equal to zero in the second attempt at 
fitting the data. As seen in Table IT, appcos?) is <O in 


TABLE II. The weighting constants of each final angular 
momentum state obtained by least-squares fit. 


Ss aPs “Pp (cos?) 


2.37+0.65 —1.91+0.96 0.04+0.41 
1.23+0.31 0 —(0.68+0.19 
0.32+0.18 0 0 


@P p(iso) 


First trial 1.89+0.30 
Second trial 1.52+0.23 
Third trial 1.50+0.24 


this second case. Finally a satisfactory result is ob- 
tained with positive weighting coefficients for the Ss 
and Ps states in a ratio of about 5:1. 

To estimate the differential cross section for neutral 
pion production, these results are used together with 
the theoretical spectra to determine what fraction of 
the gamma rays have energy greater than 75 Mev. 
From the measured number, the differential pion cross 
sections are determined as shown in the first part of 


Table ITI. 
V. DISCUSSION 


In the second part of Table III, a comparison of the 
differential cross sections for neutral pion production 
at 90° is made. The only data selected for comparison 
are those taken with external proton beams of com- 
parable energy to that used here, bombarding liquid 
hydrogen targets. Clearly the cross sections measured 
in this experiment do not decrease with energy as rapidly 
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TABLE III. The experimental results of this experiment 
together with the results of other groups. 


Chicago results 


(do 42)90° k>75 Mev 
(ub/sterad) 


15.0+2.3 
10.2+1.0 
7.941.7 


(da/dQ)ggo 


1) 
(ub/sterad) 


12.6+2.0 


9.0+1.9 
7.4+1.7 


Ep 
(Mev) 
447 
415 
397 


Other Data 
(do/dQ)g9° 50 


Ep 
(Mev) 


Observer (ub/sterad) 


437 
409 


Carnegie Tech.* 
Soroko» (Moscow) 


*R. A. Stallwood et al. (see reference 1). 
b As quoted by Iu. D. Baiukov et al. (see reference 1). 


as indicated by previous work. In this connection, a 
reservation should be expressed with regard to the 415- 
and 397-Mev results. These data contain only one-half 
the statistics of the 447-Mev data and there is some 
question regarding the background subtraction at these 
energies. However, it is of interest to note that the 
general result of having only Ss and Ps states contribute 
to the cross section is in agreement with the results 
obtained at the Carnegie Institute of Technology.® 
Furthermore, it should be noted that the extensive 
work of both Tyapkin and Prokoshkin" is based upon 
analyses which do not include the effect of the forces 
between the two protons, in the final state of the 
reaction, on the energy distribution of the neutral pion. 
Thus, although these authors have invoked a contribu- 
tion due to a cos’@ term in the angular distribution of 
the emitted pions, it is not clear that this is necessary. 

The present results are indicative of the value of 
using the lead glass counter technique for this type of 
study and it is the intention of the authors to make a 
more thorough survey of the neutral pion production 
process at a later time. 
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9 See reference 1, Stallwood ef al. 
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The Fermi interaction is interpreted as a nonlocal interaction resulting from a double Yukawa-type 
interaction in which the intervening boson has a definite chirality. The theory is quantizable and renormal- 
izable, and in the “local” limit, the results agree with the usual (V—A) theory of the direct Fermi interaction. 
The general framework of the theory not only gives a basis for the existence of parity-nonconserving inter- 
actions, but also determines the allowed forms of such interactions. The nonlocal effect of the intervening 
boson propagator tends to give an improved agreement with experiments. 


1. NATURE OF WEAK INTERACTIONS 


ARITY nonconservation' is obviously a negative 
concept. One can indeed ask: Is there any positive 
theoretical reason for the existence of the so-called 
parity-nonconserving interactions? Is there any theo- 
retical prescription to determine the forms of such 
interactions? Partial answers to these questions have 
been given by the two-component neutrino theory of 
Landau, Salam, Lee, and Yang,’ the chirality invariant 
theory of Sudarshan and Marshak,’ the two-component 
theory of all fermions of Feynman and Gell-Mann,‘ 
and the mass-reversal invariant theory of Sakurai.® 
These theories, however, have serious shortcomings. 
The two-component neutrino theory cannot explain 
those parity-nonconserving interactions which do not 
involve neutrinos,® unless one introduces an additional 
assumption.’ The Sudarshan-Marshak theory intro- 
duces the chirality invariance as an ad hoc principle to 
account for the (V— A) theory which happened to agree 
with experimental data of weak interactions, and offers 
no justification to strong interactions. The Feynman 
Gell-Mann theory has an inherent difficulty in quan- 
tizing the two-component field with a finite mass which 
satisfies the Klein-Gordon equation. In Sakurai’s 
theory, the physical meaning of the mass-reversal 


* Present address: Kobe University, Kobe, Japan. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); A. 
Salam, Nuovo cimento 5, 299 (1957); L. Landau, Nuclear Phys. 
3, 127 (1957). 
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5 J. J. Sakurai, Nuovo cimento 7, 649 (1958); see also Ouchi, 
Senba, and Yonezawa, Progr. Theoret. Phys. (Japan) 15, 431 
(1956); T. Ouchi, Progr. Theoret. Phys. (Japan) 17, 743 (1957). 

6 The parity nonconservation in the neutrino-less decay of A° 
was proved by the experiments of Crawford, Cresti, Good, 
Gottstein, Lyman, Solmitz, Stevenson, and Ticho, Phys. Rev. 
108, 1102 (1957). 

7T. D. Lee proposed that a pair consisting of a very heavy 
fermion S and a neutrino could serve as the central intelligence 
office for all fermion interactions including hyperons. This pair 
takes a role just as our heavy chiral bosons. T. D. Lee, Proceedings 
of the Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics, 1957 (Interscience Publishers, Inc., New York, 1957). 


Feynman and M. Gell-Mann, Phys. Rev. 109, 193 


transformation is not clear.’ Furthermore, all these 
theories are invariably unrenormalizable. In spite of 
all these objections, however, one has to acknowledge 
that the phenomenological Hamiltonian used in these 
theories agrees with most of the experimental facts 
concerning beta decay, u decay, and yw capture.*:49 

The theory proposed in the present paper not only 
gives essentially the same results as the above-men- 
tioned theories in the areas where these are successful, 
but also is free from the kind of objections enumerated 
in the foregoing paragraph. Namely, it gives a mathe- 
matical framework in which the parity-conserving and 
parity-nonconserving interactions have equal justifi- 
cation, giving a unified theoretical standpoint to deter- 
mine the forms of both types of interactions. The theory 
is quantizable and renormalizable. Furthermore, the 
present theory, due to the nonlocal nature of the 
derived four-fermion interaction, seems to provide a 
better agreement with experiments in the areas where 
the other theories are not quite as successful, in par- 
ticular, in relation to the » decay and m decay. The 
present theory also incorporates the selection rule 
regarding muons proposed by Konopinski and Mah- 
moud, and also recently by Nishijima.'® On the other 
hand, it should be admitted that the present theory is 
just as incapable as the other competing theories in 
explaining why the parity-conserving interactions have 
stronger coupling constants than the parity-noncon- 
serving interactions. 

In the current field theory, the space-time coordinates 
are not physical quantities, but parameters labeling 
the field strengths. As far as the proper Lorentz trans- 
formations (which are connected continuously to the 
identity transformation) are concerned, all tensors 
behave as the coordinate transformation dictates. 
However, once a reflection is involved, different kinds 


8S. Watanabe, Progr. Theoret. Phys. (Japan) 15, 81 (1956). 

®Goldhaber, Grodzins, and Sunyar, Phys. Rev. 102, 1015 
(1958); L. A. Page and M. Heinberg, Phys. Rev. 106, 1220 
(1957); Culligan, Frank, Holt, Kluyver, and Massam, Nature 
180, 751 (1957); Hermannsfeldt, Maxson, Stihelin, and Allen, 
Phys. Rev. 107, 641 (1957). 

 K, Nishijima, Phys. Rev. 108, 907 (1957). E. J. Konopinski 
and H. M. Mahmoud, Phys. Rev. 92, 1045 (1953). 
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of behaviors among tensors appear, which are not 
always in conformity with the coordinates. This is the 
origin of parity. Thus, parity is not just a property of 
parameters, but a physical quantity. If parity is a 
physical quantity, it may be quite natural to assume 
the existence of a quantity which is “complementary” 
to it. This leads to the concept of chirality. Once one 
admits chirality in one’s consideration, the usual full 
Lorentz group becomes too narrow a frame to encom- 
pass all physical quantities. The tensorial quantities 
should then be represented in general by irreducible 
representations of the extended algebraic system in- 
cluding not only the Lorentz group but also parity and 
chirality operations. Some quantities may be in eigen- 
states of parity and some others in eigenstates of 
chirality. The chirality operation will mix two eigen- 
states of parity, and the parity operation will mix 
eigenstates of chirality. Whether a quantity is an 
eigenstate of parity or an eigenstate of chirality, or 
even a mixture of them it returns to its original value 
by the combined C7 transformation. In other words, 
the extended algebraic system is conceived within the 
domain of C7 invariance. 

The basic hypotheses of the present formalism are 
the following: (1) The elementary interactions are 
renormalizable. (2) The Lagrangians are invariant 
either for a chirality operator or for the parity operator. 
These two alternatives are “complementary” to each 
other."' (3) Bosons are either in a chirality eigenstate 
or parity eigenstate. This assumption is permissible, 
since chirality as well as parity can be a constant of 
motion for a boson, whether or not it is massless. (4) The 
theory is invariant for time reversal T (of the Wigner 
type). This last assumption eliminates a certain arbi- 
trariness left in the definition of chirality. The theory 
can also be made invariant for charge conjugation C, 
but we explain only the 7-invariant theory here. 

Hypothesis (1) immediately excludes the direct four- 
fermion interaction. The allowed types are boson-boson 
interactions (such as electromagnetic interaction of 
pions) and boson-two-fermion (Yukawa-type) inter- 
actions in which the bosons can be a scalar or a vector. 
It should, however, be noted that it is rather an 
exceptional case that a vector Yukawa-interaction 
becomes renormalizable like the electromagnetic inter- 
action of a charged fermion." In fact, inclusion of a 
vector boson in the present formalism leads to a theory 
for which no guarantee exists for renormalizability. 
For this reason, the Yukawa-type interaction con- 
sidered in the present paper will be limited only to the 
scalar type in the later sections. Hypothesis (3) requires 
that the boson be in a parity or chirality eigenstate. 


11 Y, Tanikawa and S. Watanabe, Phys. Rev. 110, 289 (1958). 

2 See, in particular, Sheldon Glashow, thesis, Harvard Uni- 
versity, 1958 (unpublished). The present authors thank Dr. S. 
Glashow and Dr. S. Okubo for informing them of the most recent 
results on the renormalizability of a vector field and for comments 
on the present theory. 
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These considerations delimit the allowed types of 
interactions to a relatively small number, and all the 
well-established interactions are included in this frame. 
For instance, the electromagnetic interaction of a 
fermion and the pion-nucleon interaction are of the 
renormalizable Yukawa-type invariant for parity oper- 
ation. The only types of allowed interactions which are 
not usually considered are the Yukawa-type interac- 
tions in which the intervening bosons are in chirality 
eigenstates. These are exactly the types required to 
derive the desired weak interactions of four spinors by 
elimination of boson fields. It is true that if a chiral 
boson is electrically charged, its electromagnetic inter- 
action introduced in the usual fashion will become 
invariant for neither parity operation nor chirality 
operation, contradicting hypothesis (2). However, if 
there exist two kinds of chiral bosons with the same 
charge and opposite chiralities then their total electro- 
magnetic interaction can become invariant for parity. 
Furthermore, the possibility of a chirality-conserving 
electromagnetic interaction seems not to be excludable, 
as its effect on the vacuum polarization can be expected 
to be very small. The idea of deriving the Fermi inter- 
action from renormalizable Yukawa interactions was 
previously proposed by one of the authors (Y.T.)." 
The present paper may be considered as a revised 
version of the theory, formulated with an explicit use 
of the concept of chirality and adapted to the newer 
experimental facts. The exposition in the following 
sections will follow more or less an inductive, rather 
than a deductive, line of thinking; vz., we shall first 
give the phenomenological Fermi interaction, to which 
the theory should reduce in the “local” limit. From 
there, we shall infer what kinds of chiral bosons should 
exist in nature. We shall then show conversely that the 
existence of such bosons, with the help of the conser- 
vation laws of charge, lepton numbers, and baryon 
numbers, leads uniquely to the desired forms of the 
Fermi interaction and to none other. Some consequences 
of this theory will then be discussed. Finally in the 
Appendix a detailed explanation of the definition and 
properties of chirality operators in tensor analysis will 
be given. A new version of the proof of the CTP- 
theorem is given, and the reason why the present theory 
does not violate this theorem is explained. 


2. YUKAWA-TYPE INTERACTION AND ENSUING 
NONLOCAL PARITY-NONCONSERVING 
FERMI INTERACTION 


The parity of a quantity in the present context is 
defined as being positive if it transforms purely accord- 
ing to the coordinate transformation for the proper 
Lorentz group and a space inversion, and as being 
negative if it not only transforms according to this 
rule but also changes its sign for a space inversion. This 


13Y. Tanikawa, Phys. Rev. 108, 1615 (1957), and references 
quoted therein. 
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definition includes the ordinary definition of the parity 
of a field. Chirality is defined as a quantity which 
anticommutes with the parity thus defined.‘ A more 
precise definition will be given in the appendix, but it 
is not needed for the moment. Hypothesis (2) of the 
preceding section, as can be seen in the appendix, 
amounts to the requirement that an interaction term 
be composed of two factors of the same parity or of the 
same chirality. In the case of a Yukawa-type inter- 
action, the parity or chirality of the factors will be 
determined by that of the boson according to hypothesis 
(3). Thus, the nucleon source of the pion-nucleon 
interaction (negative parity) is interpreted as reflecting 
the negative parity of the pion-field. In view of the 
important roles played by the Yukawa interactions, it 
is only too natural to conjecture the existance of a 
boson in a chiral eigenstate giving rise to a Yukawa-type 
interaction in which the factor due to the spinors is 
also in the corresponding chirality eigenstate. 

Therefore, the experimental fact that the weak inter- 
actions of four fermions are parity-nonconserving leads 
to an unambiguous conclusion that they have to be 
mediated by a Yukawa-type interaction in which the 
intervening boson is a scalar or a vector in a chiral 
eigenstate, implying that the factor due to spinors is 
also in a chiral eigenstate. Although we later limit 
ourselves to scalar bosons, we shall first include in our 
consideration also vector bosons, since it is of some 
interest to investigate the general relationship between 
the V—A_ Fermi-interaction and those Yukawa- 
interactions which can reproduce such a Fermi-inter- 
action. The basic interaction Hamiltonian will then 
have the form": 


H,=ghi(1t+e'ys)\2B+gds(1t+e'%ys)WsB+H.c., (2.1) 


or 


H, = Ay (1 +e?ys WoB, 

+ fbsy.(1t+e*ys)¥sB,+H.c., (2.2) 
where B (B,) is a complex scalar (vector) whose chirality 
is the same as its multiplier in the Hamiltonian. 
Y=yY'y4, where y' is the Hermitian conjugate of y. The 
abbreviation “‘H.c.”” means Hermitian conjugate. From 
the sole requirement that chirality is a quantity anti- 
commuting with parity, the factor e‘* and e“® are not 
determined. A further requirement that the theory 
should be invariant for time-reversal, 7, i.e., for PC, 


‘The parity conjugation operation introduced by Lee and 
Yang may be considered as a special chirality operation. However, 
the eigenstates of this operator were not considered by them 
[T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956) ]. For 
the concept of chirality, see also S. Watanabe, Phys. Rev. 106, 
1306 (1957); S. Watanabe, Nuovo cimento 6, 187 (1957). See 
also references 11 and 23. 

18 The interaction constant g(f) might have different values, 
e.g., gi2 and gz4 (fi2 and f34) for different pairs of Y,Op2 and 
Ws0y.. We put, however, gi2=g31=¢ (fi2= fsa= f) by a conjecture 
that g(/) is a constant for any source of B(B,) as the electric 
coupling constant e¢ is a constant for all charged fields. 
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limits this arbitrariness to e‘*“=+1 and e*®=+1. If 
the theory should be invariant for charge conjugation, 
C, i.e., for TP, then e**= +i and e*’=-+7. So as not to 
repeat similar deductions, we assume time-reversibility 
which seems not to contradict the experimental facts so 
far obtained. 

(2.3) 


et=4+1, e’=+1. 


The S matrix of the second order in the coupling 
constants derived from (2.1) is (in the natural units 
c=h=1) 


S=( <i ff rex rea Bre) patina’ 


+H.c., (2.4) 


where K, involves four spinors and depends on x and x”. 
T is Wick’s chronological operator, and ( _)» means the 
vacuum expectation value. In the “local” limit: 
(TB(x)B'(x’) ])o— — (i/mg?)6(x—x’), which is ob- 
tained by mg — ~, K, will become proportional to the 
effective Hamiltonian of four-spinor interaction. mg is 
the mass of the B particle. K, in the local limit is 
given by 


K = ge*Wi(ltbys)yova(1Fy5)¥stH.c. 
=bge*Vryu(1FysWava(ltys)y2t+H.c. 
aici ee Wry u(1Fys)Wa bev ul 1Fys)Wa°+H.c. 


(2.5a) is derived directly from (2.1) by eliminating the 
B field. (2.5b) is derived from (2.5a) by the use of the 
Pauli-Fierz relations,’® whereas (2.5c) is derived from 
(2.5b) by expressing it in terms of charge-conjugate 
spinors (spinors being assumed to anticommute) 


W=tCp=-WC, P=tCY=-VC", 


(2.5a) 
(2.5b) 


(2.5c) 


(2.6) 
with 
(u= 1.2.3; 4), 


Cct=C. 


Cy,C=—4,7, 
CT=-C, 


Note that (2.5b) is of the (V+ A) type while (2.5c) is 
of the (V—A) type. As is well known, a further appli- 
cation of the Pauli-Fierz relation on (2.5c) results only 
in an interchange of ¥; and y4° in (2.5c) without any 
other modification. This can be seen more directly 
from (2.1) in which the interchange of ¥3 and 4° means 
nothing but writing the same quantity in terms of the 
charge conjugate fields. 
In the vector boson case, the S matrix becomes 


S= (=a f [7K TTB) BN) Dated 
+H.c., 


(2.8) 


where K, will become proportional to the effective 
Hamiltonian in the local limit: (7(B,(x)B,t(x’)))o— 


16 W. Pauli, Zeeman Verhandelungen (Haag, 1935), p. 31; M. 
Fierz, Z. Physik 104, 553 (1957). 
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— (i/mp,")64.(x—x’), mp, being the mass of the B,- 
particle. In this limit, one has 


K,=— fh drval Iays)Poayu(ltvys)¥st+H.c. 
=—f fry tys)Wabuys(1tys)\Wo+H.c. 
Sf rvul 1 +ys)Ws voy, (1 Frys)waot+H.c. 


In this case, (2.9a) and (2.9b) are of the (V—A) type 
and (2.9c) is of the (V+A) type. 

It can easily be seen from (2.1) and (2.2) that the 
charge difference between ¥, and y2 must be equal to 
the charge difference between W3 and y,4. Further, if B 
is neutral, then this difference must be zero. From the 
fact that always two charged fermions and two neutral 
fermions are involved in a Fermi-interaction, it follows 
that in the case of a neutral B, if y; and y» are charged 
(neutral), then ¥3 and ¥, must be neutral (charged). 
If B is charged, then one of ¥; and ye (3 and y4) must 
be charged and the other neutral. 


(2.9a) 
(2.9b) 
(2.9c) 


3. BETA DECAY, w DECAY, u CAPTURE, AND 
PROPERTIES OF CHIRAL BOSONS 


In the following, the neutral massless particle accom- 
panying the negative beta-decay will be called, by 
definition, an antineutrino, v*. It is by now fairly well 
established that beta decay, u decay, and uw capture are 
satisfactorily described by the following Fermi inter- 
actions or their equivalent**”: 


Hr=Gpy,(1+ys)néy,(1+ys)y+H.c., (3.1) 
Hp=Giy,(1t+ys)u-eyu(1+y5)v+H.c., (3.2) 


B decay: 
u decay : 
uw capture: Hrp=Gpy,(1+ys)na-yu1+ys)y+H.c. (3.3) 


Since these formulas are unchanged by putting 
v=(1+~5)v/2, only two components are required to 
describe the neutrino field, whose “particle” has a 
negative helicity and “‘antiparticle’” has a_ positive 
helicity. As far as the lepton number is concerned, if 
one assumes the lepton number of the negative electron 
to be positive, (3.1) implies that the neutrino v has a 
positive lepton number, and (3.2) requires the negative 
muon to have a positive lepton number. According to 
this scheme, however, it is difficult to find any reason 
why there should not be such undesired processes as 
u-—e-+e+et and »+p— e+ f, for they satisfy 
lepton conservation. To forbid these processes, one 
need only interchange the lepton numbers of u* and p-, 
and at the same time change accompanying neutrino 
to antineutrino, according to the suggestion made by 
Konopinski, Mahmoud, and Nishijima.’® This means 
that 7 of (3.2) and » of (3.3) should respectively be 
written as »° and v*. This type of antineutrino y° 
accompanying the muon will have a negative helicity 
and the corresponding neutrino will have a positive 
helicity. These two will precisely occupy the components 
which are unused by the neutrino and antineutrino 
participating in the beta decay. 
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In accordance with our guiding idea that the helicities 
are a consequence of the underlying boson chirality, 
we should rather prefer to write simply w for the muon- 
accompanying neutrino, and assume w to have a nega- 
tive lepton number, which automatically implies that 
wu has a negative lepton number. This will serve exactly 
the same purpose. Then, a further (equivalent) variant 
of interpretation suggests itself. One can deprive the u 
and w of the lepton numbers and assign a positive muon 
number to w~ and w. Then, the muon conservation will 
forbid the undesired processes. We shall adopt this 
mode of description in the following. (3.2) and (3.3) 
will then be written as 


udecay: Hp=Gayy(1+ys)u-eyu(1+ys)v+H.c., (3.4) 


u capture: Hp=Gpyy(lt+ys)ni yu(l+ys)o+H.c. (3.5) 


The difference between the conventional formulation 
and this formulation is that the former describes the 
u decay, u capture, and m decay as 

pS e-Firie KORO Pe 
mt — pty, — (et+ort+vr) +01, 


(3.6) 


whereas the latter describes them as 


ut—estvrtor’; wtp ntoar; 
rt —uttw,— (et +,+or") +1, 


(3.7) 


where the suffices R and L mean positive and negative 
helicities, respectively. The Konopinski-Mahmoud- 
Nishijima scheme can be obtained from (3.7) by 
replacing wr and wy by vr and v_’, respectively. These 
three interpretations can hardly be differentiated by 
the current experimental methods. 

Our next task is to interpret the formulas (3.1), 
(3.4), and (3.5) which are all of the (V—A) type as 
corresponding to one of the three expressions (2.5c), 
(2.9a), and (2.9b) which are also of the (V—4A) type. 
First, with regard to the beta decay, one notices that 
if one identifies (3.1) with (2.9a) or (2.9b) it would 
imply a charged vector boson for which no renormal- 
izability is guaranteed. Identification of (3.1) with 
(2.5c) leads to the basic Hamiltonian (2.1) with a 
neutral scalar boson: 


H,=gp(1—ys)CéB+ gn(1—y5)CvB+H.c., (3.8) 


where G= |g ?/2mz,° in the local limit. (3.8) implies 


Bete+p, Beetvitn. (3.9) 


Next, in the case of uw decay, (2.5c), (2.9a), and (2.9b) 
will lead respectively to a charged scalar, a charged 
vector, and a neutral vector. In order to adhere to a 
renormalizable theory, we shall choose (2.5c). This 
implies the basic Hamiltonian : 


H,=ga(1—7ys)CéB’+ ga (1—ys)CvB’+H.c. (3.10) 


In the local limit, we have G=/g/?/2mp*. (3.10) 
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TABLE I. Properties of intermediary bosons. The dagger means 
I t aterm y ) a4 
the ‘‘antiparticle,” as defined in the text. 


B 


Electric charge 

Lepton number +1 
Muon number 0 
Baryon number +1 
Chirality +1 


implies the transformation : 
Beet; 


Finally for the u capture, the assumption (2.5c) leads 
to a neutral scalar, while both (2.9a) and (2.9b) lead 
to a charged vector. As before, we have to choose 
(2.5c), which corresponds to the basic Hamiltonian: 


H,=g" p(i—ys)Ca B" 
+¢”n(1—ys)\CaB"+H.c., 


Be ptr. (3.11) 


(3.12) 
which implies 


Bet t+p; B’Aertn. (3.13) 


In the local limit, one has G= | g’’|?/2mg,.?. It should 
be noted that the nucleon stability can be guaranteed 
only by assuming that the B particle and B” particle, 
though neutral, are represented by complex fields (thus 
differentiating particles from antiparticles) and that 
they have masses heavier than the nucleon. 

The basic interactions of bosons, (3.9), (3.11), and 
(3.12) show that these bosons carry baryon numbers, 
muon numbers, and lepton numbers. Their values are 
listed in Table I. The “antiparticle” Bt(B’t,B’’t) of 
the boson B(B’,B”) is to be considered as the quantum 
of the Hermitian conjugate field of B(B’,B’’). As can be 
inferred from the fact that [Y(1tys)¢]t= o(1F ys)y, 
the Hermitian conjugate of the B’s will have opposite 
chiralities. 

After having assigned these numbers to the bosons, 
one can examine all the possible Yukawa-type inter- 
actions allowed by conservation of electric charge, 
lepton number, muon number, and baryon number, 
assuming that the available fermions are nucleons, 
muons, electrons, neutrinos (w particles), and their 
antiparticles. One immediately discovers that there can 
be no other interactions than those which have been 
already considered in (3.9), (3.11), and (3.13). This is 
not a trivial fact, and should be construed as of one 
the satisfactory features of the present theory. For 
instance, the B particle, being neutral and carrying 
positive baryon number and positive lepton number, 
can create a pair (e-,p) or (v,m), but none other, 
when it disappears. 

The B particle bridges over the lepton and baryon 
families, the B’ bridges over the muon and lepton 
families, and the B” bridges over the baryon and muon 
families. The Konopinski-Mahmoud-Nishijima scheme 
can be obtained simply by equating the muon charge to 


AMD Ss. 
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the negative lepton charge in Table I. In this case also 
the conservation laws of electric charge, lepton number, 
and baryon number allow only the three basic reactions, 
(3.9), (3.11), (3.13), and none other (wz being identified 
as v°,). Thus, the uniqueness of the allowed interaction 
types is still upheld. The usual scheme implied by (3.1), 
(3.2), (3.3) is obtained by equating the muon charge 
to the lepton charge in Table I, and identifying wz, 
with v,. In the case, B and B” cannot be differentiated 
from each other, and the undesired processes cannot be 
forbidden. The electromagnetic interaction of the B’ 
particle is discussed in appendix. The requirement that 
the electromagnetic interaction be parity-conserving 
leads to the assumption of the existence of a fourth 
chiral B particle which may play an unknown role in 
the Fermi interactions involving strange fermions. One 
could avoid this unidentified fourth particle either by 
identifying (3.4) with (2.9b) for the uw decay or by 
assuming a chirality-conserving electromagnetic inter- 
action for the B’ particle. In the first of these alter- 
natives, the intermediary boson becomes a neutral 
vector for which renormalizability is no longer guaran- 
teed although it is free from the complication due to 
the electromagnetism. As regards the second alter- 
native, its possibility cannot be denied although it 
requires a further careful justification. 


4. COUPLING CONSTANTS, MASSES OF BOSONS, 
MICHEL PARAMETER, (z-e)/(z-u) DECAY 
RATIO, HYPERON INTERACTION 


All experimental results which support the current 
(V—A) theory support also the present theory.?*-*° In 
this section, we shall briefly discuss further comparison 
of the present theory with the experimental data. 

The considerations of the foregoing sections were 
based on the local limit : (7. B(x) Bt (x’) ])o —> — (i/ms*) 
X 6(x—x’) which amounts to assuming infinite masses 
of the intermediary bosons. Restoration of a finite 
mass of the boson not only has the effect of nonlocal- 
izing the Fermi interaction but also leads to a different 
mass-dependent relation between the basic coupling 
constants, g, g’, and g”, and the phenomenological 
Fermi interaction constant. In the case of beta decay, 
the unrenormalized Fermi constants, Fy and F4, are 
approximately connected to the basic coupling constant 
g by 

Fy =F 4=}(mp?— my’) |g|?, (4.1) 
where terms dependent on particle energy are neglected. 
From the conditions that there should be no term 
similar to the Fierz factor in the allowed beta decay™ 
and that the nucleon should be a stable particle, it 
follows that mg 2300m, as a sufficient condition. To 
determine g and mz separately, one will have to deter- 
mine experimentally the nonlocal effect due to the 
factor (T[ B(x) Bt(x’) })o. 

The assumption mg~~2300m, and the experimental 
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value, Fy=F4=1.01X10-(my)~, give!” 


| g|?/4=7.4X 1077. (4.2) 


For the « capture, one obtains 
Fy" =F 4"=4[mp?— (my—m,)?} | ¢"|2. (4.3) 


If one assumes mg~mp—~2300m,, the experimental 
value of the rate of u capture suggests that one can put 
gg. Concurrently with m+ yut+w, (3.7), there 
will also be, due to (3.1), the process 


at ap et+ VL. 


(4.4) 


Except for the nonlocal effect, the present theory differs 
from the two-component neutrino theory only in the 
name of the neutrino accompanying the z decay, allow- 
ing the same kinematical consideration as in the latter 
theory. Thus, the ratio of w-e decay to m-u decay is 
given by 


9 


[ (w-e)/ (a4-u) J~(m,/m,)*.1— (m,/m,)? |? 

~13.6K10-°. (4.5) 
The nonlocal effect due to (7{B’’(x)B’''(x’)])o and 
(T(_B(x)Bt(x’)])9 should not appreciably change this 
result insofar as mgCymg. A more detailed discussion 
of this problem is given by Oneda and Tanikawa.'* 
For the u decay, one has 


9 s\9 


Fy'’=F 4'=43(mp’?—m,2)— | g (4.6) 
The experimental value of the u-decay lifetime gives 


(4.7) 


|g’ | 2/4 (|g |2/4er) (mp?—m,2)/ (mp?— my”). 
g 


The nonlocal effect of the present theory tends to 
increase the Michel parameter (which is { in the local 
limit) to a value closer to the experimental value. 
Adaptation of Lee and Yang’s theory about the nonlocal 
effect on the p value” to the present case yields 


p=0.75+0.27(m,/mp-)’, (4.8) 


which gives p=0.79 when mg, is about 2.6m,.”" mp: is 
required by the present theory only to be larger than 
m,. The value mg-—~2.6m, and the value of mg used in 
(4.2) give, in virtue of (4.7), 


(4.9) 


ie |*/[g|2= 104, 


It is interesting to note that this ratio is approximately 
equal to the ratio of the two strong interaction constants 
for K production and 7 production, 


g’?| /|g?| —~eK?/g,’. (4.10) 


This may be construed as a kind of fine structure 
existing within each family of strong and weak inter- 

17 We define the Fermi constants Fy(=F4)=F by the expres- 
sion Fpyyp(1+-y5)neyp(1+-ys)v. 

18S. Oneda and Y. Tanikawa (Phys. Rev.), following paper. 

19 T, D. Lee and C. N. Yang, Phys. Rev. 108, 1612 (1957). 

»” This p value seems to be in agreement with the recent experi- 
mental values including the “local’’ radiative correction. The 
“nonlocal” effect on the radiative correction will not be very large. 
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actions. It is, however, to be admitted that the evalu- 
ation of the numerical values of the coupling constants 
g and g’ depends on the evaluation of mg and mp: 
which is by no means conclusive as of the present. 

The fundamental weak interactions of (3.8) and 
(3.12) could be extended to cover also the weak inter- 
actions of strange particles. The simplest assumption 
is that the interaction terms, 


gA°(1—ys)COB+H.c. (4.11) 


and 


gA°(1—ys)COB"+H.c., (4.12) 


should be added in (3.8) and (3.12), respectively. One 
can show that these interactions are responsible for the 
decay of A® and K, such as 


M°— p+a-, n+", (4.13) 


and 


K — 2n, 3m, etc. (4.14) 


The related problem is discussed in the following paper 
by Oneda and Tanikawa.'* 
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APPENDIX. CHIRALITY IN TENSOR 
CALCULUS AND CTP THEOREM 


We consider the full group G of congruent transfor- 
mations in the Minkowski space 


(u, p= 1, 2, 3, 4) (A.1) 


/ 
Xp = OyrXy, 


which leave x,%, invariant. Three quantities, o, 01, @s, 
are defined by 


=det(a,,), 
o,>= sign of 44, 


(a, B= 1, 2..3) 


o,=sign of det (as), 


which satisfy 
(A.3) 


oo.o,=1. 


Each of the three groups: o= (+1, —1), o.=(+1, 
—1), o,=(+1, —1), is homomorphic to the group G. 
More generally, any representation of the group = 


consisting of two elements, J and Z, satisfying 


o=+1, 
og=-—1, 


Z=Z1=12Z, 


Y=/, for (rotations), 
Z=Z, for 


P=Z2=I, 


(A.4) 


(inversions), 


is a nonfaithful representation of G. In a similar fashion, 
one can introduce >,;=(/,Z,) and 2,=(J,Z,), corre- 
sponding to o,=+1 and o,=+1. However, we limit 
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our discussion only to ¥ here, since the entire derivation 
which follows can easily be adapted to the other two. 
It should, however, be noted that the use of 2, and d, 
in the same way as & is used in the following will lead 
to a formalism which departs from the framework of 
CTP invariance. 

Let us write symbolically the transformation rules 
of “regular” tensors of any rank r as 


'= Al, (A.5) 


where A is just an r-fold juxtaposition of A,, of (A.1). 
There are three other irreducible representations of the 
same rank oA, o;A, and o,A. The quantities trans- 
forming according to these three representations have 
been named pseudotensors of the first, second, and 
third kind, respectively.2! We shall write 


'= Bt (A.6) 


to express any one of the four transformation rules 
considered. A tensor or pseudotensor is said to belong 
to the “plus class” or “‘minus class” according as all of 
its components remain unchanged or change their signs 
by the total inversion of four coordinates (which is 
incidentally a rotation in the present terminology). It 
is easy to show” the following rule: regular tensors and 
first-kind pseudotensors of even ranks and second- and 
third-kind pseudotensors of odd ranks belong to the 
plus class, while all other alternatives belong to the 
minus class. The CTP theorem of the field theory, as 
will presently be shown, is a direct consequence of this 
rule. This rule also shows that the regular and first 
kinds (as well as the second and third kinds) can be 
mixed as far as the class is concerned. As will presently 
become clear, this is the reason why the chirality 
operators can be defined within the frame of CTP- 
invariant theories. 

The chirality operator XY is defined as an operator 
anticommuting with Z of (A.4)*: 


[Z,X],=0, 
iXZ, this Y 


[7,X |=0, X*= 7, (A.7) 


If one introduces VY also satisfies (A.7). 
Thus, 
X= PV=a=Z=], XVZ=71i, 
; (A.8) 
[X,Y L=[Y,Z}).=(2,X],=0. 
It should be emphasized that the existence of one 
chirality operator implies the existence of two such 
operators. 
If B of (A.6) is a faithful representation of G, then 
YB is also one. Unless one uses a one-dimensional 


representation of 2 which is a, the new representation 


21S. Watanabe, Phys. Rev. 84, 1008 (1951); also S. Watanabe, 
Sci. Papers Inst. Phys. Chem. Research (Tokyo) 39, 157 (1941). 

# S. Watanabe, Revs. Modern Phys. 27, 26 (1955). 

*3 XY and Z were first introduced in the appendix of S. Watanabe, 
Phys. Rev. 84, 1008 (1951). In particular, ¢ and w in (A.51) there 
are chiral eigenstates, since they are interchanged by the parity 
operation. (A.50) there corresponds to (A.9) of the present paper. 
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is a reducible representation as far as G is concerned. 
However, it is not reducible for the enlarged algebraic 
system including X. Thus, we consider in the following 
the transformation of a quantity Q given by 


Q0— (Q’=ZBQ= BOQ, _ for rotations, 


A.9 
=ZBO, ies 


for inversions. 

Since Z?=J, there are two eigenvalues, Z=+/, and 
correspondingly two eigenvectors W,. The transfor- 
mation rule (4.9) for them is 


W,— BW,, W —cBW_ 


for all transformations, 


(A.10) 


since, for Z=—TJ, = is equivalent to o as can be seen 
from (A.4). Out of the four possibilities, B=A, oA, 
oA, oA, the first two (the last two) give the same 
transformation in (A.10) except that W, and W_ are 
interchanged. Note that oo,o,=1. Thus, without loss 
of generality, we can limit B to A and a@,A. The choice 
of these two is particularly convenient since we have in 
either case W, — +AW  , for space inversion, agreeing 
with the usual notion of parity. For B=A, W4 is a 
regular tensor and W is a first-kind pseudotensor. For 
B=¢,A, W, is a second-kind pseudotensor and W_ is 
a third-kind pseudotensor. 
Let us write more generally 


ZW4=42W4, XUg=2U3, YVi=Vy. (A.11) 
Further, in order to fix our representation, let us 
determine the phase relation between Wy and W_ by 
the condition }(¥+iV)W_=W,, as is usually done in 


the theory of angular momenta. This allows us to write 


U,=(W,42W_)N2, Vi=(WytiW_)/v2, (A.12) 


and 
XW.=Wse, 
YU,=F1U-, 
ZV i= Vz, 


XV,=+iVs, 
YW,=+iWs, 
ZU,=Usz. 


(A.13) 


A chirality change by parity operation and a parity 
change by chirality operation are explicitly expressed 
in (A.13). If QO in (A.9) is an eigenstate of a chirality, 
such as U, or V4, one can see that the rotations do not 
change the chirality whereas the inversions do change 
the chirality. For instance, 


X(ZBU,)=—ZBXUs,=F(ZBUx). (A.14) 


Let us now examine the concepts introduced above 
by concrete examples taken from spinor calculus. At 
first, we shall assume the mathematical definition of 
spinors, i.e., we shall assume that a spinor transforms as 


y—y'=Sy, (A.15) 


It is well known that Py, i~y,¢, idywe (where 2y,, 
=Yv¥»—YrY.) are then second-kind pseudotensors, i.e., 
equivalent to W, in (A.10) with B=o;A. On the other 


with 7,4 y=Sy5 1. 
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hand, ivysy, ivyuyys¢, and Wywyse are third-kind 
pseudotensors, i.e., equivalent to W_ in (A.10) with 
B=¢,A. This fact, however, does not determine the 
phase relation between W, and W_; therefore it does 
not lead to a unique definition of chiral eigenstates, 
although a chiral eigenstate must have a general form 
YO(1+e'*y;s)y¢, with a yet undetermined a, where O 
is 1, 77,4, Or 77y». To eliminate this ambiguity, one will 
have to invoke some physically observable fact. For 
instance, one can define V, by the requirement that 
the helicity of a ¢ particle be —1 when it is produced 
with an extreme relativistic speed through an inter- 
action involving V, (more precisely through its 
Hermitian conjugate term). This implies that V4 
=yO(1+y7s)¢, and this automatically determines the 
remaining five eigenstates in virtue of (A.12). 


W,: Pe, Vue, Vw; 

3 — se, — nse, — rere; oi 
V(1Fiys)¢, WyplFiyse, Wu(1Fiys)¢; 
Vitys)e, Vru(ltys)¢, Wuw(ltys)¢. 


The present covenant about the eigenstates is such that 
in V, the factor (1+y5) should stand before the 
“annihilated particle,” which is g in the expression 
(A.16). However, ¢ can be considered also as the 
creation operator of a ¢° particle, and W as the annihi- 
lation operator of a y¥° particle. Therefore, one may 
doubt whether the definition thus agreed upon still 
holds if the same quantity is written in terms of ¢¢ and 
y° instead of ¢ and wp as in (A.16). This possible 
ambiguity actually does not exist in the cases of a 
scalar and a tensor, for ¥(1tys)¢= 2°(14ys5)¥* and 
Wr uv ltys)¢= — Su (ltys)¥° in virtue of (2.6). In 
each case the same factor (1+ys5) is standing before an 
annihilation operator. However, in the case of a vector, 
one has Wy, (1ltys)¢= — o°y,(1Fys)¥’%, thus the chi- 
rality defined by the helicity of the annihilated particle 
changes in the second expression. To eliminate this 
ambiguity, one will have to resort to some kind of 
“charge,” such as electric charge, lepton number, muon 
number, baryon number, etc. If ¢ carries a positive 
“charge,” then ¢g° will carry a negative “charge.”’ In 
writing a tensor quantity in a form bilinear in spinors, 
one should then require that the positive ‘‘charge” be 
annihilated instead of the negative ‘‘charge”’ be created, 
or vice versa. By this agreement, the chirality value 
will be uniquely determined. 

The next question pertains to how one should 
determine the chiralities of the Hermitian conjugates 
of the quantities listed in (A.16). For instance, the 
Hermitian conjugate of P(ltys)¢ is S(1Fys5)y¥. In 
the first expression, the g charge is annihilated, 
while in the second the ¢g charge is created. This 
is obviously a different problem from the one con- 
sidered in the preceding paragraph. The agreement 
here must be so made that if ¢ and y carry the same 
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charge the agreement would not lead to a self-contra- 
diction. (The agreement of the preceding paragraph 
does not lead to such a self-contradiction even if ¢ and 
y carry the same charge.) This consideration leads to 
a simple rule for determination of the chirality of the 
Hermitian conjugates. One needs only compare the 
factors (l+y;) and (1+7y;) standing before the 
annihilation operator, when comparison is made be- 
tween a couple of mutually Hermitian conjugate 
quantities. According to this rule, one concludes that 
in the scalar and tensor cases, the Y-chirality changes 
by Hermitian conjugation while the X chirality does 
not change. In the vector case, the X chirality changes 
while the Y chirality remains unchanged. 

The above considerations about chirality refer only 
to a tensor quantity built from two spinors. The boson 
field quantities which appear in our theory are supposed 
to transform as one of the six quantities mentioned in 
(A.16), and to have chiralities as defined in these 
expressions. 

Coming back to the basic definition, (A.8), the 
relation XY YZ=i shows that any linear combination Q 
of W, and W_ (U, and U_ or V4 and V_) returns to 
its original value multiplied by a phase factor 7 by a 
successive application of Z, Y, and X. Thus, any 
product Q1(1)Q(2) is an invariant (including the phase 
factor) for YYZ. Any product of the type Q(1)Q(2) 
changes its sign by YYZ but retains its absolute value. 
This situation is somewhat analogous to the CTP 
theorem. In the well-established parity-conserving 
cases, the terms appearing in the Lagrangian are of the 
types: W,1()W,(1), W_T(1)W_(1), (free Lagrangian), 
W,()W,(2), (electromagnetic interaction of the spi- 
nor field), W_—(1)W_(2), (pion-nucleon interaction), 
{W_*(1)d,W_(1)—[0,W_*(1) JW_(1)} W4,.(2), (electro- 
magnetic interaction of pions). All these terms are 
characterized by the fact that they are invariant for the 
Z operation (including phase), and noninvariant for the 
X and Y operations. From the present standpoint of 


complete symmetry among the three operations, XY, Y Z, 
the allowed terms must be characterized by their being 
invariant for one of the three operations and non- 
invariant for each of the remaining two. Thus, the 
allowed Yukawa-type interactions must be extended 


to include U.(1)U.(2), U_(1)U_(2), V.(1)V(2), 
V_(1)V_(2), of which the first two are invariant for X 
and noninvariant for Y and Z, and the last two are 
invariant for Y and noninvariant for Z and X. 

If a chiral boson field, say V,, has an electromagnetic 
interaction, it will take the form {V,1(1)0,V,(1) 
—[d,V41(1) JV, ()}W,, which is noninvariant for any 
one of X, Y, Z. However, if there is another field V_(1) 
which has the opposite chirality to V,(1) but the same 
electric charge, then the total current due to V,(1) and 
V_(1) will have a positive parity, since V,(1) passes 
to V+(1) by parity operation, see (A.13). Thus, in 
order to make the electromagnetic interaction of the 
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B’-field parity-conserving, one is led to assume another 
chiral boson field, say B’”’ which forms a chiral doublet 
with B’. We cannot determine what leptonic, muonic, 
and baryonic charges (for that matter any charge other 
than electric charge) the B’” should carry. It is not 
excluded that such a chiral boson may have some role 
to play in a Fermi-interaction involving strange 
fermions. Another possibility is that the electromagnetic 
field can be decomposed into a pair of chiral fields, V 
and V_, and the V, part only may interact with the 
charged chiral B particle. 

It is of interest to consider again the analogy of Z/2 
to the z component of the spin of an electron. The 
four spin eigenstates of a two-electron system have then 
the following analogs: 

W_(1)W_(2), 
)+W_()W,(2), 
)—W_(1)W,(2). 


W,(1)W,(2), 
Ws(1)W_( 
W.(1)W_( 


2 
2 


The first two which are allowed in the present sense are 
characterized by the nonvanishing total z spin: [Z(1) 
+Z(2)]/2. The last two which are forbidden exhibit a 
spherical symmetry. The extension of this consideration 
to the x and y direction leads to the present criterion. 

So far, we have not considered charge conjugation, 
which necessarily involves Hermitian conjugation. 
Time reversal of the Wigner type in field-theoretical 
definition also involves Hermitian conjugation. Let us 
write symbolically the operation of charge conjugation 
as 


C: O— O’=e'CO. (A.17) 


although CQ is not a linear operation. This C is different 
from the C of (2.6). Then, the field-theoretically 
redefined time reversal is given by 


T: Q0-0'=e'"CTQ, (A.18) 


where 7» is the operator of time reversal defined from 
the mathematical point of view. The field-theoretical 
space inversion P is the same as its mathematical 
counterpart, Po. 


P: Q->Q’=e'"P9Q. (A.19) 


Combining (A.17), (A.18), and (A.19), one obtains 


Car: O— QO! =eilnctart PT PQ, (A.20) 
by virtue of the commutability of C and T) and C?=1. 
Formulas (A.17) through (A.20) are general rules 
applicable to any tensor quantities of any given rank 
and any given kind.*4 

Now according to the theorem mentioned before re- 
garding plus and minus classes, we have TpPo= (—1)"™*# 
for second and third kinds, and T)>Po= (—1)’ for regular 
and first kinds, where r is the rank of the tensor Q.” 
The “kind” here means the one defined by the ‘“‘mathe- 


%S. Watanabe, Revs. Modern Phys. 27, 40 (1955). See, in 
particular, Sec. 4. 
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matical’ transformation. From this one _ obtains 


immediately the CTP theorem*>.6; 
CTP: OQ Q’=eilnctartap) (—1) 419 
for second and third kinds 
= ei(actartop) (—1)'O 
for regular and first kinds. 


(A.21) 


It can easily be seen that this rule is internally consistent 
for multiplication of two tensor quantities of any ranks 
and any kinds with or without contraction. A scalar 
quantity, such as a term in the Lagrangian, obeys this 
rule with r=0. The eigenstates of X and Y are a 
mixture of second and third kinds or a mixture of 
regular and first kinds. Therefore the rule (A.21) still 
holds for them. It is now obvious that the use of 2, and 
2, would violate the CTP theorem, since the chirality 
operators defined by them would mix the two lines of 
(A.21). 

Let us observe more closely the transformations 
(A.17), (A.18), and (A.19) in the special cases where Q 
is bilinear in spinors, i.e., of the form POg=ytyO¢. 
Let us understand in (A.17) that CQ means the quantity 
which is directly obtained by g—¢*° and yy 
where yg and y* are defined by (2.6). (This implies 
e‘x=1 for g=y.) Then, in general, CO=+( if O is 
one of the well-known six operators. We can add or 
eliminate the imaginary unit to or from O so that 
CQ=+0'. Ws and W_ in (A.16) turn out to satisfy 
precisely this condition, i.e., CW.=W4!. Disregarding 
in (A.17) the factor e‘*% which can be considered as an 
arbitrary gauge transformation for y and ¢ and which 
is a common factor to all the quantities, one then 
obtains 


C: Wi Wyt, Us U4, — Vs. 

As we have seen before, the Hermitian conjugation 
itself entails the X-chirality change in the vector case, 
and Y-chirality change in the scalar and tensor cases. 
(A.22) means that in addition to this, charge conjuga- 
tion entails the Y-chirality change. The results (A.22) 
are obtained in the case where ( is bilinear in spinors, 
but our basic assumption is that any boson field 
quantity that appears in our theory behaves like one 
of those Q’s which are bilinear in spinors. 

The results (A.22) lead to a useful conclusion. First, 
one has to note that if a quantity Q appears in a 
Lagrangian, it is necessary that its Hermitian conjugate 
(' also appears in the Lagrangian. If the chiral boson 
is in an X eigenstate, U,, then Ux as well as Ux1 will 
appear in a Lagrangian. The same is true for the 
quantity that multiplies Us, in the Lagrangian. Now 
(A.22) shows that Ux will pass to Ust by charge 

26 For special case where Q is bilinear in spinors, see Table III 
in the paper quoted in reference 24. If the two spinors are the 
same, then e#("+"7) = —1, e*"P=1. pcprpm of the table is equal to 
—(—1)r+! which agrees with the first line of (A.21). 

26W. Pauli, in Niels Bohr and the Development of Physics, 
edited by W. Pauli (Pergamon Press, Inc., London, 1955). 
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conjugation. Consequently, a theory that uses Ux is a 
C-invariant (therefore 7P-invariant) theory. Next, To 
and Po defined by mathematical definition change both 
X chirality and Y chirality. (Incidentally, CTP=T)Po 
thus conserves both chiralities.) Now, (A.22) shows 
that C results in Hermitian conjugation accompanied 
by Y-chirality change. Consequently CP)>=CP and 
CT =T will result in a simple passage from Vx to its 
Hermitian conjugate Vt. Thence, one concludes that 
a theory that uses Vy is a T-invariant (therefore 
CP-invariant) theory. Obviously, it is possible to 
define a chirality so that its eigenstate has the form 
YO(1-+e'*y5)y with an arbitrary real a. Such a theory 
in general will be only CTP invariant. 

There are two apparently different prescriptions to 
perform 7. One alternative, adopted by Pauli®® and 
one of the authors (S.W.),?’ is as follows. When Q 
=gPO¢ is given, one first takes (gOg)’=gy707Y', 
and then applies g? > e'* gyaysC and 7 > e—8Cy sy). 
Thus, 


a: gyO¢ — gei@ 8) Syays(C OC) ysyu. (A.23) 


Another alternative, adopted by Liiders,?* Lee, Oehme, 
and Yang,” can be derived from the first alternative in the 
following way. If there is Q=gYO¢ in the Lagrangian, 
then there will also be its Hermitian conjugate Qt 


27 See paper quoted in references 21 and 24. 


28 G. Liiders, Kgl. Danske Videnskab. Selskab. Mat.-fys. Medd. 
28, No. 5 (1954). 
* Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957). 
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= g* gy,O'yw in it. Applying (A.23) on Qt, one obtains 
gre’ FP @ by yy5(C—yO'ysC) ysyae. Liiders proposes to 
compare this not to Qt but to Q. Thus 


T: gWOe — gre’ ®-OPyyys(CyOtysC) ysyay. (A.24) 


Now, if one uses the representation in which (yq‘)? 
=a (a=1, 2,3), (vat)? =—Y4 and (ys')"=—ys, then 
(C~y,Oty.C)? can be obtained from O by replacing 
each y; (i=1, 2,3,4,5) involved in O by (y,*)?. 
Thus, (A.24) can be formally expressed as p> €~ “ys 49, 
VY — e®Pywys, yi (7:')7, g—g*. The transformation 
rule (A.24) leads to a conclusion apparently contradic- 
tory to the result obtained in the foregoing with regard 
to the effect of T on the chirality eigenstate. For in- 
stance, we obtain 


T: W(itys)¢— o(1—ys)y, 


present formulation 
V(1+ys)¢— V(1+5)¢, 


The present formalism implies a chirality change by 7, 
while the Liiders formalism implies no chirality change 
by T. However, this paradox is obviously only a matter 
of convention. Indeed, if there is ¥(1+ys5)¢ in the 
Lagrangian, there will also be ¢(1—y;)y¥ in it. The 
difference lies only in pairing of two quantities when 
comparison is made. The physically observable results, 
of course, do not depend on this difference in interpre- 
tation. It is needless to say that our previous statement 
regarding the T invariance of the theory is independent 
of this difference in convention. 


(A.25) 


Liiders. 
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Consequences of the theory of renormalizable weak interactions caused by intermediary chiral bosons are 
further investigated with regard to the decay processes of the pion, K meson, and hyperons. It is shown that 
all those aspects of weak couplings which can be satisfactorily explained in terms of the local Fermi inter- 
action with V—A combination can be equally well reproduced by the present model. Furthermore, on 
account of the convergence of the present theory, the results of computations are less ambiguous than those 
obtained from the local Fermi interaction model. Finally some possible experimental tests of the theory, 
mainly by the use of the nonlocalizability of the lepton interactions inherent in this theory, are discussed. 


I. INTRODUCTION 


T is well known that the renormalization theory has 

been proven to be quite successful insofar as the 
electromagnetic and possibly the r-mesonic interactions 
are concerned. However, one of the striking features of 
the weak couplings, besides the fact that they are not 
invariant under space reflection and charge conjuga- 
tion,' is that all the phenomenological forms of weak 
interactions suggested by recent experiments belong to 
unrenormalizable types. The situation may best be 
exhibited by the fact that the present experimental 
results seem to find their simp‘est and most unified 
phenomenological description in the so-called universal 
Fermi interactions of V—A combination? which are 
known tobe unrenormalizable in the current field theory. 
In fact, the Yukawa-type interactions like the t > u+v 
and K— y+» decay, for which renormalizable forms 
can be presumed, do not seem to play the role of a 
primary interaction. This is because the former would 
not explain the process? u~+p— n+» and the latter 
could not be made responsible for the K — u+v+r7 
decay.‘ Moreover, if we assume that the parity violation 
in the hyperon decays occurs through its extremum 
form, 1+7s, which preserves the time-reflection in- 
variance, the unrenormalizable derivative-type Yukawa 
interaction is favored by experiments as the effective 
A°-decay coupling, since it predicts the angular dis- 
tribution of the pion produced in the polarized A°-decay 
consistent with recent experiments.® Under these signifi- 
cant circumstances, two distinct points of view may be 
conceivable. One is to accept this unrenormalizability 


* On leave of absence from Kanazawa University, Kanazawa, 
Japan. 

Tt On leave of absence from Kobe University, Kobe, Japan. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2E. C. G. Sudarshan and R. E. Marshak, Proceedings of the 
Padua-Venice Conference on Mesons and Newly Discovered Par- 
ticles, September, 1957 (to be published) and Phys. Rev. 109, 1860 
(1958); R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958); J. J. Sakurai, Nuovo cimento 7, 649 (1958). 

3Twata, Ogawa, Okonogi, Sakita, and Oneda, Progr. Theoret. 
Phys. 13, 19 (1955); S. Ogawa, Progr. Theoret. Phys. 13, 367 
(1955); J. L. Lopes, Phys. Rev. 109, 509 (1958). 

4 d’Espagnat, Omnes, and Prentki, Nuclear Phys. 3, 471 (1957); 
S. Oneda and S. Kamefuchi, Nuclear Phys. 4, 301 (1957). 

5 F. S. Crawford et al., Phys. Rev. 108, 1102 (1957); F. Eisler 
et al., Phys. Rev. 108, 1353 (1957). 


as a fundamental feature® of the weak interactions; the 
other is, assuming that all basic primary interactions 
should have renormalizable forms, to speculate that all 
phenomenological weak reactions are caused by some 
unknown intermediary bosons.’ If one takes the latter 
standpoint, one is naturally led to conjecture a possible 
relation between the parity nonconservation of weak 
interactions and the properties of the bosons which 
exist only as the medium underlying the weak reactions. 
Such attempts have recently been made by one of us 
(Y.T.) and Watanabe.* (Hereafter this paper will be 
referred to as I.) 

So far, the consideration of renormalizable weak 
interactions might have been regarded as having only 
an academic interest since the lowest order perturbation 
would yield sufficiently correct predictions for weak 
interactions. However, as our knowledge about the 
nature of the weak interactions becomes more and more 
accurate with experimental progress, the choice be- 
tween the renormalizable theory and the unrenormal- 
izable theory cannot remain a purely academic problem. 
Thus we feel that it is a worthwhile task to investigate 
the consequences of the renormalizable theory in some 
detail. In this paper the consistency of the model 
proposed in I is further examined with regard to the 
higher order processes like the pion, K meson, and 
hyperon decays. It is shown that the theory reproduces 
almost all the qualitative successes of the direct Fermi 
interaction with V—A combination. Further, the 
quantitative results are obviously more unambiguous 
in the renormalizable theory since the interactions in 
this theory are less singular than in the theory based on 
the primary Fermi interactions. In particular, in this 
theory all boson decays involving leptons are, in the 
lowest order, free from divergence and we need not have 
recourse to a complicated renormalization procedure at 


6 For instance, see Umezawa, Konuma, and Nakagawa (to be 
published). 

7H. Umezawa, Progr. Theoret. Phys. 7, 551 (1952); S. Tanaka 
and M. Ito, Progr. Theoret. Phys. 9, 169 (1953); Y. Tanikawa, 
Proceedings of the International Conference of Theoretical Physics, 
Kyoto and Tokyo, 1953 (Science Council of Japan, Tokyo, 1954), 
p. 369 and Progr. Theoret. Phys. 10, 232, 316 (1953); Y. 
Tanikawa, Phys. Rev. 108, 1615 (1957). 

8 Y. Tanikawa and S. Watanabe, preceding paper [Phys. Rev. 
113, 1344 (1959)]. See also J. Schwinger, Ann. Phys. 2, 407 (1957). 
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all.’ It is quite possible that the experimental data in the 
near future will require definitive, quantitative theo- 
retical predictions for comparison. The present theory 
necessarily exhibits nonlocalizabilily with respect to the 
lepton interactions, which may prove to be instrumental in 
testing the reality of the picture of weak interactions 
implied by the present standpoint. Some of the circum- 
stances in which such nonlocalizability may become 
observable are examined in the following (especially in 


Sec. VII). 
II. THE BASIC INTERACTIONS 


First we briefly summarize the basic interactions 
introduced in I to explain the weak reactions between 
nucleon, pion, and lepton systems. For details of the 
deduction, the reader is referred to I. We introduce 
neutral bosons in a chirality eigenstate and require that 
the basic interactions are invariant for the chirality 
operation.” The conservation of leptonic as well as 
baryonic number is also assumed. The interaction 
responsible for the 6 decay, n — pt+e~+y%, is 


H,=g{p(1—ys)e-°+2(1—ys)v°} B+H.c. (1) 


The lepton number is defined by assigning +1 to the 
electron (e_) and neutrino (v). e_°, for instance, denotes 
the charge conjugate field of e_, e_°=Cé_, and describes 
an emission (annihilation) operator of an electron 
(positron)."" Then the B meson is a chiral (spin zero) 


neutral boson with a baryonic number +1, leptonic 
number +1 and chirality +1. The antiparticle B* 
(complex conjugate of B field) has opposite signs for 
these quantities. By emission and reabsorption of B 
particles, the interaction (1) leads approximately to 
the effective 6 coupling with V—A combination: 


g 
DY u(At+ys)névyu(1 +75)». (2) 
2(mp?—m,”) 


From the free 8-decay rate, the coupling constants, Fy 
and F4, of the direct Fermi interaction with V—A 
combination are evaluated (in the units #=c=1) as 


Fy| =|F4| =1.01X 10-5(m,)-?=1.8X10-7(m,)-?. (3) 


Thus the coupling constant g and the mass of the 
B meson, mz, are approximately related to the Fermi 
coupling constants by 
g 2 
=|Fy 
2(mp’—m,”) 


= 1.01 10-*(m,) 


For the tentative value mz=2300m,, g is given by 
g|?/4r=7.4X10-". (5) 


® See, for instance, S. Weinberg, Phys. Rev. 106, 1301 (1957). 

10S. Watanabe, Nuovo cimento 6, 187 (1957); S. Watanabe, 
Phys. Rev. 106, 1306 (1957); Y. Tanikawa and S. Watanabe, 
Phys. Rev. 110, 289 (1958); H. Umezawa and A. Visconti, 
Nuclear Phys. 4, 224 (1957). 
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For the u~ capture by nuclei, we introduce the following 
interaction mediated by the B” meson: 


eg {p(l—vys)uy,+0(1—y5)v} B’+H.c. (6) 


Here we take the u* as a particle (lepton number +1) 
and so this neutral (spin zero chiral boson B” with 
chirality +1 is characterized by a baryon number +1 
and a lepton number —1. It should be noted that this 
formalism requires a four-component theory for the 
neutrino field. To make a distinction between the pv 
spinor before which the factor (1+-y5) stands as in (2) 
and the v spinor before which the factor (1—~y5) stands 
as in (6), the latter has been denoted by w° in I. In the 
present paper, we shall use a single symbol v, assuming 
this to have four components. These two alternative 
ways of description are effectively equivalent. The 
interaction (6) describes the w~ capture process as 
uo +p— n+v_°, where vz‘ describes a left-handed anti- 
neutrino. The reason why we should not replace e_ just 
by w— in the interaction (1) is that the interactions of 
B with e~ as well as w leads to an unwanted reaction 
uw +p— pt+e-. The coupling constants g’” of (6) and 
mp are related to the coupling constants, Ey= E4, of 
direct Fermi interactions with V—A combination for 
the u-+ p — n+ process by the following approximate 
relation: 


=|Ey|=!|Ea|. (7) 
2{mp?—(m,—m,)?} 

The precise value of Ey is not yet known. It is, however, 
tempting to assume a symmetry between B and B”, 
mp=~mp and the universality of coupling constants, 
g|~/g’’|, more or less in analogy, in spirit, to the 
assumption of the universality of Fermi interaction 
constants (Fy=F4=FEy=E,4). At any rate, the inter- 
actions (1) and (6) have quite a similar character and 
the distinction between B and B” may be only in the 
leptonic numbers. 


Ill. THE PION DECAYS 
ety! 


decay will occur through the interaction (6). The 
general form of the Feynman diagram for this process is 


According to the present standpoint, the rt - 


given by Fig. 1. The black box represents an effective 
pion-nucleon interaction. The wt and v° are emitted 
from different vertices (nonlocal) which are mediated 
by B”’ field. In contrast to this, if we take the usual 
direct Fermi interaction, »-+p— n+», the outgoing 
uw and y are directly emitted from the same vertex (see 
Fig. 2) unless we include electromagnetic corrections. 
The matrix elements according to the direct Fermi 
interaction exhibit the well-known divergence.” It 
should be noted that in the present model, the propa- 
gator of the B” meson effectively serves the purpose of 
a relativistic cutoff, and all the weak decay processes 


12 For the ) —A Fermi interaction, the divergence is logarithmic, 
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Fic. 1. Feynman diagram 
for the interaction (6). 








of bosons involving leptons, like > w+», K— u+», 
and K — e(u)+v+7, etc., become always convergent. 
The matrix element of Fig. 1 takes the following form 
of an effective derivative-type Yukawa interaction: 


OM = fii, (Ri) (1+75)(R-y)v (Re) oe (h), (8) 
where 


| ; lg” |?) 72,3 My, 
El OO 
(4)! dr a/ (mp?—m,? 
{ 2m p:* Mm RB 
~{——— in(~"") 1] +0], (9) 
My, 


Mp? — mM," 
k, denotes the energy momentum four-vector of the 
uw meson so that k,y’=—m,? and (k-y) means a scalar 
product constructed from kq and ya, a=1, 2, 3, 4. © in 
(9) represents the quantities which are smaller than the 
leading term of (9) by a factor of the order of (—,*)/M? 
=m,?/M? or of —(kik2)/M?=(m,?—m,?)/2M*, where 
M is a parameter which satisfies m,?<M*?<mg,-’. In 
deriving (8) and (9) we have written the contributions 
of black box of Fig. 1 as Gys and regarded G as the 
coupling constant of the effective pion-nucleon inter- 
action. It can be easily proved from general arguments 
that, even without taking the above procedure, the form 
of the matrix element always reduces to the one given 
by (8) using the equation of motion of the » meson and 
neutrino. Strictly speaking, G, in this case, would 
depend on the mass of the » meson. This, in fact, comes 
from the nonlocalizability of our lepton interactions and 
in the direct Fermi interaction model the black box of 
Fig. 2, which corresponds to f of (8), does not depend 
on the lepton mass. In this paper, however, we shall 
treat G as a mere constant. Putting G equal to the 
renormalized coupling constant of the pion-nucleon 
interaction” (G?/4a~ 15) and using the value of g’’(~g) 
given by (5) (taking mg, ~mp~2300m,), we get a 
mean life +(#+ — w*++v)~2.7X10-* sec which is very 
close to the experimental value of the pion mean life 


8 This is not strictly correct but should be permissible for the 
present purpose. 
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2.5X10-* sec.* We have neglected the term © in this 
computation. Replacing the u,, v%, g’”, and mg by 
e_, v, g, and mg, respectively, the matrix element for 
the process r+ — e++ , is obtained. The form of the 
matrix element SM given by (8) is the same as that given 
by the direct V—A Fermi interaction except for the 
numerical factor f which is now convergent. The leading 
term of f is the same for both r—> yw and r— e decays 
if we assume |g|=|g”’| and mg=mp, whereas the 
terms © now depend on the masses of leptons. This is 
also due to the nonlocal structure of our lepton inter- 
actions. However, this effect (under the approximations 
made here such as the neglect of the possible dependence 
of G on lepton masses and the neglect of the electro- 
magnetic corrections) turns out to be too small to give 
an appreciable change in the well-known theoretical 
ratio of r— e to r— uw decay, R~1.36X 10, given by 
the universal V—A Fermi interaction or the universal 
derivative-type Yukawa interaction.?* That is, the 
inclusion of the terms © now gives the ratio 

R=W (x-— e)/W (x — vw) =1.36XK10"X (1—a), (10) 
where a=2X10~. 

Next we discuss the radiative process 


1 (pr) o— e+(ky)+ v(ko)+7(k). 


There are essentially three different diagrams in which 
the initial pion, the intermediate charged particles (in 
the lowest order, the proton), and the outgoing electron 
emit a photon with energy-momentum four-vector k. 
The inclusion of all contributions from these diagrams is 
essential for deriving the following result. Neglecting 
the terms of order m,?/M?* (m,?<M?<mz,’) we get, in 





Fic. 2. Feynman diagram for the 
usual direct Fermi interaction, 


wot+p >n+y, 








WM) 


-» ¥ 





“Tt is interesting to note that for the V—A Fermi interaction 
we get nearly the same result by introducing a Feynman con- 
vergence factor K*/(g*+-K?) (q is an internal momentum) with the 
cutoff chosen also to be of the order K=m, [S. B. Treiman and 
H. W. Wyld, Phys. Rev. 101, 1552 (1956)]. Using dispersion 
theory, it has been shown that the direct V—A Fermi interaction, 
u-+p— n-+y, together with the pion nucleon interaction could 
account for the probability of the pion decay [M. L. Goldberger 
and S. B. Treiman (to be published) ]. In this connection it may be 
interesting to apply a similar technique to the present model. 

15Tt would be interesting to examine whether the corrections 
which are neglected change the ratio R appreciably, but this is 
beyond the scope of the present paper. 
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lowest order perturbation theory, 

__igl? v2 mm. 

m= teG— —é, (hi) (1+-76){3(k-7) (he-€) 
M? 24(2)? M? 


—3(e-) (kok) +2(pe-k) (e+) }v°(Re) ee, (11) 


where €, denotes the polarization four-vector of the 
photon and m,?<M*<m,*. We have neglected the 
electron mass. For the sake of comparison we give the 
corresponding results obtained from the direct axial 
vector Fermi 6-decay interaction," 


v2 ps 
MM = 1eGF 4——m,——é (hi) ys(e-) v(ke) x. (12) 
6(2r)?—sm,? 

Note that new factors of the form such as (k-y)(ke-e) 
— (ey) (kek) could appear in (11) which were absent 
in (12). This also comes from the nonlocalizability of 
our weak interactions. Namely, in deriving (11), three 
vectors, say, pr, k, and ks, could be treated as inde- 
pendent in constructing the matrix elements; whereas 
in (12), only two independent vectors, say, ps and k, 
need be considered as long as we take a first order per- 
turbation with regard to the weak vertex. Such a non- 
local effect may be appreciable, in particular, for the 
a — ut+tv+y decay, which may become instrumental as 
a possible test of the present theory. The ratio of 
n—e+v+y tom— uty decay computed from (9) and 
(11) would be of the order 10~7-10-$ which may be con- 
sistent with the present experiments.'® Thus it may be 
said that the present model is not inconsistent with the 
pion decay phenomena. 


IV. THE K-MESON DECAYS INTO LEPTONS 
(1) Inclusion of Strange Particles 


In order to include the decays of strange particles in 
the present theoretical formalism, we have to extend the 
interactions (1) and (6). The fact that the intermediate 
chiral bosons B and B” are neutral makes it rather hard 
to forbid many unwanted processes. At the moment, 
we should be satisfied by a minimum extension of the 
theory which is still sufficient to derive all the known 
strange particle decays consistent with the change of 
strangeness by one, | AS| =1. Thus we add to (1), 

giAo(1 —75)v°B+H.c., (1’) 
and to (6) 

goAo(1—ys) vB" +H.c. (6’) 
It may also be harmless to replace the A° by 2° or by a 
linear combination of the A° and 2°.!7 A direct conse- 


16 Cassels, Rigby, Wetherell, and Wormald, Proc. Phys. Soc. 
(London) A70, 729 (1957). 

17 The inclusion of such terms as {3,.(1—~ys)e_°+5_(1—ys5)u_}B 
+H.c. and {3_(1—ys)e_-+3,.(1—ys)u,}B’+H.c. may give rise 
to non-neutrino processes such as K+ — at+yt(et)+y"(e), 
K > wtt+ut(et)+e-(u-), and 2+ > ptet(ut)+e>(u-), etc., un- 
less we devise some special combinations of interactions which 
would give destructive interferences for these unwanted decay 
processes. 
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Fic, 3, Feynman diagram 
for the decay K+ — ut(k,) 
+v1°(ko). 











quence of the above restriction by which only the A° or 
possibly ° is responsible for the basic weak interactions 
(1’) and (6’) is that there will appear a great asymmetry 
in some of the decay processes. For instance, the 
decay modes 2+ — n+ e+ (u*)+(v°) and K+ — xt+nt 
+e—(u-)+v°(v) will not occur, whereas the decay modes 
L—nte(u-) + %(v) and Kt-art-+-a-+ et (ut)+ v(r°) 
will.!8 The existence of both interactions (1’) and 
(6’) is necessary in order to yield the decay modes 
K— ut+v+n and K > e+v-+7, simultaneously. 


(2) The K —wu+v Decay 
Analogously to the r— y+» decay, the decay K+— 
ut(ki)+v°x(ke) occurs asa g’’go process (Fig. 3). Expand- 
ing the matrix element in terms of k,?/M?=—m,?/M? 
and (kyk2)/M?=—(mx?—m,2)/2M? (m,2<M?<myp-?) 
(this is not so good an approximation as in the case of 
mx decay but would probably be sufficient for the 
arguments of the order of magnitude), we get a con- 

vergent result 
Me ~ fis (ki) (1+-y5) (ky) v(ke) ox (k), 

where 


lel Ie) 
ty! 3 


For the K-A-N interaction we have assumed 
Gx (AvysnKo*+AvyspK,*)+H.c. 

For the K-A-N interaction of the scalar type, 

Gx(AonKo*+AopK,*)+H.c. (15) 


we should replace ma in (13) by —ma. 
Again the form of (13) is a derivative-type Yukawa 


18S. Oneda and S. Kamefuchi, Proceedings of the Padua-V enice 
Conference on Mesons and Newly Discovered Particles, September, 
1957 (to be published), Appendix. 
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Fic. 4. Feynman dia- 
gram for the decay 
K*(pr) — et (ki) 

+p(ke)+7(k). 





interaction, and thus the K — e+, decay, which could 
occur as a gig process, would be about 10~° times less 
probable’ than the K—>y+yv decay provided that 
g1| ~|go| and {g| =|” 


If we assume that | g| =| gi| = | g2|, the experimental 


value of the partial decay mean life, 7(K — y+ ) 
= 2.08 10-* sec, would require, in the above approxi- 
mation, Gx’?/4r~1 to 3 for the “ys” type interaction 
(14), and Gx*/4r=7 to 17 for the “1” type interaction 
(15), according to the range of variation of the value 
of the parameter M. 

Consequently if the K-A-N interaction is of the 


“vs” type (14), and if Gell-Mann and Schwinger’s 
conjecture on global symmetry” of strong interactions 
are correct (Gx? is about ten times less that G*), then 
the tentative assumption |g”! =| go to be 
consistent. Conversely, we might assume that | g;/? and 
go? are about ten times less that | g’’|?(~!/g/*) and 
that |G/)?=/Gx/? (universal strong ‘“‘y;’’ interaction). 
In this case the A°— pte (uw )+v mode would be 
about ten times less probable than the lifetimes pre- 
dicted by the V—A Fermi interaction. This might be 
favored by the recent experiments on the A°— p 


+e~(u-)+v decay.” 


seems 


(3) The K— e+v+-2 and K — u+v+=- Decays 

The K+(px) — e* (ki) +7(k2)+2(k) decay could also 
take place (see Fig. 4). The form of the matrix element 
turns out to be of the form 


M=Ge(ki) (Rey) (Atys)v(keex(prigr(k), (16) 


where G is a numerical constant of the form Go(1+0). 
We put the electron mass equal to zero. The form of (16) 
is the same as that given by the V—A Fermi interaction 
except for the fact that the terms © of the order Q?/M? 
(Q is an available kinetic energy of this decay process) 
depend not only on (px-k) but also on (px-k,) and 


19M. Gell-Mann and J. Schwinger, Proceedings of the Seventh 
Rochester Conference on High-Energy Nuclear Physics, 1957 
(Interscience Publishers, Inc., New York, 1957); M. Gell-Mann, 
Phys. Rev. 106, 1296 (1957). 

* Freden, Gilbert, and White, Bull. Am. Phys. Soc. Ser. II, 3, 
25 (1958). 
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(k-k1), whereas for the local V—A Fermi interaction © 
depends only on (px-k) as long as we keep the lowest 
order for the weak vertex. This is useful for the possible 
detection of the nonlocalizability of lepton interactions 
in these decay processes (see Sec. VII for detailed 
discussions). The branching ratios of the K — e+v-+7 
to K-—+y+v decay computed from (13) and (16) 
neglecting the terms © are of the order of roughly 20% 
for both the interactions (14) and (15), which are a bit 
larger than the experimental value (~10%) but may 
be satisfactory in view of our crude calculations. The 
frequency of K — u+v+r7 will be comparable with that 
of K — e+v+r. Note that the interactions (1’) and (6’) 
predict W(K;°— e t4ytaoet)—W(K," — et+y+7a7) 
=W (K+ — et+7+7")X2, etc., for these reactions. 


V. TWO NEUTRINO DECAY PROCESSES 
OF THE K-MESON 


In the present theory, the neutrino is always longi- 
tudinal so that the K,;°— v+ 7 mode and the K." > »v+ d 
mode are always forbidden.” However, the K+ — xt 
+v+ 7% decay may take place through the interactions 
which we have introduced in this paper and its fre- 
quency would not be so different from other three-body 
decay modes of the K meson. Experimentally, the 
existence of this mode does not seem to be completely 
extablished at present.” If this decay mode is ruled out 
by future experiments, it may present a difficulty for 
the present model, and we would, at least, be forced to 
replace the interactions (1’) and (6’) by more compli- 
cated ones. 

VI. THE HYPERON DECAYS AND K-MESON 
DECAYS INTO PIONS 


(1) Hyperon Decays 


The hyperon decays could also take place without 
introducing further types of interactions. That is, we 
may think of such channels as shown in Fig. 5 which 
occur through the intermediary of the combined effects 
of interactions (1),(1’) and (6),(6’). The black box 
again denotes the effective pion-nucleon interaction 
which we characterize as Gys. The general form of the 
matrix element given by Fig. 5 is as follows: 


M= — fp(q)(k-v)(A+ys)Ao(p) ¢x(k) 
= —1fp(q){(matm,)yst+(ms—m,)}Ao(p) ¢x(k). (17) 
»Y - val wdemneions 
7 i 


Y 


Fic. 5. Feynman decay for the hyperon decay through the 
intermediary of the combined effects of interactions (1),(1’) 
and (6),(6’). 


Wik) 








21S. Oneda, Nuclear Phys. 3, 598 (1957). 

2 See, for instance, M. Gell-Mann and A. H. Rosenfeld, in 
Annual Review of Nuclear Science (Annual Reviews, Inc., Palo 
Alto, 1957), Vol. 7, p. 407. 
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First it should be noted that this form is indeed equiva- 
lent to the derivative-type Yukawa interaction. It is 
known that this form of effective coupling is con- 
venient®* for explaining the observed angular distribu- 
tion 1+-a cosé (a~0.5) of the A°-decay,® where @ is the 
angle between the direction of the decay pion and the 
direction of the A° polarization (in the A° rest system). 
For the Yukawa-type direct (renormalizable) interac- 
tion p(1i+rys)Ao¢g,+H.c., r must be as large as 10 in 
order to get such a large asymmetry factor. In Fig. 5, we 
discarded those corrections that are due to strong 
interactions between the initial hyperon and the black 
box or intermediate neutron or final proton. Under 
similar approximations, it has been pointed out™ that 
the V—A Fermi interaction could also reproduce the 
effective coupling of the form (17). 

As a matter of fact, the numerical factor f of (17) 
contains a logarithmic divergence. We could separate 
the divergence by taking, for instance, the following 
renormalization procedure: There is no primary weak 
interaction of the form hkyVapIaert+H.c. where /) is an 
“absolute” constant (that is, the renormalized constant 
his zero). By this requirement, f turns out to be (taking 


gi=le"|=/g1|=!g2}=!g! and mp=mp) 


g\ G 1 
J -( ee Qn)! 


mp” 


3my°—mp  (mz?— m4")? 
x | ——————__+————— In -- . (18) 
my?—m,2 mx! mp— my" 


Then the partial lifetime of the A°— p+ 
given by 


decay is 


T(A° > p+) =1.4X10 10 sec, (19) 


or ~14X10-" sec [if we take | g:/?= | go|?= (1/10)! ¢/? 
= (1/10)| g’’|?] which is not very far removed from the 
observed value 4.3X 10~" sec. 

In the present model concerning the hyperon decay 
and K-meson decay into pions, the source interaction 
of the transitions, |AS|=1, is the transition between 
the A° and the neutron through the intermediary of the 
B(B") and neutrino fields. This amounts to stating that 
these decays satisfy the rule | AJ| =} (J is isobaric spin) 
as long as we neglect the electromagnetic corrections. 
Thus the branching ratio of the A decay would be 


W (A° > n+72°)/W(A° > p+2-) =}. (20) 
The 2+ — n+ decays could take place in the lowest 
order, as gg: or g’’g4 processes, 


—T 


G 8b (8""8>) 


>n+r, 


We assume that the 2-A-m interaction is of the ys type. 


% A, Pais and S. B. Treiman, Phys. Rev. 109, 1759 (1957), 
reference 3; J. J. Sakurai, Nuovo cimento 7, 649 (1958). 

24S. Oneda and A. Wakasa, Nuclear Phys. 1, 445 (1956); see 
also Sakurai’s paper in reference 23. 
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The form of the effective Hamiltonian is proportional to 


N(Q){(mMatmn)yst (ma—m,)jJZ(p)er(k), (21) 


whereas that of the derivative-type Yukawa interaction 
is given by 


i(q)(R:y) (A+ys)=(p)¢x(k) 


= —in(q){ (ms+m,)yst+ (mzs—m,)}U(p)ex(k). (22) 


However, the asymmetry factor a of the 3+— n++ 
decays predicted by (21) is nearly the same as 
that by (22). 

Note also that the cascade decay Z=— A+ could 
occur whereas the |AS|=2 transitions such as 
=Z—N+n and =— N+e+yv would not take place, 
since our effective four-fermion interactions satisfy 
AS =0 or 1. 


(2) K-Meson Decays into Pions 


The same intermediation of weak vertex could also 
be responsible for the K-meson decays into pions. The 
property of |AJ| =3 of the effective weak vertex would 
qualitatively account for the rarity of the mode 
K+— x++rn" compared with the mode K°— r++ 
and for the branching ratio of the 7+-meson decays, 


W (1+ — ato +9°)/W (rt — wt+o-4+2-) =}. 


It should not be difficult to explain the frequency ratio 
of the r+ wt+a>-+27* to & > xt+a~ because it is 
consistent with the argument based on the phase-space 
volume for these two decays. 


VII. CONCLUDING REMARKS 


Introduction of the yet unobserved bosons may not 
be so appealing as to enjoy immediate acceptance. 
However, in view of the present state of relativistic 
field theory, we feel that it would not be meaningless to 
suspect that all primary interactions are renormalizable. 
We have seen that the present model could reproduce 
almost all the attractive qualitative features of the local 
Fermi interaction with V—A combination? or of the 
derivative-type weak Yukawa interactions.*** More- 
over, reflecting the fact that primary interactions are 
all renormalizable, the theory is remarkably less 
singular than the direct Fermi interaction model, and 
we need ‘not have recourse to an ambigious procedure 
such as the cutoff method. Direct detection of chiral 
bosons may not be possible, because they disintegrate 
into nucleons and leptons at once with partial lifetimes 
~6107'® sec and further their production rates will 
be too small to be observed. If the weak interactions are 
not at all renormalizable, multiple production of leptons 
may be anticipated at extremely high energy.® So careful 
experimental distinction is desired. 

Before closing this paper, we should like to add some 
comments on the possibility of detection of the nonlocal 
effect of the present model. In the usual local theories, 
leptons always appear as a pair, and lepton vertices are 
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always localized as long as electromagnetic corrections 
are neglected. The present theory predicts that leptons 
are emitted from different vertices which are connected 
by a chiral boson of a finite mas. Thus, in effect, lepton 
interactions become always nonlocal. This presents a 
striking contrast to the other possible theories in which 
weak interactions are caused by the intermediary of 
some boson with zero baryonic and leptonic number. 
For instance, the V—A Fermi interactions may be 
mediated by some heavy charged vector meson with 
vector coupling. In this case, the lepton vertex still 
remains localizable. The experimental values of the 
Michel parameter of u-decay” and of the ratio of 2-e 
to -4 decay might be an indication of the nonlocaliza- 
bility of the lepton interactions. 

Let us, for instance, take the decay K — e(u)+v+7. 
Since the maximum decay electron energy is about 
200 Mev, this process should permit one to investigate 
distances of nonlocalizability of the order of 10-" cm. 
If the electron-neutrino interaction is local and does 
contain derivatives the with the 
local Fermi interactions or with the intermediation 
of a charged vector meson with vector coupling, 
the unknown functions of the matrix elements which 
are determined by strong interactions depend on the 
pion energy. Thus the localizability of the electron- 
neutrino interaction could be checked by studying the 
angular or energy distribution of decay products for 
fixed values of the pion energy £,. It should be noted 
that this conclusion does not depend on the localiza- 
bility of strong interactions.** The angular distribution 
will take the following form: 


not as is case 


26 Tt should be noted that in the present model the explanation 
of the Michel parameter is possible. See also T. D. Lee and C. N. 
Yang, Phys. Rev. 108, 1611 (1957); S. Bludman and A. Klein, 
Phys. Rev. 109, 550 (1958); A. Sirlin (to be published). 

26 Bogolubov, Bilenky, and Logunov, Proceedings of the Padua- 
Venice Conference on Mesons and Newly Discovered Particles, 
September, 1957 (to be published). 
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(mx—E,)*(1—x*)? 
(1+ x cosé)* 
f(cos@) | py 


where @ is the angle between the 7-meson and electron 
momenta and x=|p,|/(mx—E,). As long as the 
lepton vertex is localized (usual Fermi-type interaction) 
the expression /(cos#) contains only polynomials of 
cos@ up to second degree.?” That is, it is of the form 
f(cos@)=a+b cosé+c cos. a, b, and ¢ are constant if 
we fix E,. Deviations from this distribution (appearance 
of the terms cos", m>2) would indicate the non- 
localizability of the electron-neutrino interaction. In 
fact, the terms O in (16) which contain the scalar 
product (px-ki) or (k-k,) explicitly show the non- 
localizability under consideration. They are not negli- 
gibly small (probably of the order of 25% of the leading 
term), and will allow their detection if the nonlocal 
lepton interactions are real. The K—>y+v+7 decay 
may also be as useful as the K — e+v+7 decay since 
the terms proportional to m, would survive which are 
negligibly small in the case of the K — e+v+7 decay. 
An analogous method would also be applied to the 
angular distribution of the u meson in the decay mode 
x—>yu+tv+y with fixed photon energy. There, the 
angular correlation function /(@) also contains only 
polynomials of cos@ up to second degree as far as the 
lepton interaction is localizable.'*:* 





W (E,,0) = 


E,dE, sin6d@, (23) 
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A modified interpretation of an idea of divergenceless currents 
due to Feynman and Gell-Mann is investigated in detail, in which 
some pairs of bosons (pions and K mesons) are assumed to exist, 
besides fermion pairs, among members exerting a universal weak 
interaction. In particular, we propose a pair consisting of a 
neutral K meson and a charged pion, in addition to a pion pair 
and pairs of leptons, nucleons, and some hyperons. Strong evidence 
for this pion-K-meson pair is provided by its surprising fit to 
short-lived decay of neutral K mesons. An essential presumption 
is here that pion-muon decay is consistent with the present 
scheme; its ratio to pion-electron decay is left unchanged. If we 


1. INTRODUCTION AND PRESUMPTIONS 


N order to establish a rigorous universality in weak 

interactions of the V—A type, Feynman and Gell- 
Mann! suggested the possibility that a relevant nucleon 
current has the property of being divergenceless. They 
showed furthermore that this is the case if we assume a 
universal weak interaction between pion pairs and 
lepton pairs. There have since been many papers? on 
this idea of divergenceless currents participating in 
weak interactions. 

A modified viewpoint’ was proposed that this 
finding' be regarded as positive evidence for existence 
of some boson pairs (at least a pion pair) among 
members exerting a universal weak interaction, not 
necessarily adhering to divergencelessness of currents. 
This interpretation seems more natural to the author 
since evidently not all fermion currents participating 
in weak interactions can be made divergenceless. 

We, therefore, assume that a universal weak inter- 
action is well established among pairs of leptons and 
nucleons and a pion-pair in the manner proposed by 
Feynman and Gell-Mann': We assume a_ universal 
weak interaction among the following pairs of particles: 


(Pevu(1t+ys)yr), (Vivu(1+-ys)W), 


} 0 rf) (1) 
(PnVu(1+Y5)>), 12( 606-6 on). 


OX OXp 


* Work supported by the Air Force Office of Scientific Research. 

1 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 
According to a talk given by Feynman at the conference on weak 
interactions, Gatlinberg, Tennessee, October, 1958 (unpublished), 
there were some errors in their paper. After having corrected these, 
the present evidence may suggest approximate rather than strict 
divergencelessness. It is noted that the present viewpoint is 
consistent with approximate divergencelessness rather than the 
rigorous one. 

2 J.C. Taylor, Phys. Rev. 110, 1216 (1958); Weinberg, Marshak, 
Okubo, Sudarshan, and Teutsch, Phys. Rev. Letters 1, 25 (1958); 
M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1478 
(1958); J. C. Polkinghore, Nuovo cimento 8, 179 (1958); M. 
Gell-Mann, Phys. Rev. 111, 362 (1958). 

3M. Sugawara, Phys. Rev. 112, 2128 (1958). 


further assume a global symmetry of pion coupling to hyperons, 
and the K-meson interaction is simply assumed as comparatively 
weaker, then our present scheme seems consistent with all known 
data on decays of strange particles as far as reliable estimation 
could be made. A complete scheme of universal weak interaction 
is not obtained uniquely, since we have no particular necessity for 
nor objction to some pairs of particles, from available theoretical 
and experimental information. Some decay modes which are yet 
unobserved but are expected according to the present scheme are 
summarized in the final section. 


where ¥., Wy, Yu, Wn, and W, are the fields of the electron, 
neutrino, muon, neutron, and proton, respectively, and 
go and ¢ are neutral and charged pion fields, with a 
universal coupling constant 


G/V2, G= (1.0140.01) X 107° / M2, (2) 


M being the mass of the proton. 

We further assume that this scheme does explain‘ 
the decay of pions into muons, through virtual trans- 
itions into nucleon-pairs. The ratio of pion-electron decay 
to pion-muon decay remains unchanged according to 
our present scheme. This assumption is essential because 
mostly we can estimate only ratios of certain decay 
rates to that of pion-muon decay. 

What we want to show in the following is how we can 
explain all decays of hyperons and K mesons by 
generalizing the universal weak interaction assumed 
above such that it includes some pairs of strange 
particles besides leptons and nucleons.° It will be shown 
below how important for this purpose is the inclusion 
of some boson pairs out of pions and A mesons. 

Some further assumptions are needed regarding 
strong interactions; we assume global symmetry® for 
pion coupling to hyperons, while K-meson interactions 
are simply assumed to be appreciably weaker than those 
of pions.* However, the most crucial tests of our scheme 
do not involve these assumptions. 

A tentative complete scheme for a universal weak 
interaction is summarized and discussed in the final 
section. 


4 A strong support was recently given by M. G. Goldberger and 
S. B. Treiman, Phys. Rev. 110, 1178 (1958), and also by recent 
experimental discovery of —e decay, T. Fazzini et al., Phys. Rev. 
Letters 1, 247 (1958), and G. Impeduglia et al., Phys. Rev. 
Letters 1, 249 (1958). 

5 Another viewpoint in which weak Yukawa-type interactions 
are assumed was investigated in detail especially by Umezawa, 
Konuma, and Nakagawa, Nuclear Phys. 7, 169 (1958). 

6M. Gell-Mann, Phys. Rev. 106, 1296 (1957). K-meson 
interactions seem in fact weaker, according to recent analysis 
by means of dispersion relations; see S. Barshay, Phys. Rev. 
Letters, 1, 177 (1958). 
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Fic. 1. A-decay schemes due 
to (2°,p) and (+,n) pairs. 


2. A AND & DECAYS 


We customarily assume (A,p) to explain A decays, 
where (A,B) implies a pair of particles A and B such 
that it creates A (or annihilates its antiparticle A) and 
annihilates B (or create B). We too assume (A,p) to 
explain A decays for the following reasoning. 

We can, instead of (A,p), choose (2°,p) and (2*,n) 
pairs. Decay schemes are then those in Fig. 1, which 
readily show that they never explain an observed 
branching ratio in A decays.’ We may alternatively 
assume (K~,r°) and (K°r-), the former of which is, 
however, prohibited because it leads to a too rapid 
K~— r°+n- decay (see Sec. 4). We are thus led to 
(A,p). 

There are then two possibilities to explain 2 decays, 
either (D°,p) and (2*,) or (A,n) (w*,*) [as given by 
(4) below ]. There does not seem any particular objec- 
tion to the former choice. However, we tentatively 
assume the second choice only because this choice 
likely predicts smaller angular asymmetry of decay 
particles in Y decays than those in A decays (see below). 

Thus we add a new member 


(Vay.(1t+ys)¥>), (3) 


to (1) and another term 


0 0 
GUbor+rate)( 6 o—g _ é) (4) 
OX, d 


OXy 


to the weak interaction Hamiltonian. The term (4) 
looks strange but may be regarded as a counterterm to 
(A,n)(p,p), which is nothing but the Fierz transform‘ 
of (A,p)(p,n). We add also that the (2°) pair does 
vanish identically in our scheme, as is seen from (1) 
or (4). 

Decay schemes of the A are now summarized in Fig. 2, 
giving only the lowest order graphs. The decay rate 
through channel 4A can now be compared with that of 
pion-muon decay: This ratio is estimated exactly, 
insofar as we neglect interactions of final particles with 
virtual nucleon pairs. The result’ is 


7 Charge independence is strictly assumed here as regards the 
strong interaction. 

® See, for example, R. H. Good, Revs. Modern Phys. 27, 187 
(1955). 

® The details of the calculation are similar to those by, for 
example, K. Huang and F. E. Low, Phys. Rev. 109, 1400 (1958), 
and M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1478 
(1958). 
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W(A° > p+m-) 


{(M,?— M*)?— M,?(M.?+ M")}qM,' 


MeM,2(M,2—M,2)? 


’ 


where My, M, M,, and M, are the masses of A, p, z+, 
and yw, and q is the momentum of the decay particles in 
A decay. The numerical value is 


W(A° > p+) 
(— - ") = 25.3, (6) 
W (x- — w+) F theo 


which is to be compared with an experimental ratio” 


W(A° > p+a-) | 
(— verionres ~) =62.0(1+0.1). (7) 
W (9r —p +r) exp 


This difference would be hard to explain if we did not 
assume boson pairs in weak interactions. (A more 
precise statement on this is given in Sec. 4.) According 
to our present scheme, channels B, C, and E are also 
permitted when (A,p) is assumed. To estimate these 
matrix elements, the lowest order perturbation calcu- 
lation has been done, assuming static approximations 
for A and nucleons and with the same cutoff momentum 
for virtual pion as is needed to fit 2 decays which will be 
treated below in the same approximation." The result 
shows that channel £ contributes nearly the same 
amount as D and therefore that channels B and C 
together would contribute almost the same amount as 
A, Also channels B and C contribute additively accord- 
ing to our scheme. Thus the difference between (6) and 
(7) could be explained as due to pion-current contri- 
butions to A decays. 

As regards the branching ratio in A decays, channels 
A and D alone would give exactly a ratio of 2 to 1, 


Fic. 2. 
according to the 
scheme. 


A-decay schemes 
present 


Reports by J. Steinberger at the conference on Weak Inter- 
actions, Gatlinberg, Tennessee, October, 1958 (unpublished). 

1 This is just a rough estimate, but it is noted that no nucleon 
pairs play important roles in these matrix elements. 
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because of the Fierz transformation.’ However, if we 
add other hyperon pairs such as (A,2+), (2°,2+), and 
(=°,=-), these contribute to A— p+7-, but not to 
A—n+7°. Therefore, this simple ratio of channels A 
and D does not necessarily imply appropriateness of 
pure fermion weak interactions. According to the 
present scheme, on the other hand, we have other decay 
channels (B, C, and E in Fig. 2) which contribute 
comparably to A and D. Therefore, the branching ratio 
2:1 is not inconsistent with our scheme, but our scheme 
probably predicts a ratio, not exactly 2:1, but rather 
approximately 2:1, because of interferences among 
various channels. 

As regards the angular asymmetry of decay particles 
in A decays, channels A and D would give rise to strong 
asymmetry," while others (B, C, and £) are shown to 
give no asymmetry in the approximation which was 
just used to estimate their matrix elements. As regards 
the over-all asymmetry parameter,'* however, no 
theoretical estimates are given here. 

Beta decay of the A (A— p+e-+yv), which is 
permitted according to the present scheme, would occur 
with a decay rate of 5.3107 sec!,! which amounts to 
1.4% of an observed A decay rate.'” 

y-decay channels are shown in Fig. 3, which includes 
the lowest order graphs. It is first noted that channels 
A, B, and C assume exactly the same magnitude. 
According to our scheme, however, channel D is also 
permitted, since a (K°, r+) pair should be assumed to 
explain the short-lived neutral K-meson decay (see 
Sec. 4). This channel destroys the exact branching ratio 
1:1:1, but would not change it greatly since the 
K-meson interaction is believed to be a minor one,® which 
seems especially so as regards 2-nucleon transitions." 

The absolute magnitudes of these decay channels 
have been estimated using the lowest order pertur- 
bation theory and assuming the static approximation 
for and nucleons. The result is, for 2+ — p+7r°, 


gO?CM “gE, 
—————_——., (8) 


where My is the mass of =*, g?/4m is the P-wave pion- 
g I 
A p A N 
~ r > 7 
(A) ‘) |” 
A N . N 
Ps r i) r 
Qe * () 8=«S 


12 FE. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109, 1860 
(1958). 

13 F, S. Crawford et al., Phys. Rev. 108, 1102 (1957); F. Eisler 
et al., Phys. Rev. 108, 1353 (1957). 

14 This is just a speculation, but see, for example, reference 3. 


Fic. 3. 2*-decay channels 
according to the present 
scheme. 
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Fic. 4. Z-decay schemes 
according to the model 
(=,A). 


nucleon coupling constant (assumed as 0.08), E, and 
q are the energy and momentum of the decay proton 
in the rest system of 2+, and C is a divergent integral, 
which is expected to have an order of magnitude of 
unity. To get an observed mean life of (0.94+0.17) 
X10~-" sec and a branching ratio } for 2+ > p+", we 
have to choose a cutoff momentum for the virtual pion 
as (4.2+0.2)M,, which gives C=0.54(1+0.09). This 
estimation, though crude, shows that our scheme is not 
inconsistent with the observed =* decays. Of course 


>° decay is attributed to stronger interactions and has 


nothing to do with subjects treated here. 

The approximation assumed above predicts no 
angular asymmetry of decay particles in 2 decays, and 
the same situation regarding diagrams B, C, and FE of 
A decays in Fig. 2. It seems therefore that those decay 
channels which are due to pion-pair currents give rise 
to a small asymmetry. This difference in angular 
asymmetries in A and 2 decays is also consistent with 
present data'® and is a main reason for assuming an 
interaction term (4), rather than Y-nucleon pairs, to 
explain 2 decays. 

As regards leptonic decay modes of the S+, no direct 
terms are assumed in the present scheme. Thus they 
would be much less frequent than those of A and = 
particles. 


3. & DECAYS 


We exclude the (2, nucleon) pair because of the 
absence (or smallness) of = decays into nucleons and 
pions.'® There remain two possibilities, either (Z~,A) or 
(=-,D>°) and (#°,D+). 

In the case of (2~,A), the decay schemes are those 
given in Fig. 4. The decay rate through channel B can 
again be compared with the m —u~+yv decay rate: 
The ratio is the same as (5), with appropriate changes 
of masses in (5). The theoretical value is 54.8, com- 
pared with an experimental ratio 320, assuming 
0.8 10-" sec as the Z~ mean life. Though the => life 
is still ambiguous experimentally, there seems to be a 
definite discrepancy between these ratios, which can be 
counted as another objection to a pure fermion weak 
interaction scheme. 

According to our scheme, however, we have another 
channel A. In the same approximations as in the 
previous section, the decay rate through this channel is 
given by (8), with some trivial modifications. This 
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amounts to nearly half the observed decay rate of the 
=~. Therefore, our scheme is not inconsistent with the 
data on = decays. As regards the asymmetry of decay 
particles, this scheme would predict an asymmetry in 
=~ decay which is as large as in A decay, but no (or 
small) asymmetry in =° decay, according to arguments 
given in the previous section. 

If we assume (Z-,D°) and then = decays 
occur through the channels shown in Fig. 5. According 
to our estimation given before, these are also not 
inconsistent with the data. In this case, however, the 
asymmetry of decay particles would be very small in 
both =~ and =° decays. More precise data on = decays 
discriminate between these two 


Fic. 5. Z-decay schemes ac- 
cording to the model (Z,°) and 
(2°, 2+). 





rr? 


=> +) 


will eventually 
possibilities. 

The decay rate of = — A+e~+v, which would be 
permitted by the choice of (Z~,A), is 1.210® sec! 
according to Sudarsham and Marshak”; this amounts 
to 1% of the observed decay rate of =~. The decay 
rate of = — Y+lepton, which would occur in the case of 
(2,2) pairs, would still be smaller, because of a smaller 
O value. 


4. NEUTRAL K-MESON DECAYS 


As regards K-meson decays, the inclusion of K- 
meson-pion pairs into (1) has crucial importance. The 
effect of a pair consisting of a charged K meson and a 
neutral pion has been reported previously.* According 
to investigations of hyperon decays given in Secs. 2 
and 3, universality of the coupling constant is quite 
consistent with the data and there is no indication that 
the strangeness-nonconserving weak interaction is 
appreciably weaker than the strangeness-conserving 
one. Thus a pair consisting of a charged K meson and a 
neutral pion should be avoided, because of too rapid 
K*+— m'+e++yv decays, according to our previous 
work.’ We can here present another strong objection 
to this choice as regards two-pion decays of K* mesons 
(see below). 

We, therefore, investigate pairs consisting of a 
neutral K meson and a charged pion. We define a 
complex field ¢x* which annihilates K° (strangeness 
=+1) and creates K° (strangeness=—1). Since xe 
and or, the Hermitian conjugate to @x*, have to be 
distinguished, we have two boson currents which are 
obtained by replacing @o in the pion-current in (1) by 
ox and og, or alternatively by (@x-+¢R*)/2. We 
assume here CP invariance of the weak interaction. 
Then short- and long-lived neutral K mesons, K,° and 
K»°, are either of (K°+K°)/v2, depending upon the 
parity of the K meson. Since we can develop an argu- 
ment against a boson-current including K,»° (see below), 
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the only choice is 


0 0 
oxv—6-6—dms'), (9) 


OX, OX, 


which has to be added to (1), (3), (4), and either 
(=-,A) or (ZX). The decay schemes of K,° are then 
those in Fig. 6 (which shows only the lowest order 
diagrams) and their charge-conjugate ones. 

One feature of the present scheme is that the neutral 
pion decay modes of K,° are higher order processes than 
A and B in Fig. 6: They would result mainly from 
charge exchange scattering of one or both of the final 
pions by virtual pairs. According to the existing data," 
the neutral mode is known to be about 15% of the 
charged one. Let us, therefore, assume that neglect of 
interactions of the final particles with virtual particle 
pairs would cause an error of order of 10-20%. This is 
the reason for our statement in Sec. 2 that the dis- 
crepancy between (6) and (7) would be hard to explain 
without including boson pairs into the universal weak 
interaction scheme. 

If the interactions in question are neglected, channel 
B does not contribute at all since the two terms in (4) 
cancel out each other. The decay rate through channel 
A can now be compared with the pion-muon decay 
rate, the ratio of which is exact except for the relevant 
interactions. The theoretical ratio is 
W (Ky at+7) 

W(x — wp +p) 
(Mx?— M,’)?(Mr’°—4M,?)'M,3 


— , (10) 
Mx°M2(M2—M,2)? 


where Mx is the neutral A-meson mass. This ratio 
assumes the numerical value 


a ) 


cia ' ) = (2.94+0.04) X10, (11) 
W (x —? +v) theo 


where the error is due to Mx being assumed to be 
965+5 electron masses. 
This theoretical ratio can be compared with the 


experimental one," 


(————— ‘) 
W(x uty) J xp 
when the two-pion mode is in fact the dominant one 


(as is checked below). It is seen that (11) and (12) 
agree within 10 or 20%, which should be the case if our 


= (2.59+0.21) X10, (12) 


Fic. 6. Lowest order two- 
pion decay diagrams of K,° 
according to the present 
~ - scheme except’ for the 
NA) charge-conjugate ones. 


A(R®) 
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scheme and assumptions are correct. This agreement 
provides one of the strongest supports to our present 
scheme. 

The question whether channel A in Fig. 6 is really 
dominant has now to be checked. The neutral pion 
mode was mentioned already. According to the present 
scheme, we have interaction terms directly responsible 
for leptonic decay modes. Contributions from these 
have been estimated in our previous report,’ according 
to which the partial decay rate 


W(K\° > at+e-+7)=W (Ki > w+ e*+) 


= 1.4 10° sec 
and 


W (Kyo wtt+p-+7)=W (Ky wo +ut+) 
= (0.93 X 108 sec, 


or K,°— w++e*+y would occur with branching ratio 
2.8% and K,°— w++ut+y with ratio 1.8% to the 
two-pion decay mode. The present scheme leads also 
to a term directly responsible for three-pion decay. This 
term gives, however, 2.51X10° sec as the partial 
decay rate, which is quite negligible. Thus the decay 
channel A in Fig. 6 is really dominant. 

If we assume a current (9) with @x,° replaced by 
$x", the leptonic partial decay rates of K,’ would be 
the same as for K,’, which, however, contradicts the 
long life of the neutral K meson.'!° We, therefore, 
discard this possibility, retaining only (9). 

Another feature of the present scheme is that 
=° > «+p is allowed through Z°— K°+A— e+, 
while it does not lead to a corresponding nucleonic 
decay mode of =~. 

It is now obvious that a pair of a charged K-meson 
and a neutral pion should not be assumed since it will 
lead to too rapid two-pion decay of charged K meson. 
This may be argued theoretically as due to a fact that 
there is no counterterm to ¢x,° which can be constructed 
in terms of $9; @o rather corresponds to ¢x»°, as regards 
the parity of CP invariance. 


5. CHARGED K-MESON DECAYS 


Some typical decay schemes are given in Fig. 7. A 
decay mode A is first compared with the pion-muon 
decay rate. These two decay rates are determined 
except for two constants, one in each case, correspond- 
ing to loops participating in these decay modes, which 


Fic. 7. Some typical decay 
schemes of the charged 
K meson according to the 
present scheme. 
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are now denoted by Cx and C,, respectively. The ratio 


is then given by 


Wir u-ty) (MP—MZPM CE 


W(K-— p+») (Mee—M22MACx? 


To obtain the observed lives and branching ratio, one 
has to choose 


C,/CK=3.85. (14) 


This can be attributed to either or both of the following 
two reasons: firstly a difference in pion and K-meson 
coupling constants to hyperons, and secondly a differ- 
ence in numbers of hyperon pairs participating in 
loops, besides a difference in their magnitudes. Because 
of these ambiguities, what we can say is that our 
present scheme is not inconsistent with the observed 
decay rate of K~ > u-+». 

As regards channel B in Fig. 7, it is shown that this 
is quite small, though not exactly zero, which was the 
case as regards channel B in Fig. 6; the difference is due 
to a small difference in masses between neutral and 
charged pions. More quantitatively, the ratio of the 
decay rate of channel B to that of channel A turns out 
to be around 2X10~, the estimation of which is again 
exact in the same approximation as before. Therefore, 
the pion decay modes of charged K mesons are to be 
interpreted as due to such diagrams as C and D in 
Fig. 7. No estimation of these decay modes is reported 
here; it is simply mentioned that the charged K- 
meson decay is the only one in which boson currents do 
not play an important role. 


6. SUMMARY AND CONCLUSION 


We have assumed that a universal weak interaction 
exists among pairs of particles listed in (1) with a single 
coupling constant (2).' As regards strong interactions, 
we assume a global symmetry of pion coupling to 
hyperons, as suggested by Gell-Mann.® On the other 
hand, nothing need be specified as regards K-meson 
interaction with hyperons, except an assumption that 
it is appreciably weaker than the pion interaction.® 

We further assume that pion-muon decay is explain- 
able according to our scheme.* What we have done here 
is to indicate how we can explain all decays of K mesons 
and hyperons by generalizing the scheme just assumed. 

To explain A decays, a (A,p) pair of the type (3) 
should be added. The corresponding pair consisting of a 
neutral K meson and a charged pion, as is assumed in 
(9), fits very well to a short-lived decay mode of neutral 
K mesons. A pair consisting of a charged K meson and a 
neutral pion cannot, however, be assumed. To explain 
>Y decays, we propose an interaction of the type (4), 
especially in view of the fact that this leads to a signifi- 
cantly smaller angular asymmetry of the decay particles 
in decays than in A decays. Except for this final point, 

15 An estimation of diagram C has been made by M. Kawaguchi 
and A. Fujii (to be published). 
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however, (2, nucleon) pairs seem equally acceptable. 
=-decays can then be explained equally well by either 
(=-,A) or (2,2), which cannot be discriminated by the 
present data. 

It has been shown in this paper that our scheme 
seems to reproduce all known features of the decays of 
K mesons and hyperons, with regard to lifetimes, 
branching ratios, and angular asymmetries, insofar as 
reasonable methods of estimation are available. Most 
three-body decays and some two-body schemes remain, 
however, untouched, but do not seem to raise any 
severe objections. 

A very strong support for our idea of including some 
boson pairs into weakly interacting particle-pairs is 
provided by its explanation of short-lived neutral 
K-meson decay. The absolute lifetimes of A and = 
decays also provide strong support. It is important to 
notice that all these three cases are those whose ratios 
to the pion-muon decay rate are estimated exactly 
except for interactions of final particles with virtual 
pairs of particles. It is also added that assumptions on 
strong interactions have nothing to do with these ratios. 

As regards branching ratios in A and & decays, the 
exact ratios 2:1 and 1:1:1 for these two, respectively, 
are quite consistent with the present scheme, but are 
rather unlikely according to our model, since there are 
always several different decay channels whose inter- 
ference would prevent simple branching ratios: Our 
scheme would predict branching ratios of approxi- 
mately 2:1 and 1:1:1, rather than exact integer ratios. 


MASAO SUGAWARA 


Pion-electron decay is not modified by our inclusion 
of some boson pairs. 

The present scheme does predict the following decay 
modes which have not yet been observed experi- 
mentally: A— p+e~+yv with branching ratio 1.4%, 
=-— A+e~+» with ratio 1% or less, K)°—> r*+eF+y 
with ratio 2.8%, K\°— et+yu*+y with ratio 1.8%, 
while leptonic decay modes of 2+ would be much less 
frequent. Another feature is that =°— 2-+p would 
occur with an observable branching ratio to Z° > A®+ 7°, 
No nucleonic decay of Z~ is, however, predicted. 

Boson currents (pion pair and a pair consisting of 
K,° and charged pion) always play important roles in 
the decays of A, 2, 2, and K,°. Charged K-meson decay 
is, however, an exceptional case in which boson currents 
happen to be unimportant. 

Regarding those pairs of particles, such as (Z,=°), 
(A,D>+), and (K+,K°) which have not been 
mentioned in this paper, there is no particular neces- 
sity for or objection to them, so far as the present author 
has investigated. This question can be discussed after 
treatment and more detailed 


(>° p+) 
af gt ’ 


further theoretical 
experimental information are available. 
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The unitary irreducible representations of the inhomogeneous, proper Lorentz group are determined, using 
a prescription given by Wigner, with special emphasis on the case of zero rest mass. The principal results are : 
(a) the construction of one-component representations for the case of zero mass and discrete spin; (b) the 
existence of a Foldy-Wouthuysen transformation for zero mass and spin 4; (c) the construction of “position 
operators” for zero mass and spins 3, 1; (d) the complete synthesis of the Dirac, Majorana, and Maxwell one 


particle theories. 


INTRODUCTION 


IGNER' has given a classification of all unitary, 

irreducible representations of the inhomogeneous 
proper Lorentz group, together with a prescription for 
their explicit construction. While it is well known that 
the representations employed in present field theories 
have their natural place in Wigner’s classification, it 
appears that this fact has always been established a 
fortiori. It was thought to be of a certain interest, 
especially pedagogically, to determine the unitary, irre- 
ducible representations directly using Wigner’s pre- 
scription, although no results of practical use could be 
foreseen. In particular, we were curious to see what the 
one-component representations for zero mass and arbi- 
trary spin look like. This program is carried out in the 
first three sections. 

Foldy?’ has carried out a partial synthesis of covariant 
particle equations, limited to the case of nonvanishing 
mass. His starting point is a set of unitary representa- 
tions of the Lorentz group, which in turn were found by 
an analysis of the very theories to be synthesized. By 
means of the results referred to above it is possible to 
give a synthesis which is complete both in the respect of 
including the important case of zero mass, and in having 
a natural starting point. This is reported in Secs. IV 
to VI. 

The synthesis, in the case of nonvanishing mass, 
follows the pattern of Foldy’s work, and makes use of 
the Foldy-Wouthuysen (F-W) transformation. A similar 
transformation is found for the case of zero mass. This 
gives occasion to extend the discussion of Foldy and 
Wouthuysen,* concerning what they call the mean posi- 
tion operator, to the case of zero mass. It is found that 
such a position operator exists for the neutrino, and 
more surprisingly, for the Maxwell field (Sec. VII). 

Only infinitesimal transformations are discussed. We 
shall use the term Lorentz rotation for the Lorentz 
transformations connecting reference frames with rela- 
tive velocity but the same orientation of the space axes. 
For a representation of a Lorentz rotation with infini- 
tesimal velocity @ we write D[1+6-L]. Similarly we 


1. P. Wigner, Ann. Math. 40, 149 (1939). 
2 L. L. Foldy, Phys. Rev. 102, 568 (1956). 
3L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 


write D[ 1+ 6-R] for a representation of a real rotation 
through an infinitesimal angle 6. 


I. SUMMARY OF WIGNER’S PRESCRIPTION 


The following is a very much abbreviated derivation 
of the unitary, irreducible representations of the proper, 
inhomogeneous Lorentz group. 

In an irreducible representation, the energy-mo- 
mentum four-vector p;= (p,£) varies over the set of all 
real numbers consistent with the condition 


E=wo, or E=-—a, (1) 
where 
w=+(p?+m’)!, 
Choose a particular set of 4 real numbers a,, representing 
one of the possible set of values of p;, and define the 
“little group” as that subgroup of the group of homo- 
geneous proper Lorentz transformations which leaves a; 
invariant. More precisely, since a; is a fixed set of 
numbers, and not a 4 vector, the little group leaves p; 
invariant if it happens to have the initial value a;,. 
Next choose, for every ,;, a particular Lorentz 

transformation a(p) which transforms a four-vector y; 
with initial value a, into the four-vector p;. Given any 
homogeneous proper Lorentz transformation y— Ay, 
the transformation 

y— A’y=a"! (p)Aa(A'p)y (2) 
belongs to the little group. It is in fact obvious that if 
yi= aj, then (A’y) ;=a; as well. It may further be proved 
that, given any representation of the little group, a 
representation of the whole group is obtained by the 
identification 

D[A ]e(p)=D[A’]e(A). (3) 
For details and proofs the reader is referred to the 
original paper by Wigner.' The precise meaning of (3) 
will become more clear through its application in the 
following sections. 


II. UNITARY REPRESENTATIONS FOR 
NONZERO MASS 


A convenient choice for a; is in this case 
a;= (0,0,0,m), 


where m must have the same sign as po. The little group 
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is the real rotation group. The transformation a(p) is the 
Lorentz rotation from the rest system to the system of 
momentum p: 


E PY = Yo 
a(p)y=y+{ ——1 }—pt+—?, 
m Pr om 

E yp 
a(p)yo=—yot—, 
m m 


E Py Yo 
(py=yt(——1 meen mah, 
m Pr om 
& 379 


a (p) yo — 
m m 


The transformations A’y, as defined by (2) are readily 
calculated for infinitesimal A, with the following result 


A’y=y+0xy, (5a) 


Ay= y+6Xy, 


Xp 
A’y=y———_-Xy, 
E+m 


Ay=y+0. 


In either case A’ leaves yo invariant. 

Any unitary irreducible representation of the real 3- 
dimensional rotation group is equivalent to a repre- 
sentation of the form 


D[1+-6-R ]g(p) = (1+ 6-s/2i)¢(p—6xXp), 


where s/2 are the spin matrices appropriate for spin s, 
and have the dimension 2s+1. In the case of spin 3, s 
are the Pauli spin matrices. 

The content of (3) and (5) is that the Lorentz rotation 
with velocity 6 is to be represented by the same operator 
as the real rotation through the angle 


—@Xp/(E+m). 


Hence (3) and (5) yield the following representation of 
the proper homogeneous Lorentz group* 


D[1+6-R]¢(p) = (1+0-s/2i) ¢(p—6Xp), (6a) 


ox 
D[L+0-LJe(o)= (144i , 


p 
s) ¢g(p— 6). (6b) 


Lrm 


It should perhaps be emphasized that (5) does not 
describe the transformation of y; under Lorentz trans- 
formations. The point is that we have established a 


4 The dependence of ¢(p,£) on E is suppressed whenever con- 
venient. 
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homomorphism between the two sets of transformations 
p— Ap; (7a) 
(7b) 


y— Ay, 
and 
y—A’y, p—Ap. 


To see this one may ascertain that the commutation 
relations for (7b) are satisfied in the following form 


0’Xp d @Xp d 
I(- x-zy-—),(- x-po-—)]|, 
E+m dp E+m dp 


0 
-—(0"x-0"xp-—)y, 
op 
where 
S 2 @e® 
6”’=0'<x6, —=—+——. 
dp op EOE 


The commutation relations for (6) may be verified in a 
similar way; a detailed discussion of the form of (6) is, 
however, postponed to a later section (Sec. IX). 


Ill. UNITARY ONE COMPONENT REPRESENTATIONS 
FOR ZERO MASS 


In this case the following choice for a; is convenient 


a;=(a,+1), a’=1, (8) 


where again the sign of a» must be the sign of po. The 
little group consists of three transformations, of which 
one is a real rotation with a as axis. The other two 
transformations are represented by the identity in those 
representations which correspond to discrete spin.’ We 
shall not be interested in representations with continu- 
ous spin. When calculating A’ for this case, we may 
therefore retain only terms which represent rotations 
with a as axis, dropping terms which represent either 
Lorentz rotations or real rotations with axes perpen- 
dicular to a. 

The following choice of transformations a(p) is prob- 
ably not the most convenient one, since the calculations 
turned out to be rather lengthy: 


a(p)y=a-pyit+(aXp)Xy+y2| P|, 
a(p)y= (1/p")[a-pyi— (aX p) Xy+ye| p| J. 


Here y has been decomposed into a part y; in the a, p 
plane, and a part y2 normal to it.® 
The results for A’y are 


6: (a+p/|p|) 
a-(at+p/|p|) 
Ay=y+6xy, 


(9) 


5 The little group is isomorphic to the group of rotations and 
translations in two-dimensional Euclidean space. The spin is 
discrete only if the “momentum”? vanishes. 

® For (9) to be a Lorentz rotation of yi, yo has to undergo a 
simultaneous transformation. This part of the transformation a(p) 
does not enter the calculations, however. 
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E 6-(aXp/|p|) 
|p| a-(at+p/|p| 
Ay=y+ Oyo. 


/ 


A’y=y+ (10b) 


To all intents and purposes, the little group is the single- 
parameter group of real rotations with a as axis. The 
unitary, irreducible, one- or two-valued representations 
of this group are 


¢(p) > (1—150) ¢(p—0aX p), 


where s is the spin, and can take the values 0, +3, 
#1, ---, 

The content of (3) is now that any Lorentz trans- 
formation may be represented by the same operator as 
a real rotation with a as axis, through an angle given by 
(10), viz 


D[1+0-R]y(p) 


-(14 


D[1+6-L ]¢(p) 
( s E 60-(aXp/|p|) 
1+ 


s 6-(a+p/|p|) 
= =~) e(p-0x0), (11a) 
i a-(a+p/|p]) 


i |p| a-(at+p/|p}) 


)(n- F9) (11b) 


Because, as emphasized above, a; is not a vector but 
a fixed set of 4 numbers, (11) is not covariant. The same 
is of course true of the representations for nonzero mass. 
Just as in the latter case one must construct a covariant 
physical interpretation of the theory, so we must in the 
present case construct a physical interpretation which 
is independent of the choice of a. That this situation is 
not so unusual as one might think, is seen by re- 
membering that a similarly arbitrary feature exists in 
conventional theories. Thus, in Dirac theory the repre- 
sentation of the y matrices is arbitrary to a certain 
extent. In that theory also, one must construct a 
physical interpretation which is insensitive to this 
arbitrariness. Later it will be seen that the freedom of 
choice of a corresponds exactly to the freedom of choice 
of representation of the Pauli spin matrices in the 
Majorana theory. 


IV. CANONICAL REPRESENTATION 


In conventional theories (Dirac, Majorana, Fierz- 
Pauli) of half-odd integer spin fields, the wave-function 
is given different names according to whether the energy 
is positive or negative. This is particularly evident in the 
canonical representation invented by Case.’ From our 
point of view, which closely parallels that of Foldy,? this 
doubling of the representation space is a necessary first 
step in the derivation of first order wave equations. The 


7K. M. Case, Phys. Rev. 95, 1323 (1954). 
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wave functions discussed in the two preceding sections 
satisfy, of course, only the second order Klein-Gordon 
equation. 


(a) Nonzero Mass 


We agree to give o(p) the new name y, if the energy 
is positive, and yz if it is negative. This may be written 
E+w 
~¢ 
2w 
y= 


It is seen that w satisfies 


Ey =Bo, (13) 


rm © 
pet) 

0 -1 
The matrix 6 is 2(2s+1)-dimensional. The behavior of 
y under Lorentz transformations is essentially given by 
(6). No generality is lost by choosing the same repre- 
sentation of the s matrices for either sign of the energy. 
However, we must distinguish four possibilities con- 
cerning the sign of m. The commutation relations are 
satisfied in each case. Either 


m=+\|m|, (14) 


m=+(E/w)|m|. (15) 
When deriving (4) by Wigner’s prescription it was 
necessary to take the sign of m= dp equal to the sign of 
E. This is not a good argument in favor of (15), how- 
ever, as either of the 4 cases can be obtained by a slight 
generalization of that prescription. The strength of 
(15), however, (with either sign) is that it permits the 
construction of a Wigner time-reversal operator, while 
(14) does not.’ Adopting (15), the properties of ¥(p) can 
be summarized as follows: 


Ey = Boy, (16a) 


D[1+6-RW(p) = (1—470-s)y(p— Xp), (16b) 


oXp 
DU1+0-LWip)= (1+4i9—"—-s Wip— Bo) (16c) 


w+|m 


These are essentially the representations which Foldy* 
obtained by applying a Foldy-Wouthuysen transforma- 
tion to the Dirac representation. Since we can find no 
basis for distinguishing between the two signs in (16c), 
a physical interpretation of the theory must be inde- 
pendent of a particular choice. 


8 See Sec. VII. 





CHRISTIAN FRONSDAL 


(b) Zero Mass 


The procedure is similar to the case of nonzero mass. 
Define 


E+ |p| 
2! p| 
—E+|p| 

ipl 


and write the analog of (13) in the form 


y= 


on | 


1 0 
Ey=b-o| ply, b-o-( ), (18) 
Ss = 


In this case the matrix b-@ is a 2-dimensional matrix. 
Although the behavior of Y under Lorentz transforma- 
tions is essentially given by (11), the ambiguity is 
greater than in the case of nonzero mass. Again one 
finds, however, that when the existence of a Wigner 
time reversal operator is invoked, the arbitrariness is 
reduced to that of a sign, as in the case of nonzero mass. 
The transformations are (the double signs are coupled) 


DL1+0-R }y(p) 


|s 6-(a+p/ |p|) 
= (13 —b-o— . )ow-ox»), (19a) 


1 a-(a+p/|p}) 
D[1+6-L ]y(p) 


|s| @-(aXp/|p]) 
-(12- — )vw— 0) (19b) 
it a:(a+p/|p|) 


As in the case of the arbitrary sign in (16), one would 
here seem to have occasion to remark that a physical 
interpretation of the theory must not depend on the 
sign in (19). The analogy between the appearance of the 
double signs in (16) and (19) is, as we have seen, the 
closest possible. Some further considerations on this are 
given below (Sec. IX). 


V. THE F-W TRANSFORMATION 


Up to this point we have treated the general case of 
arbitrary spin. In the following this could have been 
achieved only by sacrificing the simplicity of the 
presentation. For this reason, and because Nature ap- 
parently refuses to yield particles of spin higher than 1, 
we shall limit all subsequent discussion to the spins 0, 3, 
and 1. In this section attention is focused on the case of 
spin 3. 

(a) Nonzero Mass 


Define a new wave-function x(p) by the Foldy- 
Wouthuysen transformation 


x(p)=exp[—pABa-p/| p| W(p), 


where the a matrices are defined in terms of the 2- 


(20) 


dimensional o matrices as follows: 


Ag 

7S 

In (20), » is essentially the Lorentz angle between p; 
and a;: 

(21) 


cosA=+|m|/w, sind= p/w. 


An equivalent form of (20) is® 


w+ |m|—Ba-p 
x(p)=——_—__—__—4(p). (22) 
{ 2w(w-t | m|)}! 
The wave equation for x is obtained immediately by 


transforming (16a) 


kx = (a-p+|m!B)x, (23a) 


and the transformations of x are 


D[1+6-R]x(p) = (1—410-«)x(p— Xp), (23b) 


60-p 
D(1+6-L ]x(p) = (1440-0 1) x(o— 20) (23c) 


In order to obtain (23c) it was necessary to make use of 
(23a). In the process the unitarity of the transformation 
was lost. Unitarity can be restored in an infinite variety 
of ways. For example, by virtue of (23a), one may write 


D{1+0-L }x(p) 


a-p+|m|8 6-p 
= (1410-0 -1-*)x(p- £0), (24) 


a E 

which is unitary. This equivalence of (23c) and (24) 
can, of course, be established in the absence of inter- 
actions only. 

The last term in (23c) can be eliminated by multi- 
plying x(p) by w!. One then obtains the defining 
properties of the Dirac theory. We have thus carried out 
a complete synthesis from the construction of unitary 
irreducible representations of the Lorentz group. 


(b) Zero Mass 


The Foldy-Wouthuysen transformation appropriate 
for the case of vanishing mass cannot be obtained as the 
limit of (20) as |m|— 0. It is, nevertheless, of a very 
similar form. Define" 

x(p)=exp[+31AS ]y(p), (25) 
where 


S=(pXb)-0/|pXbI, (26) 


® The double signs of (16), (21), and the equations that follow 
are coupled, as are all subsequent double signs in the discussion of 
fields with mass. 

The double signs of (19), (25), and all subsequent equations 
pertaining to the case of zero mass are coupled. 
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and X is the azimuthal angle between p and b: 


cos\=+b-p/|p|, sink=|bXp|/|p!. (27) 


We may write (25) in a form similar to (22) 


|p| +p-b+i(pXb)-o 


x(~) =—___—_—_—___—_.. (28) 
{2|p|(|p|+b-p)}! 


The wave equation and transformation properties for 
x are found to be, if we take b=-a, 


(29a) 
(29b) 


(29c) 


Ex=+o: px, 
D[1+6-R]x(p) = (1—310-0)x(p—6Xp), 
D(1+6-L ]y(p) = (1436-0—6-p/2E)x(p— F6). 


The remarks made after (23) apply to (29c) as well. The 
simplest way to restore unitarity is to note that (in the 
absence of interaction) (29c) is equivalent to 


D{1+0-L ]y(p)= (1+70Xp-o0/2F)x(p— £6). (30) 


It may be noted that, both in the case of nonzero mass 
and in that of vanishing mass, the transformations 
y — x are unitary. 

Equations (29) are the defining equations of the 
Majorana theory" for zero mass [if the last term in 
(29c) is eliminated as before |. We can now justify the 
remarks made at the end of Sec. III. In fact, combining 
(18) with the identification b=-ta [which was made 
above in order to ensure the elimination of a and b from 
the transformations (29b) and (29c) ], one has 


a 
vo-+/( ), 
0 —-1 


which means that whatever the direction a, we take such 
a representation of the matrix-vector @ that its projec- 
tion along a is equal to the right-hand side of (31). 
Hence there is a one to one correspondence between the 
direction of a in the one-component theory and the 
representation of @ in the Majorana theory, and there 
is no basis for any prejudice against the appearance of a 
in the former. 


(31) 


VI. ANOTHER DOUBLING: THE MAXWELL FIELD 


In the case of integral spin one may also consider the 
canonical form of the theory. This was done, in fact by 
Case,’ and by Foldy,? in the case of nonvanishing mass. 
However, the only interesting application is to the 
Maxwell theory, i.e., the case of zero mass and unit spin. 
The conventional formulation of that theory differs 
from the theories synthesized above in that different 
components of the wave function do not correspond to 
different signs of the energy, but only to different spin. 
It would require too much space to give the synthesis 
of the electromagnetic field in detail. The representation 


1K. M. Case, Phys. Rev. 107, 307 (1957). 
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of the Lorentz group on the electromagnetic potential is 
equivalent to 


D={D(a)®D*(a)}@{D(—a)@D*(—a)}, (32) 


where D(a) is given by (11) with |s| =}. If ys is the 
wave function transforming according to (32) we have, 
explicitly 


1 0-(a+p/| P|) 
= 6 yadig + A+ Cyadis- at 
2i a:(a+p/|p|) 


1 6-(—at+p/|p|) 
To Snail O65 a 


. Jrast-0x0), (33) 
2i —a:(—a+p/ 


p|) 
and similarly for D[1+-6-L]. The relation of A‘ to py; is 
given by 


A—(p/E)A°=B, (34) 


|p| +p-ea-o 
p (|p| +a-p)}! ha 
|p|—a-op-o 
x|— - am _ Was. (35) 
{2| | (|p| —a-p)} 4 Jas 


Bon} 
(2 


The subsidiary conditions which eliminate the spin-zero 
parts of B‘ are 


p-B=0, (36) 


B’=0 (37) 


In order to see that A‘ as defined by (34) can be 
identified with the electromagnetic potential, one may 
verify that the transformations (33) follow for W,, if the 
conventional transformation properties are assumed for 
A‘, [The opposite is not true, since (34) cannot be 
solved for A‘. | The wave equation is, of course, im- 
plicitly assumed for y,5. It follows that B* satisfies the 
wave equation, and that A' may be assumed to do 
likewise. The subsidiary condition (36), in terms of A‘, 
is the Lorentz condition, while (37) cannot be directly 
translated into a condition on A ‘. Instead, since not A ‘, 
but only the left-hand side of (34) is given by B‘, there 
follows that the addition of a 4 gradient to A‘ does not 
change B‘. Hence, the subsidiary condition (37) corre- 
sponds to the requirement of gauge-invariance. 


VII. THE REFLECTION OPERATORS 


Construction of operators representing reflections in 
space and time are usually discussed from the point of 
view of the invariance of the wave equation. Satisfaction 
of the commutation relations with the operators repre- 
senting proper Lorentz transformations is either ignored 
or taken for granted. In a representation where no wave 
equation exists (other than the Klein-Gordon equation, 
the invariance of which is trivial), the latter require- 
ment is the guiding principle. The commutation rela- 
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tions are!” 
DUP)D[1+6-R]=D[1+0-R DLP], 
DUP 1D[i1+6-L]=D[1—0-L DLP], 
and the same for D[7']. 
The ¢ representation is characterized by (6) and (11). 
Time reversal has no meaning here, but for space- 
reflection we may take 


DUP]: 


(38) 


¢(p,E) > (E/w)¢(—p, F), (39) 


for nonzero mass, and 


DLP]: ¢(p,E) — ¢*(—p, £), 


ae = Q, 


(40) 


for zero mass." (The reversal of pis of course understood.) 

The W representation allows the construction of an 
anti-unitary time reflection operator if we adopt (16) 
and (19). Then we have, for nonzero mass, 


D/P]: ¥(p,E) > ¥(- 
D[T]: (p,E) > Ay*(p 

where A is an operator defined by 
As=—s*A, AB=—BA. 


Note that (41b) includes implicitly the reversal of the 
sign of do, since we have derived (16) by means of (15b). 
Hence (41b) is quite analogous to (40). For zero mass, 
we have 


(41a) 
,-E£), (41b) 


(42) 


D[P]: (p,E)— y*(—p, 2), 
a— —a, 
D[T]: ¥(p,E) > A'Y*(p, —B). 
If a is identified with b, then 
DEP]: ¥(p,E) > A'v*(—p, B), 
a— —a, 
A’ is defined by 


(43a) 


(43b) 


(43c) 


In (43b) and (43c), 
(44) 

The x representation is characterized by (23) and (29). 
Equations (38), and those obtained from them by the 
replacement of P by T, are satisfied by the following 
identification, which can be obtained from (41) and 
(43) by means of the transformations (20) and (25). 
For nonzero mass, we have 


D[P]: x(p,E) > Bx(—p, £), 

D[T]: x(p,E)— Ax*(p, —£). 
For zero mass, we have 

D[P]: x(p,E) > A’x*(—p, E), 

DUT]: x(p,E) > A’x*(p, — £). 


The latter transformations are those given by Case." 


A’o=—o*A’. 


(45) 


(46) 


18 See, for example, reference 2. 
ad Concerning the appearance of the complex conjugate, see 
reference 11. 
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VIII. THE POSITION OPERATOR 


Foldy and Wouthuysen® discussed the definition of 
position for fields with mass, and found that the operator 
“x”? in the canonical representation (i.e., the y-repre- 
sentation; we call this operator xc), when transformed 
into the Dirac representation (the x-representation ; 
this ‘‘x’”’ is denoted xp), turns out to be identical with 
the position operator of Newton and Wigner. The 
latter is of interest as the only position operator which 
can be defined on positive- and negative-energy states 
separately. Applying the transformation (20), we find'® 


e Be-pp—oXpw 
Xpt+4, —— Xx. 
2w = 2w? (wt | m]) 


icx™= (47) 


It is easily verified that x¢ has the following properties. 

(a) Any two components of xc commute. (b) It com- 

mutes with the positive-energy projection operator 
At+= (1/2w) (wB|m|+a-p). 


(c) The time derivative of xc is 


dxc p 
—=i[A,xc]=—. 
dt E 


(48) 


In contrast, the time derivative of xp has the well- 
known paradoxical property that the eigenvalues of 
dxc/dt are +1. Because of (b), xc can be defined on the 
positive-energy states. Using the relation 

a- pAt= (w | m|B)A*, 
we find 


x cAt =Atx cAt 


-wara(a)* (mi) * 


which is of the form given by Newton and Wigner.'® 
For mass zero the transformation (25) gives 
oXp bXp po 
Xcx= | Xp—-——+} a Se 
2p |pltb-p p* 
It may be verified that (50) satisfies (a), 
with 


(49) 


(SO) 
(b), and (c), 


At= (1/2p*)(|p|p-e). 
A form similar to (49) is 
x cAt = Atx cAt 


=At+(1+b-¢) 


x(—" -)s o(— sa -)a (51) 
ee |p| +b-p | p|-+b- p 


( 4 T. D. Newton and E. P. Wigner, Revs. Modern Phys. 21, 400 
1949), 

18 This expression differs slightly from that given by Foldy and 
Wouthuysen. Its correctness is checked by verifying the properties 
listed directly below. 

16 The same trivial transformation which eliminates the last 
term of (23c) makes the agreement with Newton and Wigner 
complete. 
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If one takes the limit of vanishing mass in (49), one 
obtains another position operator for zero mass. The 
difference between this and (51) is that the latter is the 
position operator in the two-component theory, while 
(49) is defined on 4 spinors. 

The appearance of b in (51) shows that this does not 
transform like a vector under rotations. When con- 
sidering the two cases of zero and nonzero mass, we have 
let the time-axis play a distinguished role. Had we not 
done so, we would have obtained space-time operators 
Xc, tc which in either case would have involved a “four- 
vector” b,. The only difference between the two cases is 
that when the mass is not zero 6, can be given 3 vanish- 
ing components. In either case, covariance is explicit for 
the transformations of the little group. 

Next we write down the position operator for the 
electromagnetic field B introduced in the previous 
section. (In the following section it is shown how 
electrodynamics can be expressed in terms of B rather 
than A;.) If xc is the “x” operator in the y-representa- 
tion, we have, in dyadic notation: 


xc B= A: 





xp* -A, 
\bXp| |bxp| 


where i= 1, 2, 3, and 


Pp 
A=1-—. 


P 


(53) 


The properties (a), (b), noted for the position operators 
discussed above, have their analogs in this case, too. 
(a) Different components of xc commute. (b) x¢ com- 
mutes with A. This means that if B satisfies the Lorentz 
condition, then so does x¢‘B. In (52) we have written 
only that part of xc which is effective when p-B is zero. 
Actually xc can be defined on a state of definite trans- 
verse polarization. 

The reason for our finding a position operator for the 
electromagnetic field, whereas Newton and Wigner 
showed that under their assumptions no such operator 
is possible, is that (52) does not explicitly transform like 
a vector.!” As discussed above, this is not a fundamental 
difference between the cases of zero and nonzero rest 
mass. The noncovariance of x¢ in the latter case means 
that locality with respect to xc, even for fields with 
mass, depends on the reference frame. The usefulness of 
X¢ in that case is simply connected with the fact that a 
nonrelativistic particle interpretation exists. 


17 A note from Professor Wigner on this point is gratefully 
acknowledged. 
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IX. SUMMARY AND DISCUSSION OF RESULTS 


Following the prescription of Wigner, we have con- 
structed explicit unitary, irreducible representations of 
the inhomogeneous Lorentz group. These representa- 
tions have the dimensionality 2s+1 or 1, for nonzero 
and zero mass, respectively, and are given by (6) and 
(11). A rather unconventional feature of these repre- 
sentations is that the “spin part” fails to commute with 
the “orbital part,” as is evident because the “spin” 
depends on the momentum. This is inseparably con- 
nected with the unitarity of the representation. In fact, 
if the “spin part” of the transformation were to com- 
mute with the orbital part, it would be a representation 
of the Lorentz group all by itself. But it is well known 
that no finite-dimensional, unitary representations of 
the Lorentz group exist. In the case of zero mass, for 
example, we have one-component but not one-dimen- 
sional representations. Both (6) and (11) are in fact 
infinite-dimensional, because of the presence of the 
operators p; and 0/0p;, which have continuous spectra. 
In the x representation (i.e., the Dirac or Majorana 
representation) the transformations do break down into 
a sum of two commuting parts, but the “spin part” is 
not unitary. This gives the well known difficulty in the 
Majorana theory, that no local c-number invariant 
exist. 

Our synthesis gives the representations of the Lorentz 
group on y or x up to an equivalence based on the free- 
field wave equation. [See, for example, the remarks 
following (30). ] This equivalence does, of course, break 
down when interactions are introduced. The criterion 
which seems to have been applied in selecting trans- 
formations under which the equations must be invariant 
in the presence of interaction, is that the spin and the 
orbital part of the transformation operators commute. 
The immediate consequences of this is the existence of 
local invariants, i.e., nonderivative couplings. Although 
this criterion applies successfully to the interactions of 
electrons with the Maxwell field, it is, perhaps, not quite 
certain that it applies to, say, the 6-decay interaction. 
We should like to point out, moreover, that the above 
criterion is not necessary for electromagnetic interac- 
tions. To see this, we write down the Dirac equation 


(p—eA+im)x=0, 


and make a gauge-transformation 


e 
x =exp| —A° Jy’. 
E 
Then, since 


é é 
Px= exp|—4"| (“0.4 “+p )y’ 


(p—eB+im)x’=0, 


we have 
(55) 


where B is the field introduced in Sec, VI, It has the 
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properties : 
B°’=0, p-B=0, 


D[1+6-R]B(p) = (1+6x)B(p—6xXp), 


D[i+6-L]B(p) = (1-0. )Bir—29), 
E (57) 


D{[1+-6-R]B°(p) = B°(p—®xXp), 
D[1+6-L]B°(p) = B°(p— £8). 


Gauge-invariance is here explicit through the invariant 
condition B°=0. However, to prove that the theory is 
really gauge-invariant, we must calculate the trans- 
formation properties of x’, and see if these depend on B 
only. We find 


D[1+6-R ]y’ (p) = (1—310-@)x’(p—OXp), 


D(1i+6-L }x’(p) 
=[1+40-e—(e/E)0-B]y’ (p— £6). 


The theory based on (55), (56) and the transformations 
(57), (58) is explicitly gauge-invariant, and completely 
equivalent to the usual formulation of the Dirac- 
Maxwell interaction. (The condition of gauge-invariance 
is here replaced by a new condition of relativistic invari- 
ance, which compels one to couple the B field in the 
particular combinations p—eB. The work of Capps,'* 
for example, can be made to apply to the new formula- 
tion simply by exchanging the expression “gauge- 
invariance” by “relativistic invariance.) The main 
point that we want to make here, is that the new 
formulation is very tractable and yet does not satisfy 
the criterion that the spin commute with the orbital 
angular momentum. [It may be, however, that the 
appearance of a nonlocal term in (57) is inseparably 
linked to the nonlinearity of the representation (58). ] 

Another question which is of interest in this con- 
nection, and which may turn out to give a clue concern- 
ing the ambiguity just referred to, is the following. It is 
well known that the c-number theory of interacting 
Dirac and Maxwell fields is equivalent to the Pauli 


(58) 


18 R. H. Capps, Phys. Rev. 99, 926 (1955) 
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equation with an infinite series of corrective terms. The 
relativistic covariance of the latter is known only as a 
consequence of the covariance of the former. However, 
since the two-component Pauli spinors do allow a 
representation of the Lorentz group, it should be pos- 
sible to demonstrate the covariance of the Pauli equa- 
tion directly. Put another way, it should be possible to 
calculate the corrections to the Pauli equation without 
making appeal to the Dirac equation. (We expect, of 
course, ambiguities like that which corresponds to the 
possibility of adding a Pauli term to the Dirac equa- 
tion). A priori we do not know, however, which if any 
of the several equivalent (equivalent, that is, in the 
absence of interaction) representations to use on the 
two-component spinor. The minimum requirement is 
that the commutation relations be satisfied identically, 
ie., without reference to the Klein-Gordon equation. 
Such a representation is obtained from (16) by the 
substitution of |m| by +(?—>*)!. As the criterion is 
necessarily different from that in the Dirac representa- 
tion, an answer to this question might provide a clue to 
a more general criterion. Furthermore, if the proper 
representation can be found, and applied successfully to 
the calculation of corrective terms to the Pauli equation, 
the method might be applied to the calculation of recoil 
corrections to scattering amplitudes. 

In Sec. IV we found that the ambiguity in the sign of 
the mass of massive particles, and of the sign of the spin 
(helicity) of mass-zero particles, have exactly the same 
origin. We expect that neither sign is observable, there 
is no indication in our analysis that one sign is more 
physical than the other. The question of mass-reversal 
invariance has been studied by several authors,” and 
has been shown to lead to parity nonconservation in 
Fermi interactions. On the other hand, it is easy to see 
that, within the same framework, “helicity reversal 
invariance” leads to parity conservation. Hence we have 
the very perplexing situation that unobservability of the 
sign of the mass, and of the helicity of neutrinos, are 
incompatible requirements. One might say that a nega- 
tive result of the celebrated parity experiments would 
have been no less curious than the actual one. 


19 J. J. Sakurai, Nuovo cimento 7, 649 (1958). 





PHYSICAL REVIEW VOLUME 


113, 


NUMBER 5 MARCH 1, 1959 


Unphysica] Region in Heavy-Meson-Nucleon Dispersion Relations* 


SAN Fu Tuant 
Radiation Laboratory, University of California, Berkeley, California 
(Received October 23, 1958) 


The contribution to K-meson-nucleon dispersion relations from the unphysical region due to absorption is 
examined in perturbation theory; it is found that the contribution need not be negligible for scalar K mesons 
or the case where A has opposite relative parity from (K,2). The influence this has on a dispersion-theoretic 
analysis of K-meson scattering is noted. In the Appendix the mass relationships for a rigorous derivation of 


the dispersion relations are discussed. 


ECENT theoretical studies,'~* have emphasized 
the importance of dispersion theoretic methods for 
a phenomenological analysis of K-meson—nucleon scat- 
tering data. The presence of an unphysical continuum 
due to K~ absorption, however, is a problem even for 
forward scattering; past investigations assumed a 
smooth extrapolation of the scattering amplitude into 
this unphysical region and found the numerical contri- 
bution to the dispersion integral to be negligible. We 
address ourselves to this question by examining the 
contribution in perturbation theory for the different 
possible parity schemes. The indications are then that 
for scalar K mesons [and for the case where A has 
opposite relative parity from (K,2) ], perturbation esti- 
mates give a large contribution, and therefore the corre- 
lation found between the sign of the (K~— p) potential 
and the relative parity of the K meson [assuming (A,2) 
parity to be even ] need not be unambiguously valid. In 
the appendix we note the influence of the unphysical 
continuum in making difficult a rigorous proof of K- 
meson dispersion relations on the basis of local causality 
and the mass spectrum of the fields. 
We examine first the “weakly” convergent K*—p 
dispersion relations for the difference of K+ and K- 
scattering evaluated at threshold in the form 


Re[M~(ux)— M* (uk) ] 
P pt PR 1 1 
= — [o-(u’) ore] - ree - jw 
ux 40 w’—ux w'+uK 
P wi k'oavs : (w’) 
+o-f == 


Y=A,> 7 oYr 


eee i 
Wy—uk wytuK 
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Here we have 
(wy) =gyx°(M/My)[wy?—pr* )/[(M4My)*—ur*], 
wy =[My?— (M?+yx’) 1/2M, 
? (My+ux)?— (M?+ yx’) 


rs Foietin 
2M 

where Y=A, = and the plus and minus signs correspond 
to pseudoscalar and scalar K mesons, respectively. Here 
£ak’, gox’ are the usual renormalized coupling constants 
for A, 2, respectively, and in Eq. (1) we have separated 
the total cross sections or* into o*(w’) (total elastic 
cross section including charge exchange) and o,»,~ (w’) 
(absorption cross section for K- on proton). The second 
integral on the right side of Eq. (1) then includes both 
the contributions from the physical as well as the 
unphysical region. 

A recent argument of Pomeranchuk‘ supports the 
assumption that the integrals in Eq. (1) converge. Since 
the present experimental information®~* indicates that 
the o*(w) are slowly varying functions of energy, we 
have evaluated the integrals by using the constant value 


ao —ot=48 mb 
below a cutoff of w= 3ux, and 
ao —oat=0 


above this cutoff. The experiments also supply informa- 
tion ON gaps to give = particles’; if we assume the 
production cross section for 2° to be the mean of the 
charged production cross sections, the analyzed data 
gives koabs (rz) ~ (5/u,) at the scattering threshold for 


4 Private communication from Professor Geoffrey F. Chew, Uni- 
versity of California Radiation Laboratory. 

§ Lanutti, Goldhaber, Goldhaber, Chupp, Giambuzzi, Marchi, 
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6 Provisional data from the Massachusetts Institute of Tech 
nology Cerenkov-counter group, as reported by David Ritson, 
indicates that o7* total cross section increases from 15 to 20 mb for 
kinetic energy from 0.6 to 1.6 Bev. 

7Data of Hydrogen-Bubble-Chamber Group, University of 
California Radiation Laboratory reported at Geneva Conference, 
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Fic. 1, Configuration in the unphysical region for a pseudoscalar 
K meson (dashed line), where ko,». above threshold in units of 
(1/u,) is drawn for comparison (thick line). 


total 2 production. However, no information is provided 
on the relative abundance of >° and A° production; in 
the following analysis we shall take A° production to be 
roughly half of 2° production. 

The determination of ReM+(ux) is readily obtained 
as follows: 


ReM*(ux)=((M+ux)/M Jai= — (0.37)(1/u,), (3) 


where a; is the S-wave scattering length in the T=1 
state as determined by Lanutti e/ al.,5 and we accept the 
repulsive character of the K*+— interaction. 

Similarly we have for ReM~(ux) 


(M+ux)? 1 
Ge) 2 


we") 


Fel 
2 Ar 
=+0.57(1/u,), (4) 
where o,; is the elastic cross section. 

Past studies on the question of estimating the contri- 
butions from the unphysical region to dispersion inte- 
grals have adopted the viewpoint that ko. is fairly 
constant, both above and below physical threshold, and 
have taken this value as representative of the behavior 
of the integrand in these integrals both for the physical 
and the unphysical region.'* We choose to analyze the 
contributions below zero kinetic energy (unphysical 
region) of the incident K particle in lowest-order per- 
turbation theory. Elsewhere,’ extensive perturbation 
calculations were carried out for the absorption cross 
sections of K~ on protons for direct coupling theories 
and the various possible parity schemes—(K_2,A,) 
(pseudoscalar K meson), (K_Z_A,), (K,2,A,), (scalar 
K meson), and (K,2_A,)—where relative parities in the 
sense introduced by Gell-Mann” are denoted by sub- 
scripts. The lack of knowledge of the size of most of the 
direct coupling parameters for the x-baryon or K-baryon 
vertices involved in perturbation theory makes it diffi- 

® San Fu Tuan, Ph.D. thesis, University of California, Berkeley, 


1958 (unpublished). 
© Murray Gell-Mann, Phys. Rev. 106, 1296 (1957). 
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cult to estimate precisely the quantitative contributions 
from the unphysical region. However, simplifying as- 
sumptions regarding these coupling constants should 
provide us with a qualitative understanding of the 
configuration in the unphysical continuum for the vari- 
ous possible parity schemes. The curve shapes in the 
nonphysical regions for pseudoscalar and scalar K 
mesons are exhibited in Figs. 1 and 2, respectively (for 
comparison, experimental curves above threshold are 
drawn to the same scale). The slopes at the unphysical 
threshold are + © and — ». For (K_2_A,) or (K,2_A,), 
ImM~(zA) assumes the form shown in Fig. 1 and Fig. 2, 
respectively, and vice versa for ImM~(m2). 

On examining the shape form for ko.»s~ (7) above the 
physical threshold and comparing this with our pertur- 
bation analysis below threshold, we see that for pseudo- 
scalar K mesons a smooth extrapolation from the 
physical to the unphysical region appears possible, 
while for scalar K mesons the amplitude exhibits a 
cusplike behavior at the junction between the physical 
and unphysical continuum. We shall adopt the view- 
point that the smooth extension does represent a 
consistent way of extrapolating into the unphysical 
region for pseudoscalar K mesons. This curve is ap- 
proximated by the function 


hows (42) =A (w—wsz,)*/(w—B), 


where A = 3vV3 (ux)! and B=2(ux) are adjusted to fit the 
experimental data. 

Similarly, for scalar K mesons, we approximate the 
cusplike behavior at the scattering threshold and the 
contribution from the unphysical continuum by 


60v3 11 
hows (42) =— ~(o-wz)(o- ux) 
ux} 12 
for ws,<w'<ux 

A(w—ws,)! 


=——— for ux<w'<3yx. (6) 
(o—B) 
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Fic. 2. Configuration in the unphysical region for a scalar K meson, 
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Then the absorption integral in Eq. (1) (with the 
cutoff at 3ux) is nearly six times larger for scalar K 
mesons than for pseudoscalar K mesons. Hence, in our 
perturbation framework at least, the contribution from 
the unphysical region is not necessarily negligible for 
scalar K particles. It is of interest to remark here that 
had we assumed ko». to be relatively constant in the 
range (ws,,3ux) and of the order of the threshold value, 
the corresponding contribution to the dispersion integral 
would not be significantly different from that for the 
pseudoscalar case. 

With these approximations, Eq. (1), with the cutoff 
at 3ux, becomes 


1 1 1 
+ (—) (0.57) + (0.37) (—) ———[29.2+3.6+0.6] 


Me Ur 40u, 
1 
=[(0.028)gaxn?+ (0.025)gsn°1(—) (7 
Mr 
for pseudoscalar K mesons, and 


1 1 1 
+(-) (057)+(0.37)( )- —[29,2+21+3.5 ] 
is 40u, 


Mr 


1 
=[~(0.51)gax*— (0.61)gsI(- ) (8) 
Mr 


for scalar K mesons. For (K_=_A,) we have 


1 1 1 
+(—)os+0.3n(- )- —_[29,2+21+0.6] 


Mr Mr 40u, 


1 
~[(0.03)gax*— (0.61)gax*( ) (9) 


Me 


and similarly for (K,2_A,), 


1 1 1 
+ (—) (0.57) + (0.37) (- +) —~——{29.2+-3.6-4-3.5)] 


Mr Mer 40u, 


1 
=m (—)t- (0.51) gan?+ (0.025) gsx? ]. (10) 
Mr 


The plus or minus sign corresponds to an attractive or 
a repulsive (K~—/) potential, respectively. Here we 
note that the assumption of an attractive (K~—p) 
potential is consistent with both Eqs. (7) and (8), and 
thus no unambiguous statement can be drawn regarding 
the parity of the K meson; in this we differ from previ- 
ous analyses of the subject,! which correlate an attrac- 
tive potential with pseudoscalar K particles. It is to be 
noted that our special method of handling the contribu- 
tion from the nonphysical region—by means of pertur- 
bation theory—proved decisive in creating this ambi- 
guity absent from previous investigations. On the other 
hand, a repulsive (K~—)) potential would definitely 
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rule out the case for a pseudoscalar K meson. We remark 
here that by assuming an exorbitantly high cutoff of, for 
example, w’~6ux in our dispersion integrals, the left 
side of Eqs. (7) and (8) can be made unambiguously 
negative independently of the sign of (K~— p) potential, 
and thus the case for a scalar K meson is required in our 
dispersion framework. Alternatively, the assumption of 
a low cutoff (w’<1.5ux) will restore the previously 
found correlation between K parity and the sign of the 
(K~—p) potential for the cases where A and = have the 
same relative parity. 

If we set gax’=gzx’, Eqs. (7) to (10) (when valid) 
supply us with estimates of g? from 0.3 to 3 for either 
sign of the K~—p potential, while for an attractive 
potential, Eq. (10) yields the interesting inequality 
gzx’/gax’> (20.4). We note here that for even (A,2) 
parity, gacx=—gzx is still compatible with the global 
symmetry model, which among other things requires 
graz=grx.'' We might argue here that estimates from 
dispersion theory definitely exclude the possibility of 
gax’ and gsx’ being of the same order of magnitude as 
gxn’. This conclusion is consistent with gax* determined 
from experiments on associated photoproduction.” 

The use of dispersion relations in Eq. (1) may reflect 
too much optimism on their validity in terms of con- 
vergence. As a useful check, we consider also a sub- 
tracted equation with higher energy denominators (see 
reference 3) and valid for M+(w)~0(w), w—> + © ; here 
we need data above the threshold (w>yux) for ReM+(w) 
or ReM~(w). If we assume that the K*+—p interaction 
at, for example, 100 Mev remains principally S wave 
and repulsive, then an analogous analysis may be carried 
out employing this dispersion equation. We found, for 
the case of pseudoscalar K particles at least, conclusions 
not significantly different from those for Eq. (1). How- 
ever, the coupling parameters from dispersion relations 
when substituted into the corresponding perturbation 
expression for kogps at threshold (assuming global 
symmetry) are not consistent with experimental data.® 

Again Coulomb effects assume some prominence for 
small-angle scattering, and our estimates for the real 
parts of scattering amplitudes may be sensitive to this 
correction. However, an analysis similar to that for 
pion-nucleon scattering” indicates that, on the basis of 
the present crude data for A-nucleon scattering, 
Coulomb corrections can account only for substantially 
less than 5%, contribution to heavy-meson dispersion 
relations. 

In conclusion we should like to emphasize the central 
role played by the sign of the (K~—) potential in the 
whole dispersion program. Ceccarelli ef al. advanced 
strong arguments for the hypothesis of an attractive 
(K--nucleus) potential.'"* If we believe the present 
4 Julian Schwinger, Ann. phys. 2, 407 (1957); A. Pais, Phys. 
Rev. 110, 574 (1958). 

2G. F. Chew and H. P. Noyes, Phys. Rev. 109, 566 (1958). 

13 Alles, Biswas, Ceccarelli, and Crussard, Nuovo cimento 6, 571 
(1957). 
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evidence in favor of small charge-exchange K~ scat- 
tering, then charge independence considerations would 
imply an attractive (K~— >) potential as well. This in 
turn would tend to support the pseudoscalarity of K 
meson, if we allow only smooth extrapolations into the 
unphysical region. 
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APPENDIX 


Here we point out the limitations placed on the 
validity of heavy-meson—nucleon dispersion relations 
(even for forward scattering) created by the presence of 
the unphysical region due to absorption. If we follow 
the integral representation approach recently described 
by Dyson" and Lehmann,’ the scattering matrix in 
terms of Heisenberg operators is 


S+(p,'k’; p,k) 
=(k'|k)X<p'| p) 


i(2r)3(p+k—p’—k’)M,*(R+R’, p’, p) 


(A.1) 
(16kopoko' po’)! 


where M,*(k+k’, p’, p) is the scattering amplitude, and 
p and p’, k and ’ are the initial and final momenta of 
the nucleon and K meson, respectively. 

The methods of Lehmann can be readily adapted to 
give the following representation for M,*: 


dudk? &*(u,x?,p,k) 


1 

M ,+=—— [- ——_——_——, (A.2) 

(2n) J [3(k’—p’)—uP-W 

Here &*(u,x*) is an invariant function of u, p, & if the 

vectors 3(p+k)+u and 3(p+k)—wu both lie in the 

forward light cone and we have 

x>max{0; (ux+2ue)—-[G(ptk)+u)*]}, 
(M+u.)—LG(p+k)—u)?}}}, 


where ux+2u,, M+u, are the masses of the lowest 


4 Freeman J. Dyson, Phys. Rev. 110, 1460 (1958). 
16 Harry Lehmann, Nuovo cimento (to be published). 


SAN FU 


TUAN 


intermediate states that contribute to M,*. Outside of 
this region &* vanishes. 

If we introduce center-of-momentum variables W? 
=(pt+k)?, A?=—(k—k’)?/4, an elementary analysis 
indicates that the analyticity of M,+ is assured only if 
we have 

— (CW? (M+ux)* LW?— (M —ux)*) 
A? <min; —— — ——_—_— 
w? 4W? 


C(ux+2us)?—wx? J[(M+u,)?—M*] 
W?— (ux—M+u,)? 








where the final minimization is to be carried out over W? 
which belongs to the continuous mass spectrum. For the 
K-nucleon interaction the minimum is at W?= (Ma+u,)? 
(unphysical threshold for the process). Taking approxi- 
mate experimental mass values M,=8.1u,, M=6.8u;, 
ux =3.6u,, we note that (A.3) then gives A? <— (2.1)u,’, 
ie., |A| is imaginary. In fact we observe that even for 

2=() (forward scattering), the required analyticity 
property is obtained only if the largest positive root 
(W,’) of 


(W2)— (3(M?-+-ux?)—2M(uxt+us)+2uxurtus?} (W2)? 
+ (W?){ (M?—r*)?+2(M?+ yu’) (M—ux—nr)* 
+16u.?(uxt+ur)(2M+y,)} 


—(M?—px?)*(M—pux—ps)2=0 (AA) 


is such that W< (Mat+u,)*. If we relax M, from its 
physical mass value [Ma~(1.19)M], the forward- 
dispersion relation is valid if 


Ma> (1.28)M. (A.5) 


This is slightly larger than the experimental mass. 

It must be added, however, that although the use of 
only causality and spectral conditions cannot supply an 
adequate proof for heavy-meson dispersion relations, we 
have not exhausted the physics of the situation. In 
particular there are certain symmetry properties of the 
four-body Green’s function that we have not explored. 
We cannot exclude the possibility that these permit a 
further improvement of our results.f 


t Note added in proof.—It has been pointed out to us by Pro- 
fessor Reinhard Oehme that the above use of the Lehmann-Dyson 
Representation does not incorporate such information as local 
causality for the fermion field operators in its derivation. A more 
general formulation that includes such additional features has 
been given by Oehme and Taylor [Phys. Rev. (to be published) ]; 
the essential mass and momentum restrictions however remain 
as stated. 
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